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         
               
           
            
               
              
                 
             
     

                 
               
            
              
             


 

               
     

    except for the constant term. One way to fix the constant terms
    

         

               
               
  

         

              


   

                

Besides the importance of these and other specific examples,     
                 
             
              

   
Mathematics Subject Classification.      
         



      



  

             
               
        

An equivalent definition of the Appell polynomials correspo      
 








      


     

               
                 
       








         

              
           
           
            
              
           lete, but there are partial classification
        

                
      

   
   

and the polynomials are defined recursively via

   





   

      

  






               
            
              
            
             
           
                  
               
other fields, notably to the theories of operator algebras an     
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              
             

Again, one can define multivariate free Appell polynomials,         
             
                 
              
                 


               
 

   
  

In other words, we define the      

    

              

  
   

 

                
  

            
      e first examples from this theory date from
the 1970s [vW73, Boż86, Boż87]. The Boolean theory is much     
                
               
              
             
                 
       04, Mło04, Len05, Sto05, Ber06].

We start the paper by defining multivariate Boolean Appell po    
             
            define the Boolean Sheffer class.
               
              
               
                 
            
                

               
             
                 

            
regression property, and Bożejko and Bryc [BB06] proved th     



  

                
         

               
              
                
        

                  

               
   

       

             

                

                  
               
              

               
            
             
                
            
               


                
             
             
         

             
              
  

 

                
            

              
         , define the left non-commutative partial
        

    

         



     

              
             

   
       

         be all the polynomials with complex coefficients
               
              


   

                  
    

                

       

Define an involution on      
   

    

              




  

       

  

      

           

       
                  
            

  

       
 

                
   

     

     
  

   

   

   


 
   



  





  

                

   

            

       

              
       

   

                 
              

      

                
              
     

   

  

                
                 
                    
         n of refinement, so that the largest partition
                     
        

                

     

               

   

                 
                     
                 
                  
 



     

          
         defined recursively by           

     
 



 
 



     
  



 
 

                  
             
   

    


  

 



    


  

 

              
  , then from definitions (2), (3) there follow the generating f 

    

   

       



       

        


               
lants can also be defined in a similar way, using the lattice of    
     

 

     

         

       
     

      

           



  

              

        

          

          

        

           

              

     

                 
              
               

        

In contrast, the definition of Boolean independence in terms     
               








 
   





 
 

Note that this definition does           
      

     
      

               
              

               

     

                     
               
    

                   
      

     

   









     

               
               
           




     

             
              
                  
               


             
           

                  
           

 

   


 



 

     

              
             

   

    Wefirst summarize the properties of the single variable Bool
              
 

                  

  



 

  

  


 

               
finite, and so is identified with a linear functional on polynomials, the re  
       

    

           

  




        

  




           
  

           



  

  

 



  
  

 

   

  

  


  





  
  




 



  




 

             
                
               
             
              
            
                  
               
            

              
       , define a map

            

             


        

    

     



    



     

               
order condition had to be specified). It is easy to see that eac      
   , we get the following definition.



     

Definition 1.              
         

   



   

              
        

         

                     

          

       





   



       





     

        

             

     


  


        



                  

       

 

           

      

 







        



  



            

        

 

 





        

Finally, part (c) follows from the first expansion in part (b)

          

     

 



  

    

         
             



       

        

      

      

         

               

                  






          






          

      

      





   



     

                 
 

      





   

   





   

     

        

                  






        






        

         






          






          

                
              

                 
              
          

  

   

                 
            

             

       

      


      

   
 

  





  

               
    

           






          






          

   

              
      

            
               
                  
           , are defined via the relations

    

          

             

               
operator, acting only on the first level of the Fock space (see       
           


   

     

       
 

   
 



 



  

 

                   
                 
              
     

    

  


              

     



     

                 
                    
       

       

   

             
          , we now define Boolean Sheffer polynomials to
        

     

             
      

    


       

            
 

    


      



     



      


     

 We first note that an application of the identity (5) shows tha     
  

     

             



    


         


      


   

        


   

      

              
              
              
           



  

               
                 
  

      

 

      


                 
  

  

     
              

                   

              
    

  

 
             

   satisfies, for each      
 

   


   

                      
 



   




     


     

                
               


           

      

     

     
  

     
       satisfies, for each 

         



     

                   
 

  

  

 

 

    



             

which finally is equivalent to
  

       

      

     

      

        

                

           

     

     

          

       

     

        

     

          



  

 , we finally get

            



         

           
 

        

              
convolution. Example 4.5 and especially Remark 4.6 in the fir      
        

 

               
       

       

             
        

                   

   



   




     


     

                
            



   




     


     



     

                     


       



   




     


      

                      
 

    

        are exactly the Bernoulli distributions, specifically




  




   

   

              
                 
                  
                 
          
           

                
               
                  

    

    The classes of distributions infinitely divisible in the cla
              
             
      

    

(of course, the key issue is the infinite divisibility of         
              
                  
  

     

Note that all free Meixner states are infinitely divisible in the Boolean sense, and the ones infinitely
          

              
       

   
 
            

 



  

   

  

         wing coefficients: for   


        

               


   
 

                

    



    



      



  
  

 

             

  

  

         ficients

    

  
 

                    

      
      can be defined arbitrarily. For the product of

      

      



    

                   
           



     

             
              
          

        

        

            

         

             

                           
         

         lly free convolution, the (first compo-
              
                   

  



          le of it. In the first



                   

                 
               

     

 
          


    

 
 

              
                     

               
             
      

            
       . Bożejko and Bryc [BB06] proved that
             
              
            
             
              
may not exist, the expressions below are well-defined. Denot

   




  

              

           
         

        



               

   

    

           l Lemma 4.1. Briefly, we
                 
         

         



  

 

   

        


        

              

 
 

 
   

  


     

 


       
 

   





   

  

 

   
 

   





      





 



 
   

  








  





   






 

    

         



     



    



  


 



  


  




 

 



 

                
   

         Sni00] produces an infinite dimen-
        bi) field. Let    
     a state on it, so that we can define the Hilbert space    
      

      

      

 

          

          

With this identification, the full Fock space of


 

      

  

     

   

   , define operators on 
         
         

           

          



             

         

        




  

                



  

 

    


               
                 

               

      
               
                  
              

                    

               
               

       

             
             
                
              
             
                 
  

              

 . Define the (algebraic) full Fock space of  

  







    , define            


        

    
        

For future reference, we also define the Boolean annihilatio 


 

  

            

         

            
    

      
 

  



     

      
 

    
  

    
      

    
   

   



 
         

               
     

     
      

                
                 
 

       , modified for complex-values states) Let  
      

        

            
        

   

          
                      

 

   

   


 

   
  

      

                    

sentation, whose entries are the coefficients in the recursi       
   

  



 

 



  


  


 

 



  


  


 

 



  


  



  

   



  

   


       

  




   


  



 


 

               
           

  
     

      
            

  
 

 


        . Then the coefficient of  

                  
    

 







          

         

  
         

     

 






          


         

  
         

               

        

               

   

















 










  










     

         


   
   

  
  


   

   












   






   






   








        



   




   






   






   






satisfies
           



      



         

               
               

  

      

           

           

   


  




  




  





 






 




  





 








  

      

      





    

      

   


  


 




  


 




  


 






               
                
         

            with a MOPS. The coefficients
                   

 

   

   

        





 


   


  


 

 



  


  


 

 



  


  



            
              

                  

         



 
  

  

            
 

         

               
   

      

                
             



     

                
                  
                    
    

          
               
         

  




 

      

        
      




  


  

             

          
 

  

                
 

  
        

             

      




           

      

  





  

               
[GSS92]) but they only hold for operators with (freely) infin    
preceding proposition reflects the fact that all states are infinitely divisible in the Boolean sense
  



               


               
  

             
           

 
                  

    
             

 
             

    
                



  

               
    

             -infinite divisibility
    

              
   
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[BB06] Marek Bożejko and Włodzimierz Bryc,             
        

               
  
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   

              
  



     

     , Quantum probability and infinite dimensional
              
   

   Polynomials of Meixner’s type in infinite dimensions—Jacobi fields and orthogonality
          

            
    

[Mło04] Wojciech Młotkowski,     , Infin. Dimens. Anal. Quantum Probab.
        

   The five independences as natural products, Infin. Dimens. Anal. Quantum Probab. Relat.
       

              
            

    , Infin. Dimens. Anal. Quantum Probab. Relat. Top.    
  

                
    

             
              


               
        

             
                 
  

           
 

           
       

                 
 

              
            

              , Infin. Dimens. Anal.
          

             
             


                
    

                
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 
                

           
               
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