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Motzkin Numbers

MARTIN AIGNER

In this paper Motzkin numbers M, (which are related to Catalan numbers) are studied. The
(known) connection to Tchebychev polynomials is discussed with applications to the Hankel ma-
trices of Motzkin numbers. It is shown that the sequence M, is logarithmically concave with lim
M, 1/My, = 3. Finally, two ballot-number type sequences for M, are derived, with an application
to directed animals.

© 1998 Academic Press

1. INTRODUCTION

In his forthcoming book [9] R. Stanley lists some 70 examples of enumeration problems
which are counted by the Catalan numbers C, = nlﬁ (zn"). In addition, he shows that many
of these settings give rise to closely related instances counted by the Motzkin numbers M,,,
drawing mostly from material in the survey by Donaghey and Shapiro [2]. In the present
paper we want to study several aspects of the Motzkin numbers. In Section 2 we consider
a combinatorial setting particularly suited to our purposes. In Section 3 we demonstrate the
close (and known) connection of Motzkin numbers to Tchebychev polynomials U, (x), giving
several applications. In Section 4 we show that the sequence M1, M>, M3, .. .islogarithmically
concave and prove lim M,,;1/M,, = 3. In the last section two ballot-number type sequences
are derived, illustrating the results with a few examples.

For background on the combinatorial coefficients involved, the reader is referred to any of
the standard texts, e.g., [6,9, 10].

2. A COMBINATORIAL SETTING

For convenience we list the defining recursions for Catalan and Motzkin numbers:

n
Co=1.Cos1 =) CiCok  (n20) M)
k=0
n—1
Mo=1, My =M, + Z MMy 1 (n > 0). 2
k=0

The first numbers are thus

n | 01 2 3 4 5 6

C, |1 1 2 5 14 42 132

M, 1 1 2 4 9 21 51
ayay .. .ay

Let C,, be the family of all 2 x n-arrays with all a;, b; equal to 0 or 1 such that

biby...by

i Y a=Y b (d<k<n
(ii) dimpai = b
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By verifying (1) one finds |C,| = Cp,+1. Now let M, be the subfamily of all arrays without
% columns. Verifying (2) yields | M, | = M,, where | M| = 1 by definition. As examples

we have
c,. 00 01 10 10 11
200 01 01 10 11
M - 000 010 100 100

000 001 001 010

By interpreting (1) as a step to the right, (1) as a step to the left, and 8 as a loop, we

obtain precisely the first example in [2]: M,, counts the number of n-step walks on the non-
negative integers, starting and returning to O with steps 1, —1, 0. All the standard formulae
for the numbers M,, can be easily derived from this setting, e.g., M, = Zkzo (;’k)Ck and

Cot1 = D k=0 (Z)Mk'

3. MOTZKIN NUMBERS AND TCHEBYCHEV POLYNOMIALS

Itis well known that there is a connection between Motzkin numbers M,, and the Tchebychev
polynomials U, (x). This connection (Proposition 1) can also be derived via the Riordan group
(see [7]). We have chosen the present approach because it leads directly to the application
concerning the Hankel matrices (Proposition 2).

Let M), be the Motzkin family of the last section, and denote by sj, , the number of arrays

with (1) in the first n columns, where n < h. Thus sy, 0 = M), and 55,1 = M — Mjy—1.
LEMMA 1. We have spn = Sh.n—1 — Sh—1.n—1 — Sh—2.n—2 for 1 <n < h.

PROOF. To compute s;, , we have to subtract from sj, ,—1 the number of arrays with (1) in

the first n — 1 columns and 8 resp. (1) in the n-th column. But these numbers are clearly
Sh—1,n—1 I€SP. Sp—2 n—2- g

It follows from Lemma 1 by induction that
Shon = anMp + an—1Mp—1 + - - - + aoMp—p 3)

with integer coefficients a;. Note that the coefficients ay, .. ., a, are independent of /.
Consider now the Motzkin polynomial S,(x) = a,x" + - -- + a;x + ag, with the g;s as in
(3). Applying Lemma 1 and grouping the coefficients we arrive at the recursion

Sp(x) = (x = DSp—1(x) = Sp2(x),  So(x) =1, 81(x) =x — 1. “4)

In particular, S, (x) has degree n with leading coefficient @, = 1.

The polynomials S, (x) will be our main tool in the study of the Motzkin numbers, using
the following idea (usually called the symbolic method). Let p(x) = Y}, prxk be any
polynomial. Then we denote by [p(x)]y=p or simply [p(x)] the number which results from
the substitution x¥ — M for all k, thus [p(x)] = Z'k":() pxMy. Clearly, [p(x) + g(x)] =
[p()]+ [g(x)] and [cp(x)] = c[p(x)].

As our main example we note by our set-up

(x5S, ()] = Sntkon- )
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In particular, we have

xkS,(x)] =0 fork <n
(6)
[x"S,(x)] =1,

because for k < n there clearly is no array in My, with n leading (1) columns, whereas

for k = n there is exactly one such array in Mp,,, namely n (1) columns followed by n ?

columns. Note that [So(x)] = 1 and [S,,(x)] =0 foralln > 1.
The following result summarizes the properties of the polynomials S, (x).

PROPOSITION 1. We have

(i) S,(x) = Un(XT_l), where U, (x) is the Tchebychev polynomial U,(x) = W,
Xx = cos®f.
(i) Sp(x) = Ypoo(=DF(" ) (x — 12,
(i) (= D" =3 0(() = (2 )i
(iv) Sk(x)Se(x) = Sge(x) + Sk+13 2(x) + Sk+13 4() + -+ Sk (x) (0<k =<90).
(v) The roots of S,(x) are 2 cos KT n+l +1k=1,...,n).

PROOF. (i) The polynomials U, (x) satisfy the recursion
Un(x) =2xUp—1(x) = Up—2(x) (n=1)

(see [6]). Since Ug(x) = So(x) = 1, the result follows from (4).

(ii)) We have (see [6])
k —k —2k
U (3)= 2= 1)( ) )x ,

k>0

and hence

Su(x) =Y (=D (” ;k)a —

k=0

Tchebychev inversion (see [5, p. 62]) now yields (iii).

(iv) For k = 0 we have Sp(x)S¢(x) = S¢(x), and (iv) is readily established by induction on
k and (4).

(v) The roots of Uy (x) are cos ;=5 +1 (see [5]), which implies the assertion. O

COROLLARY 1. We have
() Y01 X DO IM =0 = D)
(ii) Zk (=1 k( )Mk—{ 0 forn odd

Cnpp forn even.
PROOF. (i) We know [S,(x)] = 0 for n > 1 by (6). Taking [p(x)] for the right-hand side
of (ii) in the Proposition yields

k>0 j>0 J

which is precisely (i).
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(i) Looking at Proposition 1(iii) we obtain for the left-hand side

[ — D" =) (=1 (’Z)Mk.
k=0

On the other hand, applying (6) to the right-hand side we find

k; <<Z> B (k i 1)) [Sn—2k(0)],

which is 0 for n odd and (n%)) — (n/;—l) = Cp for n even. O

REMARK. Let b, ; be the coefficient of M; in Corollary 1(i). Using the Zeilberger—
Petkovsek algorithm [4] it can be shown that the b, ; admit no closed form (in hypergeometric
terms), but satisfy the three term recursions:

(n+2 = jbnt2j—(+2)bpy1j+ (n+24 )by j =0 (jfixed)
3G 4+ DG 4 Db, jr2+ (2j +3) + Dby jy1 + (n+2+ j)byj =0 (n fixed).

As our first application we look at the Hankel matrices

My M, ... M, M, M - M,
- My, M, ... M,y ~ M, Mz ... M,
All = : : : ’ Bn = . : .

M, Mn+1 cee M3, M, Mn+l cee M2n+l

PROPOSITION 2. We have

(i) detA, =1 foralln,
(ii) detB, = 1,0,—1 forn = 0,1 (mod6), n = 2,5 (mod6), and n = 3,4 (mod 6),

respectively.

PROOF. Considerthe (n+ 1) x (n+ 1)-matrix A,, = (ax¢) where the ay, are the coefficients
of S;(x), 1e., Sx(x) = aro + ar1x + - -+ aix®, 0 <k <n. A, is thus a l~ower triangular
matrix with det A,, = 1 because all azx = 1. The k-th row of the product A, A, (0 < k < n)
is therefore

([Sk 1, [x Sk ()], ..., [x" Sk (x)]).

Next we compute AnZnA,{ . For the (k, £)-entry we obtain by Proposition 1(iv)

a0l Sk ()] + a1 [x Sk ()] + - - - + age[x Sg(x)] = [k (x)Se (x)]
= [Ske ()] + [Skpe—2(x)]
+ o [Sk—g ()]

which is 1 for k = £ and O for k # £ by (6). Thus A, A, AT = I, and therefore det A, = 1.
Let us now consider En. In this case the k-th row of An_lﬁn O<k=<n-1)is

(xS (0)], [¥2 Sk ()], ... [x" S (0)]).
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and we obtain for the (k, £)-entry of A, _ EHAZ_I
apolx Sk ()] + ap x2Sk ()] + -+ - + age[x T S (x)] = [x Sk (x) e (x)]
= [xSkre)] + -+ [xSjg—g (0)].

Using (6) again, we obtain for k = € [xSo(x)] = M, = 1, for [k —£] = 1 [xS1(x)] =
My — My = 1, and O for |k — ¢| > 2. The matrix D, = A,l_lB,,AZ_1 is therefore of the
following form:

0 1
with det §n = det D,,. The determinant of D,, is now easily evaluated by induction as stated

in the proposition. m|

The Motzkin numbers are thus the unique sequence of real numbers such that the determi-
nants are alternately equal to det A, and det B,, starting with Ag, B;.

4. LOGARITHMIC CONCAVITY AND LIMIT

The purpose of this section is to discuss the following three results:

M M
@ 35 =<3 =D
My

b g <3 m=1)

No combinatorial proof of (a), that is an injection of M(n)? into M(n — 1) x M(n + 1) is
known to me, similarly for (b).

Let us first look at (a). If n is odd, then Proposition 2 applies. Indeed, as all principal
submatrices of A, have determinant 1, A, is positive definite which implies that all submatrices
( Mayn—2  Mop—1

Mop—1 Mo ~
2m — 1. However, since B, is indefinite, for even n we have to proceed differently.

Let A, be the matrix of the last section. We proved there AV" = A tAT ', solet us determine
AL

) have positive determinant. But this is precisely statement (a) for n =

LEMMA 2. (i) We have (A;l)ij = [xiSj(x)].

(ii) Let A" = (by.y), then
br,e = br—1,0—1 + br—1,0 + br—1,0+41 @
boo=1,bre=0 for k < £.

PROOF. Setting B, = ([x'S;(x)]), we find

k
(AnBu)ke =Y arilx Sp(x)] = [Sk(x)Se (x)]
i=0
= [Ske)] + -+ - + [Sk—¢) (X)] = ke
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and thus B, = A, I as claimed. A, !'is therefore a lower triangular matrix by (6).
To prove (ii) we see by the recursion (4)

bre = [x*Se(x)] = [x*1xSp(x)]
= " S ()T + TS (0] 4+ T S (0]

=bi—1,0-1+ bk—1,¢ + br—1,0+41. o

Consider the infinite lower triangular matrix B = (g ¢) with rows ro, r1, ra, ... observing
(7). As A, = B, BnT we obtain the useful result

Ik -rg = M]H_g fOI‘ all k, E, (8)

where 7y - r¢ denotes the usual inner product.

The recursion (7) together with (8) yields therefore another representation of the Motzkin
numbers.

As an illustration let us consider the first rows of B according to the recursion (7):

1
2
5

O BN ==
—_

O W —
Q.

—_

2

We obtaine.g. 7 -r4 =2-9+2-124+1-9 = 51 = Mg, and similarly r3 - r3 =
4.445.543-3+1-1=51.

REMARK. It was pointed out by the referee that the matrix B and its inverse A can also be
determined by the elegant approach via the Riordan group (see [7]).

Let us rewrite (7) in the following compact form. For any vector a = (ag, a1, az, ...) we
setat = (0, a9, a1,...)anda” = (a1, az, ...). Then (7) reads

ry = r,il +re—1+r_- &)
PROPOSITION 3. We have M? < My,_1 M1 foralln > 1.

PROOF. By our remark above it suffices to consider n even, but let us prove the case n odd
anyway. Setn = 2m — 1, then by (8), Mau—1 = rm—1 - rm, Mam—2 = r;i*l’ Moy = r2, and

m>
M22m—1 < Myy_3 - Moy, is equivalent to (r,—1 - ) < ri_l -2, which is just Cauchy’s
inequality.

Now let n = 2m. Setting a = r;;—1, b = ryy, ¢ = 41, we have to prove by (8)
(@a-b)yb-c)=(a-c)b-b), (10)

for any three consecutive rows of B. For a = rg, b = ry, ¢ = r; this is true and we proceed
by induction. Let a = (a;), b = (b;), ¢ = (c¢;). We need the following lemma whose proof is
omitted.

LEMMA 3. Let 0 <i < j, then

(i) Cl,'bj > ajb,'
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(ii)) ai(bj_1+Dbjy1) = ajbi—1+bit1)
(iii) bi(bj—1 +Dbjy1) = bj(bi—1 + biy1).

To complete the proof set ¢ = b+ + b + b~ as in (9). Then by (10) we have to show
(a-byb-bt+b-b+b-b")>(a-b"+a-b+a-b )b

or
(a-byb-bT+b-b")>(a-bT +a- b )b,

that is
> (@ibi)(bjbj1) + (aibi)(bjbj1) = > (aibi—1)bj + (aibi1)b].
ij ij
Fori = j boih contributions are identical. For i < ]j we group together the contributions
corresponding to the index pairs (i, j) and (J, i). For the left-hand side we obtain
L =aibibjbj_1 + aibibjbji1 +ajbjbibi_1 +ajb;bibj
and for the right-hand side
R =aijb;i 1\bjbj +aibj1bjbj +a;jbj 1bjb; +ajbj1b;b;.
This yields
L — R = (ajbj —ajbj)[bj(bj—1+bjy1) —bj(bi—1 + bit1)],

and thus L > R by the lemma. As this holds for any pair i < j, we are done. O

In a similar way the following result can be proved.

PROPOSITION 4. We have MM”I <3 foralln > 1.
i
PROPOSITION 5. We have lim,,_, o0 -2 = 3.

M,y

PROOF. By Propositions 3 and 4, « = lim MMfl exists with « < 3. To prove ¢ = 3 we
use the notation sy, ,, S, (x) = x" + A X"V ax + ap as in the previous section.
As spn = Mp + ap—1My—1 + --- + apMj—, counts the number of arrays with n leading
(l)—columns, we have 55, , > 0, and hence

M, Mp_» Mp—n

+ap—1 + an—2 +---+ao z
My 8 8 My Mp—

Going with £ to infinity this implies

o+ap—1+ anfzoé_l 4+ .4 a()(x_("_l) >0
or
o +ap_12" '+ +ag >0 forall n. (11

By Proposition 1(v), the second largest root of S, (x) is smaller than the largest root of
S,—1(x), and we infer by induction and (11) that « is at least as large as the largest root of
Sy (x) for all n. But as shown in Proposition 1(v), the largest root of S, (x) equals 2 cos n”? +1,
and this goes to 3 with #n to infinity, thus proving our claim. O

REMARK. Proposition 5 can also be proved directly using the ratio test (as pointed out by
the referee) or by employing an asymptotic estimate as in [1].
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5. BALLOT NUMBERS

Recall that the Catalan numbers may be generated as follows (see [6]): Define a, x (0
k < n) recursively by

IA

apo=1
nk =0n-1,0+ - +ap_1k, n>1, 0<k<n-—1,

apn=0 n>1.

Then C]:l = ZZ:O ank and ay4+1, = C,. The ay i are the ballot numbers with a, ; =

n—k (n+

o) |
The aim of this section is to exhibit two ballot-number sequences for the Motzkin numbers

which arise from two different combinatorial classifications.

Define the numbers b, (0 < k < n + 1) as follows:

bo.o =bo.1 =1
bn,k = bn—l,O +---+ bn—l,k—Z + bn—l,k» n>1, 0<k<n, (12)
bn,n—H - bn,n-

Note that in the recursion the term b,_1 x—1 is missing. The following table gives the first
rows:

,#\0123456
01 1

11 1 1
201 1 2 2
301 1 3 4 4
4111 46 9 9
501 1 5 8 15 21 21

PROPOSITION 6. We have

(i) Y k—obnk = Muy
(ii) bn,n = Mn . .
(iii) ok = Yizo (M(T) = (22))

PROOF. Define by = 1 — (]5) (k > 0), and extend the recursion (12) to all n and k. Note
that bg ;. agrees with boo = bp,; = 1. Let B,(x) = Zkzo b,,,kxk be the generating function
of the n-th row. By (12),

x2
Bn(x) = 1 —

xBn—l(x) +By1(x) m>=1)

and thus

where
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We therefore find for the coefficient of x¥ in B, (x):

‘ _ by (LY ey (LY e (1)
(X)Bn(x)—(x)< 1 —x )—(X)( 1—x >IZ(;<2)X

Let us look at the first summand:

n
1 —x +x2 1 (s x2 i 1 _ 1 n o2 1 .
1 —x 1 —x I—x" 1-x “\i (1 —x)i+l

i=

20T =m0 )

(xk)<l—x+x2)n L (n)(k—i)
1 —x 1—x iin i)

For the second summand we similarly obtain

(S Oe-g ()

Using the identity 3", (1) ("7) = Y20 (5;) (%) one easily finds

n
bn,n = bn,n+1 = Z (2i>Ci = Mn-

Hence

i>0
Hence we have
n n—1
an,k = an,k + bn,n+l = bn+l,n+l = Mn+],
k=0 k=0
and we are finished. O

EXAMPLE. A well-known instance counted by the Catalan numbers C,, are the non-crossing

partitions of {1,2,...,n} (see [8,9]). Call a partition 7 = {Ay, ..., A;} non-crossing if
a<b<c<danda,ce A;,b,d € Ajimply i = j. Letus say, 7 is strongly non-crossing
if, in addition, A; = {a}, b,c € Aj and b < a < ¢ never occurs. We want to show that

|I1,| = M, where I1,, is the family of strongly non-crossing partitions.
As an example, we have for n = 4 the following 9 = M4 partitions:

1234

123 -4

12—-34, 12-3—-4, 14-23

1-234, 1-23-4, 1-2-34, 1-2-3-4,

where we have arranged the partitions according to n — |A;| with 1 € Aj. Note that the
numbers 1, 1, 3, 4 in this classification are precisely the ballot-numbers b3 x (0 < k < 3). In
the light of Proposition 6, it remains to show that the numbers

My ={m € My :n+1—]A1] =k} (0<k<n)

satisfy (12), where we set m,, p4+1 = My .
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We trivially have mg,o = 1. Let I1,4 x be the subfamily with [Aj| =n+1—k,letw €
IT,41k with1 € Ay,2 € Ay, and assume k < n — 1. We associate to 7 the following partition
7’ € I1,: Delete 1 from A} and merge (A1\1) U Ay, keeping all other blocks unchanged. Itis
easy to see that 7w’ is strongly non-crossing. Now if A; = Ay, thenn — |A; U Ap\1| =k, and
if Aj # Az, thenn — |A1 U Ax\1| < k — 2 because |A1| > 2 and therefore |A;| > 2 by the

definition of strongly non-crossing. It is straightforward to check that 7 — 7’ is a bijection
k=2

from I, 41 ¢ onto |J I, ; UTI, k. Inthe case k = n, A| = {1} is a singleton, and we clearly
i=0

have my, , = Zz;(]) Mpy_1k = Zz;g My—1 k + Mp—1.n, thus proving our result.

REMARK. The same classification for the ordinary non-crossing partitions yields the ballot
numbers a, i for C,.

REMARK. It may be interesting to see how the involution of non-crossing partitions de-
scribed in [8] acts on the set of strongly non-crossing partitions.

Let us turn to the second ballot-number sequence. Let ¢, x (0 < k < n) be defined as
follows:

co,0 = cro=1

ke = (Cp20+--+cpop)+(ns30+--+cun3k-1), n>2,0<k=<n-2,
Chn—1 = Cp—20+ "+ Ch—2n-2 (n>2)

Can = 0 (m>1). (13)

The first values are given in the following table:

Xoo1 2 3 4 56
01

1|1 0

211 1 0
311 2 1 0
411 3 3 2 0
511 4 6 6 4 0
61 5 10 13 13 9 0

PROPOSITION 7. We have

(i) Di—oCnk =My (n>0)
(ii) Cnon—1 = M,_» (n>2).

PROOF. This time we give a combinatorial proof and determine the generating functions
later. Let M,, ; be the subfamily of all arrays Cbli e Z” in M,, with the leading 1 among the
.. by

bis appearing in place n — k + 1. The array has thus the following form:
O<k=<n-1).
Note that M,, o contains just the all-zero array. We want to show that the numbers p, ; =

| M, k| satisfy the recursion (13). This will prove part (i) and also (ii) as p, ,—1 clearly equals
M, _».
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We have pj o = p2o = p2.1 = 1 in agreement with (13), and poo = 1 by definition.
Suppose n > 3, A € M,, k, and assume that there are i 8 columns between the last 1 in the

first row of A before the leading 1 in the second row:

—
ap...apl 0O O 0..
0...00 0 O 1...
c Z ¢

We now map A into A’ € M,,_», U M,,_3 as follows:

(a) Ifi > 2, remove two 8 columns from Z,

(b) If i = 0, remove the columns ¢ and ¢’,
(¢) Ifi =1, removec, Z, ¢'.

Clearly, A" is a Motzkin array. In case (a) we have A" € M,,_» 4, incase (b) A" € M, _2 <x_1,
and in case (c), A’ € M,,_3 <¢—1. Note that for k = n — 1, the cases (a) and (c) cannot occur.
The map A — A’ is easily seen to be a bijection, and we are finished. O

Again we note that the corresponding classification for C, yields the ordinary ballot numbers.

EXAMPLE. A beautiful combinatorial setting counted by the Motzkin numbers was discov-
ered by Gouyou-Beauchamps and Viennot [3]. M,, is the number of subsets § € N x N in the
first octant, 0 < y < x, of size n + 1 satisfying the following property: If p € S, then there
is a lattice path from (0, 0) to p with steps (1, 0) and (0, 1) all of whose vertices lie in S. For
n = 4 we obtain the following nine configurations:

If we classify these nine configurations according to the number of elements above the base
line, we obtain precisely the ballot numbers c4 4, 0 < k < 3. The following operation shows
that this holds in general, thereby providing an alternate proof of their result. Let P be an
admissible configuration of size n + 1. Remove the two right-most points on the base line.

The new configuration will, in general, not be admissible anymore; let Q be the set of
‘hanging’ points, that is the set of those points which cannot be reached from (0, 0) by an
admissible path. Now slide Q one step down, diagonally to the left. There may arise one
duplicate point which we only keep once. (Note, that this accounts for n + 1 to drop down to
n — 2.) This yields the desired bijection P — P’. To illustrate the map P — P’ look at
the following example, where the points denoted by x form the set Q.

oo 00 o0 00 o000
. o0 ° X X . /
P = e oo o > e oo X > e oeocooe = P.
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Finally, we want to compute the generating functions C, (x) for the n-th row (c,.0, ca 1, - - .),
extending the recursion (13) to all » and k. Using (13) backwards it is not hard to see that
co.n = 1, for all n, and

c0.0=1,c01 =0, and conp2 = —Mo + My —--- + (=1)""'M, (n = 0).

N v :
With 3, g M,x" = T2 2030 e thus obtain

2x2

Colx) = Ci(x)=1— Exmy/lrae=d

2(T—x)

1-3x4++/14+2x—3x2

2(1—x)

Furthermore, (13) implies

Cu Cu-
Calx) = — _2(;) +- 1 _iEX) + Co(x)([n = 0]+ [n = 1]).

Setting F(x, 1) = )_,-o Ca(x)t", we find

2F X, t xt3F X, t
_PF@n | xFrn

F(x,t) = + A +1)Co(x),
1—x 1—x
and hence ] C c
1
P =000 0
) [ S i 1—1t— ITIZ
T—x T—x X

Using partial fractions, this yields

n+1 n+1
143 143
Cox) | (1HV T I=VT=

Cp(x) = - — .
143 2 2
Vi

and thus our final formula

1 —3x+/14+2x =322 1 n+1\ /1+3x\
1—x 2t £ \2i 41 ‘

Cu(x) = 1—x

REMARK. It was pointed out by the referee that the two ballot-number sequences can, after
suitable rearrangement, be recovered in the context of Riordan matrices. For the first sequence
we obtain

1_ 11—3)(
+x
= | M(x), T )

AN W= = O
A== OO

0
0
0
1
1

O B~ N ==
-0 O OO
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and for the second

={04+xMx), x(1+xM(x)),

AN = = =
AN W= O
AW = OO
A= O OO
-0 OO O

where M (x) is the generating function of the Motzkin numbers.
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