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NEW OPERATIONAL FORMULAS AND GENERATING FUNCTIONS FOR THE
GENERALIZED ZERNIKE POLYNOMIALS

B. AHARMIM, A. EL HAMYANI, F. EL WASSOULI, AND A. GHANMI

ABSTRACT. We establish new operational formulae of Burchnall type for the complex disk polyno-
mials (generalized Zernike polynomials) on the hyperbolic unit disk of the complex plane and then
apply them in order to derive related basic identities involving these polynomials. Mainely, we are
interested in three terms recurrence formulas, like Nielsen’s identity and Runge’s addition formula.
Various generating functions for these disk polynomials are also given.

1. INTRODUCTION

Operational formulae are powerful tools in the theory of orthogonal polynomials. They will
enable proofs of new identities as well as alternative, more simpler, proofs of well-known ones.
Particular examples of such identities are the so-called addition formulas, which can also be ob-
tained from a group-theoretic point of view [35] 20, 36]. This approach was first employed by
Burchnall [2], in a direct and simple way, to prove Nielsen’s identity ([26]) for the classical real
Hermite polynomials Hy(x) = (—1)mex2£c—mm(e*x2). Since then many extension for specific one-
variable real polynomials have been obtained [5, 1} 115, 6, 27, 7, 28} 18]. For the Jacobi polynomials

P,S'X’ﬁ ) (x) defined by their Rodrigues’ formula ([29, 32]):

(a,B) e (_1)11 _ —u —B d’ _\atn B+n
Py (x) = o (1= 2) (1) P (=)™ (14 0P
R.P. Singh has developed in [31] the following operational relation
n d . no(=2)1kpt k B+k dk
I—{{(l — xz)a —(a+p+2j)x+p —uc} = I;)%(l — xz)kpigpfk a )(x)d—xk
= =

It is then used to derive some useful properties of these polynomials like the quadratic recurrence
formula

, nim! (=D (B4 2n+m+ 1) +k B4k +ntk prntk
Py () = > Sy (1 — 22)kpLEtRbHh) () plat nkbrnth) ()

In the present paper, we deal with the disk polynomials ([21, 37, 12, O]) that we define here
through:

m—+n

0
Zhn(2,2) = ()" ) T (A 2P, (1)

z and Z being the variables in the unit disk D of the complex plane. They form a complete or-
thogonal system (basis) over the Hilbert space L?(D; (1 — |z|?)?dA), where v > —1 and dA being
the Lebesgue measure, and are often referred to as generalized Zernike polynomials. Note that
for v = 0 and m < n, the disk polynomials P191,n (z,Z) turn out to be related to the real Zernike
polynomials R} (x) introduced by Zernike and Brinkman [40], being indeed

20,0(2,2) = (m -+ m)tellommassl R (23)
1
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and used in the study of diffraction problems. For further applications in geometric and wave
optics for systems with circular apertures and coherent state quantization on the disk, we refer the
reader to [25, 23, 3,138, 137|134 33] and the references therin. They were served in [39] by Y. Xu as
a basic example to illustrate the connection between representations of orthogonal polynomials of
two real variables and those of complex variables. Their structural relations is also explored there.
Furthermore, the disk polynomials Z;), ,,(z,Z) appear quite frequently when investigating spectral
properties of some special differential operators of Laplacian type acting on L2(D; (1 — |z|?)7dA)
(see Section 2).

The motivation for considering the disk polynomials is the same as that for considering orthog-
onal polynomials in complex variable. This context is in general more convenient to obtain more
elegant identities and formulae which is already done in the case of the complex Hermite polyno-
mials ([11}, 13, [17]):

_ orta _
Hy,(z,z) = (—1)p+qez‘zazpazq (efzz>; z € C. (1.2)

The main object of this paper is to develop some operational formulae for the Z ,(z,z), and
next use them to derive some remarkably interesting identities, including Nielsen’s identities and
Runge’s addition formula. New generating functions are derived from the obtained operational
representation which are alternative to the Rodrigues-type representation. Furthermore, one can
derive other generating functions for the product of disk polynomials.

Lastly we quote the important remark that an appropriate limiting procedure y — 4-co leads to
complex Hermite polynomials in (1.2). Moreover, it is a device for taking into account the hyper-
bolic geometry of the disk and the physical meaning of the parameter 7.

The remaining sections are organised as follows. In Section 2, we review the factorization
method, a4 la Schrodinger, for the magnetic Laplacian on the hyperbolic unit disk and recall some
properties of the suggested disk polynomials. In Section 3, we give operational formulae of Burch-
nall type involving these complex disk polynomials. Some of their applications are discussed in
Sections 4, 5, 6 and 7. Indeed, Section 4 deals with recurrence quadratic formulas. In Section 5,
we establish three term recurrence formulas. Section 6 is devoted to Runge’s addition formula. In
Section 7, new generating functions are obtained.

2. GENERATION OF THE COMPLEX DISK POLYNOMIALS: AN ALGEBRAIC APPROACH

Let D be the hyperbolic unit disk equipped with its standard Bergman-Kéhler structure de-
scribed through the Hermitian metric ds? := (1 — |z|>)"2dz ® dz. The volume measure is then
du = (1 — |z|?)72dA, where dA(z) = dxdy denotes the Lebesgue measure on D. Associated to
the differential one-form 6 := (9 — d)log(1 — |z|?), there is the magnetic Schrédinger operator
£, = (d +iv0)*(d + ivh) acting on the L2-Hilbert space H := L?(D;du). Its explicit expression, up
to a multiplicative constant, is given by

o= _(1— 228_2_ 1— 2 2_—& 2112 21
v ( ’Z’ ) azaz V( ‘Z‘ ) Zaz Zaz +v |Z| . ()

The twisted Laplacian £, is an elliptic self-adjoint second order differential operator whose con-
crete spectral theory is well known in the literature [41, (10, 14, 4]. In particular, its discrete L2-
spectrum is nontrivial only and only if v > 1/2. It is known to be given by the eigenvalues
Aym = v(2m +1) — m(m + 1) for varying positive integer m such that 0 < m < v —1/2. In the
other hand, we know since Schrodinger (see [30] 16, 10]) that the factorization method allows one
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to construct L?-eigenfunctions. Indeed, our Laplacian £, can be rewritten as
£ =V, 1V, i+v and £, 1=V, ;V,1—(v—-1),
where the first order differential operator V, and its formal adjoint V} are given by
Vo= (- P)2 taz and Vi=(1- P +(a+1)e 2.2)
So that we have the following algebraic relationship
LV =(ViiVi 1 +v) Vi1 =V (L1 + (2v—1)).

This implies that the operator V,_; generates eigenfunctions of £, from those of £, 1. Thus, if
@ is a nonzero L2-eigenfuncion associated to the lowest eigenvalue (the lowest Landau level) of
Ly—m, then V}, @9, where we have set

7 d
VY =V, 10V, 000V, = (- ’”H(l—|z| ——(1/—])) (2.3)
j=1
is an eigenfunction of £, belonging to
A (D) :={¢ € L*(D;dp); Lvp = Aump}-

Conversely, this method describes completely the L2-eigenspaces A%,QV(D) (see [12]). More pre-
cisely, for fixed v > 1/2, the functions

Wi (2,2) = Vi (21 = |z1)" ) 4

forvaryingn =0,1,2,-- -, are Lz—eigenfunctions of £,. Furthermore, they constitute an orthogonal
basis of the L2-eigenspace AZ"(D). Whence, by observing that V,, can be rewritten as

Vaf = (1|21 - )],

the operator V), in (2.3) acts on sufficienty differentiable functions on D as
- 01" -

Vif = (1" ) - =] (- =) 23
which for the special case of f(z) = ¢V, (z) := z"(1 — |z|?)""™, belonging to the null space of
Vi _,._1, gives rise to

v 5\ — _171”[1_ 2\—v 1_ 223’% 1’[1_ 22(1/—111) 26
Pon(z,2) = ()" (A= 227 (A= PP | (211 [P, 26)

(a,) (x)

The explicit expression of ¢}, ,(z,Z) involves the real Jacobi Polynomials P, (x). More precisely,
we have

Proposition 2.1 ([12]). Denote by m A n the minimum of the nonnegative integers m and n. The quantities
Y (2, 2) are given by

Pin(22) = (=1)"(m Am)I(1 = 22)" |z mrlellrmmem R BT (@ —jaf?). - (27)
By means of and (2.7), the suggested class of two variable polynomials
Pha(z,2) = (1= [22) "V, (2" (1 - [22) ) (2.8)
= (1= 12" "0 (2,2),
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where v = 2(v — m) — 1, are given by

m
Pha(2) = (<11 = [s2) 0 [ - R (2= R o)
= (=1)"(m A n)!|z|lmnlgiln=m)argzlpm—ul7) g _ 5,12y (2.10)

Up to a multiplicative constant, leads to the so-called disk polynomials defined through
(L.I). An accurate analysis of the basic properties of such polynomials, like the recurrence relations
with respect to the indices m and #, the differential equations they obey, the generating functions
and so on, from different point of views has been developed in many papers. For a very nice
account on these polynomials, the interested can refer to [21} 22]. Other recent relevant references
are [37, 34, 12,24, 19, 39| 33].

In the next section we derive operational formulae for the disk polynomials. We follow in spirit
[13] where analogous results are obtained for the complex Hermite polynomials Hy 4(z,Z) in (1.2).

3. OPERATIONAL FORMULAE FOR THE DISK POLYNOMIALS

We start by noting that the intertwining invariant operator in the right hand side of (2.5), i.e.,

a .
E/
de.pends only on the geometry of the hyperbolic disk D. It is connected to the one in through
(2.9),

D" =DoDo---0D; m-times, D =h*(z) h(z):=1- |z, (3.1)

DMf = (=1)"(1 = 22 V3 (1 = [2P) 7). (3:2)
Moreover, it can be realized in terms of the following one
am
. Jm+1 o m—1
An(f) =122 (M2 (2)) (33)

Namely, we assert

Proposition 3.1. Let A and © be as above. Then, we have ™ f = A, (f). More explicitly

_ 22im 1 (a2yme1 9" 1 2ym—1
(-] ) = R (- D). (34
In particular, we have A,y = Ay o Ay

Proof. The proof of can be handled by induction. Obviously, for m = 0 and m = 1 the identity
holds good. Assume that holds for given fixed positive integer m and note that the

operators ®" and dh/dz = —z commute. Hence, direct computation yields
hm+2 ot (hmf) —h hm—i—la_m i(hm )
dzm+1 B 9z \ 9z f
oh
:h{m (E) @m(f)+@m(h1@(f))}. (3.5)
Note also that, for every given positive integer k such that 0 < k < m, we have
0" (h1D(f)) = 0" K D (f) — ke (f) (36)

which follows by repeated application of the fact ®"(h'D(f)) = D" L (h~1D2(f)) — LD™(f).
Now by taking k = m in and substituting it in (3.5), we get the equality (3.3). The second
assertion follows easily since A"+ (f) = D"H1(f) = D o D" (f) = A1 0 Ap(f). O
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Remark 3.2. According to (2.9) and Proposition 3.1, we have
am

Pin(z,2) = (=1)"h77(2) ("W (2)) (3.7)
which gives rise to the Rodrigues’ type formula [37,12]:
Y Y 5 m+ny,— gmn +m+n
Cm,npm,n(zrz) = (_1) h 7(Z)W (h,y (Z)) ’ (3-8)
where
Con = (y+m+1), (3.9)

(@), being the Pochhammer symbol (a), :=a(a+1)---(a+n—1).

The reader is advised that the normalization adopted here may not coincide with the ones
adopted elsewhere. In the sequel, instead of Py ,(z,Z), we deal with the polynomials

Zhn(z,2) == Ch P u(z,2)

= (=1)"(m A 1)ICh, || "= mleilln=m argzlpln i) (3 — g1z 2), (3.10)
so that
+1

Zhn(22) D a1 - 2TV T (21— 2P (3.11)

m
D (1)l (2) oy (27 (2)) (3.12)

63 N
= (=1)""h77(2) g (K77 (2)) . (3.13)

Associated to these formulas, we introduce the following differential operators

An(f) = (1)l () (21974 (2) ) 6.14)
E3() = (1)) o () 615)
Vin(f) = Vo Vi (f), (3.16)

where V& =V, 10V, 90 0Vu yand V, =V, 10V, 200V, , with V, = —h(z) L +
az and V, = —h(z)Z + az, so that

(A n(D))(2) = [Zmn(D](z) = Ziu(2,2) (3.17)
and Zg’ (z,2) = Zf 0(z,Z) = (B +1)sz°. We should note also that the operator A;), , is connected to
the one in by

A (f) = (Z1)" (y 4 m 4 1)uh™ T (2) Ay (2707 (2) ). (3.18)

The main results of this section are the following operational formulae of Burchnall type involv-
ing Z, ,(z,2).
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Proposition 3.3. For given positive integers m, n, and sufficiently differentiable function f, we have

TH (5 i
1)ihi(z) Zm_jn(2/2) 9
v = min! L -
Ay a(f) = min! ;:) f CENIEE (3.19)
+]+k - .
1)/ tkpithk(z) ZrT i (z,2) itk
“lp) = i ]ZOkZo TR (m—j)n—R)iozoz ) 20
. . —-1- k+j - .
i) = it £ 3 (M= D (R Z )
ol m”] o =R ey i (iR ez ) @
Proof. Start from (3.14) and make use of the Leibnitz formula to get
i et e N (MY (9" nyyem ﬂ
At = e £ () (e o) (357)
o (—1)H(z) ( L om—] N ol
— gt Y e qym=jp (1) T ("R m—)) —f

The statement follows from the fact (3.17) since C), , = —Ccr

m—jn’
The proof of is quite similar. Indeed, repeated application of the Leibnitz formula to (3.15)
yields

m n n n—k k
Zh(f) = <—1>m+”h—’r<z>§z—m {kgo (}) (%(W'ﬂ*“(z))) ( ’ ) }

ozk f

- ££ ) (0)35 (o) 5 (%)

oz \ ozk f

__m+n_zm"mn Mﬂtm%z)aﬁk
- )];)k;)(j) <k> (E)szazn—k (! (2))

0z azkf
The desired identity follows then since
o(m—j)+(n—k)

—i — i k _
W( TEmEn (7)) = (_1)(m J)+(n k)h7+]+k( )va;rﬁl (z,%).
To prove (3.21)) let recall first that from we have
Vinf = (=)"h 9" (") and Vi f = (-
so that

1)"h= D" (K" f),

Vinf = Vo Vyf = (=1)" =10 (= "D" (h77" f)).
By applying twice Proposition we get

o™ "
Viaf = ()" R (@) 1 (2) 5 (0 (2)f) .

Now, making use of Leibnitz formula, combined with the fact that
ok _
(1 (@) = (=B (2), (3.22)
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leads to
n m—j ak+]’
v — (—1)mtnpmtl=y my(n _ J n—ky,y—1+k
Vit = w1 £ () (3) 0= kg (279074 @)
kY i\ [\ (L= 7)n—k (y—1=m)+k+j,_ -y T
- 1y U= Vnzkpjvk () z(r— iz, 29)-2_(f).
ER e (5) () empaoar ™ s s
This proves since (—a)y = (—1)"(a —k +1);. O

Remark 3.4. The particular case of f = 1 in (3.21) gives rise to

-~ - - +n-—-2 n —1-m _
(Vy10Vy g0V w)o(V, 10V, 00--Voy) (1) = %Z&Tn =m) (3.
n

Remark 3.5. Using similar arguments as in the proof of (3.21), we see that the operator Vﬁfn f:=Vyo
Vﬁ f coincides with the operator Z,), ,(f) given through 3.14) forx = v +m+ 1and p = a + n.

Corollary 3.6. We have the following identities

+j _
mo 5 21 (2,2)
—1) (v + J =0 (3.23)
];0( )/ )’J' (m —j)!
whenever m > n, and
]ZW_] (Z Z) Sn—m (1 _ ’ZIZ)m

= (=D)"(y+1+m)n (3.24)

Y (1)i(y + m); e

far) it (m—j)n! (n—m)! m!

when m < n.

Proof. The identities (3.23) when m > n and (3.24) when m < n follow easily from (3.20) and (3.15),
by taking there f(z) = h~7""(z), since

0 ifn<m
A { (- D) iz

O
Remark 3.7. Taking n = 0 in (3.23), keeping in mind that Zﬁo(z,z) = (B + 1)s2°, leads to the following

identity for Gamma function

il Emtg)
R Ty 02)

Corollary 3.8. The representation of the complex Hermite polynomials Hy, ,(z, Z) restricted to the unit disk
is given in terms of the disk polynomials by

m! n wm)szhf (z) 2y n(22)
Hun(z,2) = m ];)I;) SRS (3.26)
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Proof. Note first that A%,n(h_%m(z)e_w) = (y4+m+1),h 7 (z)e
right hand side of (3.19), with f(z) = h_7_m(z)e_|z|2, yields

Hyn(z,Z). Furthermore, the

m k() 271 (z,2)
g )y ) Za
AL (M (2)e 2Py = - " ’y . (3.27)
Thus (3.26) follows from (3.19) by straightforward computation making use of the Leibnitz rule
combined with the fact (3.22). U

Some applications of the previous obtained results are discussed in the following sections.

4. QUADRATIC RECURRENCE FORMULA

For different specific functions f we deduce interesting identities. Indeed, for given positive
integers m, n,s, we have

mAS (Z1Yiz5Thi (z) Zmp i (2,2)

Z7 z,Z) = mn!s!C) — , 4.1)
mn+s( ) m+ns]§) (S—])!]! ( _])!n!
which follows from (3.19) for f = z°, together with the following useful fact
+B Consi
Zors(22) = 2= Ala(ZHE(2)) (4.2)
m,n
for any positive integers m, n, s and real number 7, B. Also, when taking f = h®, we obtain
Y+S mAs =] Z,H] z,Z
ZW(z,2) = m'n's'cmn Z z mjin(%%) (4.3)

Con 5 (s =)t (m —j)int
Moreover, we have the following identity (of Nielsen type) involving Z,), ,,(z, 2).

Proposition 4.1. For every fixed positive integers m,n,r and s, we have the following quadratic recurrence

formulae
. . i+k _ i+k _
Zi;y1+rn+s( ) . ni/\rnz/\s(lx—i-r—kl)'(lx—f—s—i—l) (—1)]+kh7+k(z) Z;;Zt]j;—k(z Z) Zyj(rlr;j;l+]+ (Z,Z)
minlrist = J k k! (m—)n—k)! (s—j)I(r—k)!
(4.4)
and
Zyirn(z,2) A , (—1)izm i (z) 2y ]Jr](z,z)
mina 5 Z(:)(’Y+m—|—r—i—1)j(’7+]+1)mj (= )i ) (4.5)
]:

Proof. Using the representation of the operator Z,) ,(f), given through (3.15), as well as the fact
Zﬁ s(z,2) = Zf s(1), we check easily that

Z) e as(2,2) = 20 (217 (2, 2)). (4.6)
Thus, the operational formula (3.20) gives rise to

itk - .
—1)itkpitk () 2 (2,2) itk i
Zornss(2,2) = min! Z Z ikl (m — j){(n — k)! 92792k (le " n(Z/Z)>

j=0k=0
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which reduces further to

. . +j+k - y+mtntjtk, -
MAr nAS (_1)]+kh]+k(z) Z;i.nik(z,z) Zr—ks—' (z,2)
minlrls! a+r+1)(a+s+1 : L i
];l;)( )il )k jlk! (m—j)(n—k! (s—j)r—k)!

The last equality is due to the fact that

ol Tk w risla+r+1)j(a+s+ Dk _agjrk .
aziazr (rs(@2)) = (r=k)l(s — j)! ks~ (% %) @7
which follows by induction since
J d
e (Z2)5(z,2)) =s(a+r+1)2: Y (z,2) and % (Z285(z,2)) =r(a+s+1)Z} | ((2,2).
The proof of lies essentially on the fact that
Zorn(2,2) 1= AL (2072, 2)), (4.8)

which can be handled easily from the representation (3.14) of the operator AZLO (f) together with
the fact that Zf n(z,2) = AE, n(1). Next, the operational formula (3.20) infers

mAn 11,1 Z’H_j. (z Z) j
Y -\ (=W (2) Zm—jo\*2) & qim,
Zprn(2,2) = m! = jl (m—j)! g(zr,n (z,2))

- Yoo o Mt o

mAn (—1)Hi(z) Zmi0(22) 2] (2,2)

= m!n! y+m+r+1); . — - .
j=0( )] J! (m—j)! (n—j)!
This leads to according to Z(z,2) = (a +1)sz°. O

Remark 4.2. We recover (4.1)) from (4.4) by taking s = 0. For specific choices of the parameters, r = 0 in
(@5) or n = 0 in (@1)), we get the explicit expression of the polynomials Z} ,(z,2):
MAT (y+m4+n+1) (=1)HW(z) 2"z

T (z,2) = mn!
Z}n(2,2) LT+ i)

which can be rewritten in terms of the Gauss hypergeometric function o Fy ( a,cb ‘x) as

1
1-— ).
|Z|Z>

5. THREE TERMS RECURRENCE FORMULAS

—m,—n

Z,Z,n(z,z) = (v+ D) pynz"z" R < y+1

Proposition 5.1. We have the following three terms recurrence formulas
Z) (22 =(y+mt+n+1) {ZZ;,Z,H (z,2) — mh(z)ZZ:iln (z,Z)} (5.1)

+m+n+1

) {z%n (z,2) + mzzgljn(z,z)} (5.2)

WD) (20 (22) = (v + DEZFE (2. D) ~ 21,,(2,2) 63)
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as well as their conjugate

2, (22 = (y+mEn+1) {zz,z (2,2) — nh(z) 2271 (2, z)} (5.4)
+1, - y+m+n+1 _ +1 _
Zhi(z,2) = < P ) {Z;,Ym (z,2) + nzZmel(z,z)} (5.5)
d
W)= (Z13N,2) = (v + D225 2) - 2,04 (2.2) 56)

Proof. (5.1) is a special case of by taking s = 1. While (5.2) is an immediate consequence of
with s = 1. (5.3) is checked by writing Z) , (z,2) = A}, (1) as

T an(52) = (@) o (7 (2) 2 (2,7))

and next applying the derivative rule to the involved product. Finally, since
Zha(z,2) = Zh1(2,2) = Z)4(2,2),

the recurrence formulae (5.4), (5.5) and are the conjugate counterparts of (5.1), and (5.3)
respectively. Note that (5.1) can also be derived directly from (3.17) by applying again the deriva-

tive rule to

v 5 m+n ~Y -y o™ J nyy+m+1
Zerl,n(Z’Z) = (_1) Cm,nh (Z)az_m E (Z h (Z)) .

6. RUNGE’S ADDITION FORMULA

Proposition 6.1. We have de following addition formula

z4w z+w z+w 1\t

. . —i _ —m—+j —
(_1)53+S4Zs4u—)53h51—] (Z)hsz—m+] (ZU) st,ls;,;—i]—k(z’z)ZZf—j’Zﬁ]—n—k(w’ w)

S!j!k!(m - j)!(n - k)! (51 + 1)53+k(52 + 1)S4+n—k

Jiéllz

s|=y+m

with (’”:7) 1= (y+m)!/s!, s! = si!syls3lsyl and |s| = sy + 52 + 53454 for s = (s1,52,83,84); 5j € Z7,
and where 7y + m is assumed to be a positive integer.

Proof. From 27} ,,(z,2) = (—1)"™(y + m + 1),h =7 (z) 25 (z"h7+7(2)), we can write

L <z+w) 7, (z+w z+—w) )yt m Dy <(z+w)”m+m <z+W)>.

V2 V2 V2 9 <Z+_w V2 V2
2
Making use of the facts that —2—~ = L (i + i) and h <Z+—w> = 1 (h(z) + h(w) — z0 — zZw)
a(%) V2 \9dz ' Jw V2 2
as well as the binomial formulas, including (X1 + Xo + X3 + X4)" = ¥ (1) X]'X2XPX}!, one

|s|=m
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obtains

)R ) o () e
Z Z Yo ( S3+34( ) ( ) ( )'S4ws3 ;Z]] <2S3+kh51 (z)) % <w54+”_kh32(w)>

j=0k=0|s|=y+m

that we can rewrite in terms of Z,); ,(z,z) as
m+n
z+w z+w z4+w 1 2
h 7 (__> - <_> Fm 1)
(ﬁ>m’” V2 V2 2 (v ), b (21

k
s1—j _ Sp—m+j _
m m+y 54793 )51 ]( )h52*m+]'(w) Zj/53+k(z’Z)Zm*]'/54+”*k(w’ ZU)
j k s (51 + Dsyrk(s2 + Dsyin—k

This yields the desired result (6.1). O

Remark 6.2. Under the assumption vy + m is a positive integer and by writing down (6.1)) for the particular
case of z +w = 0, we get

m (_1)kZS3+S4h51+SQ(Z) Z]ls J]rk(z Z)ern2 ]n;+J]rn k(Z,Z)

: =0,
j=0k=0 |s|=y+m slk!(n — k)! jrm = j)H(s1 + 1)syk(52 + 1)syn—k

when m # n as well as

(—1)itkgsatsapsits:(z) z5 (z,2) 22 et (z,2) (—1)mor+2m

ZZ Z j.s3+k m—j,sq+m—k _ m(z)
]':[)k:() |s‘:r)/+m S'k|(m - k)' ]'( ])‘(Sl -I_ 1)S3+k(52 + 1)S4+m—k m'(r)/ + m)'

when m = n. The particular case of m = 0 infers the identity

2P0 (1 = [zt _ 20

L e

15515,! P
s1+82+83+54=7 §1:52:53:54: v!

7. GENERATING FUNCTIONS

Proposition 7.1. We have

1\ z \" (10 v(1 - z2)
Z Z;znzz—m'(l_vz) (1_02) P’ <1—2m> (7.1)

and

4uv(1 — z2) ) 72)

X @y 1 T e G
S S L o R EY
= = m! 1—vz—uz r+1 (1—vz—uz)

400
Proof. Starting from (3.14) and using the fact that IEO % "= (1—x)"" we get
= " i} _ o™ (1
Y s Zhalz2) = (1" @) g (1= o) T R)).
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From the well established fact that

g (1= 300" = y0)f) = (1) my" (1= xt)* (1 —ye)P P (1222,

withae = —(y+1+4+m),B=7v+m,x=0v,y=zand t = z, we have

[} n +1 - m -
"y I 1 v z (10) (1 501 —22)
L n!Zm’"(Z'Z) - (1—vz> (1—02) P (1 22(1—02) '

n=0
Moreover,
00 00 M 1 1 7+1 o = m 1— 25
Z Z u—v—Z,;Yi’n(Z,Z> — ( ) Z ( uz ) P;SY,O) (1 _zu) )
=0 = m! n! 1—vz =\l —vz Z(1—vz)

By means of the generating function [29, p.256], to wit

= (@ + B+ D (ap) (et L a2 | tx — 1)
BT mymp P (x) = (1 - FH,F Z T2 |2
Ly, L @=0-1 2 a+1 (1—-02)
with ) )
= w=a, p=0 and a=1-20072
it follows
e T 1 7+ o+l Y42 4uv(l — zz
Yy e ZP(#) 2F1( r | ( _)2).
ni=0n=0 M 7 — 0z — Uz 0 (1—vz —uz)
U
Corollary 7.2. The followings generating functions hold
" Y = (7,0) smy,—(y+m+1)
Y. FZm,n(Z/Z) =m!P;," (—1)z"h (2) (7.3)
n=0 """
g —(7r+1) vl k2 1 4z (1 - |z[?)
Zon(z,2) = (1-2|z[? R 272 |- 7.4
L e = (-2:8) T an (|- ee) o9
2 pm(z)z" 1 7+ 1l a2 4z
z7 = F 272 - 7.
L 2= (o) A (500 Sate) 09
+oo h(z)z" y ) h—(’y+1)(z)
L m!n! Znn(z2) = 14z 7.6)

m,n=0
Proof. and follow from and (7.2), respectively by setting there v = Z and u = z.
While follows also from by taking u = h(z) and v = Z. The last one, i.e. (7.6), is checked
easily making use of or directly from 2 ,,(z,2) = (=1)"(y +m + 1),h ™7 (z) & ("W (z))
combined with the fact that 25 (h=#(2)) = (B)uz"h P~ (z). O

Remark 7.3. From (7.5)) and (7.6) we get the following identity

il 2 4z 1—z)rtl
NN el P W k)L 7.7)
v+1 (1—2)2 1+z

An other generating function for the Z;L ; ,(z,Z) is the consequence of the following
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Proposition 7.4. For every fixed positive integers m and r, we have the following

= (—1)F2 an,n+r+k(z'z) Py (_1)j(_m)jhj() v+j NET (o o
i K (ytmant e ;gé J! Znjn(2 2 Hhr (2 2). 78)

Proof. Taking f(z) = z'e~* in the operational formula (3.19) yields

A%,n(z’e—V‘Z) = i ! (_1)jhj(z)27+j. (z,Z)a—j. (zre_‘ZF) : (7.9)

= (m—j)! j! m=jn dz/

The jth derivative of z’e~#" in the right hand side of the last equality is connected to the
complex Hermite polynomials by

ol 2 T _
i <zre 2 ) = (=1)le H,(z,z)
so that reduces further to
m I j .
Aynln(zre—\zp) — e—\ZIZ Z sz%ﬂ (Z,Z)Hr,j(Z,Z). (7.10)

j=0 (m_j)! j! e

In the other hand, by expanding e~ as series and inserting it in the expression of A}, ("¢~ 1)
given through (3.14), we get

o0 m _1
A%,n<zr€—|z\2) = Z(_l)mcgl’nhV(z)aaZ_m <Zn+r+kh’7+m(z)> ( k? Z

k=0 .

© C’Y (_1)](2]( )

£ () S e

k=0 mn+r+

_i EY 1)k 2 " +r+k
mn—+r
Cm—|—nr+kk'

(z,2). (7.11)
Equating the two right hand sides of (7.10) and (7.11) infers

= (-DF e ml W(Z) e ]
——Z z,Z) = e Pl 2 Z (2,2)H, (2,2
Z CZ1+n ik k! m,n+r+k( ) Jg (m _])! ! m—],n( ) r,]( )

that we can rewrite as

i(_l)kzk Z0 (22 g i(—l)j(—m)jhj(z) 27 (2,2)H,j(2,2).

= kK (yrmnd1), = j! m=jn
O
Corollary 7.5. Let 1F(a; c; x) denotes the confluent hypergeometric function. We have
© (_1 ksk  Z7 z,Z
U ZnEE )z o R g+ 1322 1) (712)
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Proof. This is in fact a particular case of (7.8). Indeed, by taking r = 0 and n = 0 keeping in mind
that Hyj(z,Z) =% and 2" f 0(z2) = (v +]+1),_Z"7, it follows
© (—1)kzk Zm,k(z,z)
= kK (r+m+ 1)

(,Y+1 ZM —|z| Z ry+1)' 1);!hj(z)

= (y+1)2"e 1F1( m;y + 1|z — 1).
O

The following result show that the monomial z™ restricted to the unit disk has an expansion in
terms of the polynomials Z ]‘."k(z, Z).

Proposition 7.6. For every fixed positive integer m, we have the following

n+]h]( )Z7 I (z,2)

= mle PPy mopn 7.13
Proof. We begin noting that the action of the operator Ay, , in ( on f(z) = 2" *I” reads
" 2
Y (=n —|z| meY 0% 2ny,y+m —|z|
A"y = (—1)"ClLah ™ (2) 5 (|z| W (z)e ).
Therefore, from (3.22) and (—a); = (—1)K(a — k + 1)y, it is easy to see that
Y ! A A(@e ) = (v + 1)z (7.14)
= nlCh

In the other hand, making appeal of the operational formula (3.19), the left hand side of (7.14) can
be rewritten as

)y A (@ Py = mie Py 3 EUE W( )2l ) (7.15)
n= OnC n=0j=0 mn (m ])!n!
Hence from (7.14) and (7.15), it follows
0 m jentipi (o 20T J z,Z
Mgy (=12 (2) Znjn(2:2) (7.16)
(7+1 maco S My +m+ 1), (m—j)in!
which gives rise to (7.13). O
Corollary 7.7. We have
0 0 © ]Zn+]h]( ) Z ’H‘](z z)
Z(1+2) 7.17
; ; ; Wy + Dmsjrn  min! #17)
(o) m (o) o0
Proof. The result follows easily from (7.13) since Y Y A(m,j)= Y Y A(m+j,j). O

m=0j=0 m=0j=0

Further fascinating identities including those involving the product of disk polynomials may be
obtained, from their analogous for the Jacobi polynomials, by means of (3.10). For example, we
have
—(m+3)

[1-2(1 - 2JzP)w + w?] (7.18)

Z (—1)"2m+ 1) Zginn(z2)  (=D)"_,
n;) 2m+n+1), (m++n)!n! T
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which can be handled making use of the generating relation ([29, Eq.3, p.276]):

)3 —(ff - 11>)" PP (x) = [1 - 2xt 4+ 2] 2,
n=0 n

Also, from []

o i a+B+1)n yo(@wp), \p(p)
Lt u(irp, T

1 2
(141 F1p <oc+,[23+ ,zx+§+ ;

a+1,8+1;

1-x)1—-y)t 1+x)(1+y)t
(1412 7 (141)2
where Fy(a,b;c,c’;x,y) stands for the fourth Appell’s function ([29, p.265]), one deduces the fol-

lowing generating function for the product of disk polynomials with equal arguments and indices
but with different variables:

itnz;{;l(z,z)zg;l(w,w)_ 1 F(I Y1 Az w]t 4(1—|z‘2)(1—‘w|2)t)
T iy r (4 t\2 2 T A (1+1£)2 '
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