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AN INTEGRAL OF PRODUCTS OF ULTRASPHERICAL
FUNCTIONS AND A ¢-EXTENSION

RICHARD ASKEY, TOM H. KOORNWINDER anpD MIZAN RAHMAN

ABSTRACT

Let P,(x) and Q,(x) denote the Legendre polynomial of degree n and the usual second
solution to the differential equation, respectively. Din showed that L1 On(x) Pp(x) P(x) dx vanishes when
{I—m| < n <!4+m,and Askey evaluated the integral for arbitrary integral values of I, m and n. We extend
this to the evaluation of [1, Di(x) Ch(x) CH(x) (1 —x®)**~* dx, where Ci(x) is the ultraspherical polynomial
and Df(x) is the appropriate second solution to the ultraspherical differential equation. A g-extension is
found using the continuous g-ultraspherical polynomials of Rogers. Again the integral vanishes when
{I~m| <n<I+m. It is shown that this vanishing phenomenon holds for quite general orthogonal
polynomials. A related integral of the product of three Bessel functions is also evaluated.

1. Introduction

Legendre polynomials P, are orthogonal polynomials of degree n on (—1, 1) with
constant weight function and with normalization P,(1) = 1. Corresponding Legendre
functions of the second kind @, are defined on the cut (1, 1) by the principal value

integral P

e ~l<x<], (1.1

0.0 =3§

cf. [26, (4.9.12) and (4.62.9)].
In a very surprising paper Din [9] showed that

1
f Qn(x) Pp(x) P(x)dx =0 (1.2)
-1
when |/—m| < n < I+ m. Part of the surprise was the vanishing and part was the fact

that such an attractive result did not seem to have been found before. Askey [3]
evaluated (1.2) for general integers /, m and n. Besides the trivial result

1
[" 0u0paw B =0 (1.3)
-1
when /+m+n is even, he showed that
1 1
[ Crmersa) B B = | 03) Pmss) P8

_ DGADTGHADTG+m+ DTG ++m+3)
TG+ DTGHIAHTG+m+HTG+I+m+2)

(1.4)
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when j =0, 1, 2, .... (The two integrals in (1.4) were not evaluated simultaneously
in [3}.)

After preprints of an earlier version of the present paper were circulated,
J. Boersma in Eindhoven wrote that (1.2)~(1.4) were known. The integral

[ 00 Pat B3I

was written as a sum by Benthem [7], see Stelling VII attached to [7], and he showed
that (1.2) holds. Boersma, in the spring of 1961, summed the series and so obtained
(1.4). He did not publish this result, but showed it to the first author in the fall of
1969. In the intervening time Askey forgot this. Boersma also called our attention to
a paper of Shabde which contains the same series, see {22].

Formulas (1.2)—(1.4) should be compared with the classical result of Adams and
Ferrers (cf. Hsi [15])

(]2')8—-[ (%)s—m (%)s—n s12
(s=D!s=m)!(s—m)!()(2s+1)

and this is zero unless /+m+n = 25 is even and a triangle with sides /, m, n exists,
that is, | /—m| € n < I+ m. Here the shifted factorial (a), is defined by

(@) = T(a+k)/T(@) = ala+1)...(a+k—1). (1.6)

The fact that the integral in (1.5) vanishes when the triangle condition

[ P Puto Py = (1.5)

ll—m| <n<l+m

fails is a simple general property of orthogonal polynomials. Let p, be the n-th
degree orthogonal polynomial with respect to some positive measure do on R. Then

[* ppaipdot) = 0 (1.7)

if |l—m| < n < /+m fails.

In §3 we shall give proofs of the vanishing in (1.3) and the equality of the two
integrals in (1.4) in the framework of general orthogonal polynomials. In order to do
that, we need the analogue of @, for general orthogonal polynomials p,. For
convenience, assume that the orthogonality measure do has support within a finite
interval [q, b] and that, on [a, b],

do(x) = w(x)dx, (1.8)
with we CY{(a, b)) N L*([a, b]). Define a function of the second kind g,, outside the cut
by b
4.(2) = j 1—;1‘_—5[—3 w(t)dt, zeC, z¢la, b), (1.9)

a

and on the cut by
b

4(3) = T K(ga(x-+ )+ g —19)) = Jf
yi0

a

%":_(-’-% w(t)d:, a<x<b. (1.10)

Note that ¢, on the cut is the finite Hilbert transform on (a, b) of the function wp,,.
Let

(7]
1o, 1) = || 400 a2 i3 w0 (L.11)
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We shall show in §3 that
Inm,y=—Imn 1) ifl<m+n (1.12)
For |I—m| < n < /+m this implies that |
In,m1)=0 (1.13)

(a nice complement to (1.7)), while the cases n > [+m and n < |/—m| of Kn, m, )
are related to each other by (1.12). Indeed, (1.12) holds if » > I+m, and we have
n>l+mifand onlyif m < |n—/|andn =1L

In the case of Jacobi polynomials, thatis, a = —1, b = 1, w(x) = (1 —x)*(1+ x),
Da(x) = P&P(x), p,(1) = (x+1),/n!, it is convenient to define functions of the second
kind as second solutions of the Jacobi differential equation. Thus, outside the cut, one

takes 0eA@) = Jz— 1)~ 2+ 1) Pgu(z), z¢[—1, 1] (1.14)

with ¢,, given by (1.9) (cf. Szegd [26, (4.61.4)]). However, our above considerations
show that Szegd’s definition [26, (4.62.9))

0-A(x) = QL Px+10)+ Q5 A(x — i0)),

is not the most appropriate choice for a Jacobi function of the second kind on the
cut. We rather define

QEA(x) = (1 —x) 2 (1 4+x)hgy(x), —1<x<l, (1.15)

with ¢,, given by (1.10). Hence, Q'*# on the cut is expressed in terms of QA outside
the cut by

Q@ A(x) = Y™ Q@A(x +i0) + e~ ™ QEA(x—i0)), —1<x<l (L16)

This function was introduced by Durand [12] and was dictated by the natural form
of the Nicholson-type integral formula. Earlier, Durand [11] had used these functions
when a = f. In this case the polynomials are called ultraspherical polynomials, and

they are written in a different way. It is usualto takea =—1,b =1, w(x) = (1 —x2)i3,
Pn(x) == Cj'z(x)a Pn(l) = (22')11/"" so
24 13-}
Ci(x) = (/1—+§; P—24-2)(x), (1.17)

For DA(x), the ultraspherical function of the second kind on the cut we follow
Durand’s convention

1 A
(1~x2)l—%1)¢,(x)=n—1qn(x)=n—lf %(it)(l—ﬁ)l—%dt, —t<x<1, (1.18)
_1 -

where ¢,(x) is given by (1.10).
Formula (1.7) now holds with the left-hand side replaced by

[ ciwacnmcia-wp-tas (119
-1
while (1.12) and (1.13) are, in particular, valid with

In,m 1) =Lnml) = Ji DAi(x) CL(x) CHx) (1 —x®)#—*dx, A>0. (1.20)
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For general [, m, n the integral (1.19) can be evaluated as a quotient of products of
gamma functions, as was stated by Dougall [10] and proved by Hsii [15]. In §2 we
shall show that I;(n, m, ) can be evaluated in a similar way. In particular, (1.12) and
(1.13) in the ultraspherical case will be obtained in §2 by explicit computations.

Two more degrees of freedom can be added and still have results that are simple
enough to be useful. One is to replace D4 (x) (1 —x2y:~% by DA(x) (1 ~x2)#~}in (1.20)
and consider the integral

1
1, (n,m 1) = J D (x) Ch(x) CHx) 1 —x®+#-1dx, A >max{—} —pu}. (1.21)
-1

When / = 0 this integral can be evaluated in terms of gamma functions. In the
general case it is a single sum. If one just expands the functions under the integral
the resulting series would be a triple sum. Whenever there is a reduction in the number
of sums in the evaluation of an integral there is usually something interesting
happening. A reduction from a triple sum to a single sum is even more surprising,
and in the case when x = 1 the resulting sum can be evaluated as a quotient of gamma
functions, and it vanishes when |/—m | < n < [+ m. The remaining degree of freedom
that can be added comes from replacing the ultraspherical polynomials by the
continuous g-ultraspherical polynomials introduced by Rogers [20], and defining an
appropriate function of the second kind.

The integral (1.19) of Dougall arises from the linearization formula

n+m

Calx) Ch(x) = l |E_ |a(l, m, n) C}(x) (1.22)

via orthogonality. Surprisingly Rogers [20] had found the coefficients in the g-extension
of (1.22) more than twenty years before Dougall [10] independently rediscovered the
special case (1.22), in which ¢ = 1. This strongly suggests that (1.21) can be extended
to the ¢ case, and it can.

Rather than carry out the same derivation twice, in §2 we shall give the details
for the continuous g-ultraspherical polynomials, and then state the results for the
limiting case of ultraspherical polynomials. By taking a further limit we shall obtain
the Hermite polynomial case. In §3 (1.12) and (1.13) will be proved in general. This
section can be read independently of §2. Finally, in §4, we shall first derive a formal
limit case for Bessel functions of the evaluation of I)(n, m, ) and next give an
independent proof of this limit case.

For the classical orthogonal polynomials there is a strong duality between them
as functions of x and as functions of »n. This was mentioned by Dougall and he gave
a dual result to the evaluation of (1.19). There is also a dual series to the integral (1.20).
This was treated by Rahman and Shah [17]. Further series were considered by Rahman
and Shah [18] and van Haeringen [28].

2. Ultraspherical polynomials and their g-extensions
Take a fixed parameter g, with | g| < 1. The g-binomial theorem is

s _ § [dn

Mo aZalda > IS @D

where ©
[ale, = I1 (1—-agq™), (2.2)

and o

la}, =[alw /129" - (23)
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We shall also use (2.3) when n < 0. There are many proofs of the g-binomial theorem
(2.1). See Slater [23, §3.2.2] for a simple proof. Andrews has recently given a very
interesting series of Regional Conference Lectures on g-series. These will be published
by the American Mathematical Society. The reader should look at these lectures to
get some idea why g-series extensions of classical resuits can be very important.
The continuous g-ultraspherical polynomials are defined by the generating

function ) )
[ﬂrew]oo [ﬁrevw]oo — - . n
e = 2, CalsBlayr,

x = cos 6. This is easily seen to be equivalent to the recurrence relation

2x(1—pg") Co(x;81q) = (1 =¢"") Cos (381 )+ (1 = 2" ) Cpi(x3 81 9)-

The g-binomial theorem and (2.4) imply the explicit formula

C,(cos8;8|q) = léo EU;_%%_:_:_Z

For ordinary ultraspherical polynomials we have

cos(n—2k) 6.

Cl(cos ) = kﬁ % cos (n—2k) 6,

cf. Szegd [26, (4.9.19)]. It follows from (2.6), (2.7) that
lim C,(x;q*|q) = Ch(x).
g—1

Rogers [20] extended (2.6) to

o 1By (Bl — 797 )
bl = Y a1 =)

One special case of this is

18 Y [g)k(1— g™ (1 — g™ %)
L0 =3 e — D (=)

. (1=¢") Culx;Bl9) _ _
}Lrnl 20-F) =T(x), n=12,..

with T, (cos8) = cosnd.
When —1 < §, g < 1 the orthogonality relation is

Crax(x:719).

since

[ w10 ot @y wyta) s = b
with
Wﬂ(x) = Wﬂ(xl ) =(1-x*)7 kI}o[l _2(2(xzx__ 1)ﬁqqk+[;]2q2kjl
and

p = 1—Bg")dl, 19l [,
" 27[(1 "'ﬂ) [ﬂz]n [ﬂ]oo [ﬂq]oo '

It is easy to see that
lim w, (x| g) = 2*4(1 )
g—1

compatible with (2.12) and (2.8).

Cn—2lc(X;YIQ), n= 1, 2,...

(2.4)

@2.5)

(2.6)

2.7

2.8)

(2.9)

(2.10)
(2.11)

2.12)

(2.13)

(2.14)

(2.15)
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See [4, 5, 6] for various proofs of the orthogonality (2.12). A direct proof of (2.10)
using orthogonality is given in [5], and then (2.6) and (2.10) are combined to give (2.9).
A proof of (2.9) by induction was given by Rogers [20].

Once the explicit orthogonality relation has been found, (2.9) can be inverted to
obtain ©

we(x|q) Cp(x; Bl g) = ;Eo atk, n) Cpion(x; 7| @) wy(x| ), (2.16)
where
alk, ) = BB e [q)nvor [B1n [P (1 — 2™ %) [P0 [Blos [Bql o
’ (gl Pln 2 () (Bl 1 —=9) [)o 74)e0 B¥es

1Bl <1,

cf. [5, (4.20)].
When y = ¢ this gives, with | S| < 1,

wg(cosB]q) Cp(cosb;Blq) = 4k§ bk, n;f) sin (n+2k+1)86, (2.17)

where

B B (e Bl Bl
b D) = B i a Bahws Pl (e

(2.18)
Here we have used the fact that

w,(cosf]q) = (1—cos? ) H (1 —~2(2 cos2§—1)+1) = 4 sin 6.
The limit case of (2.17) with f =g*as g — 1 is

WEA+D 2D, 2 (1—A), (1+k)!
T+ DIn! = kKI(A+ 1D,

(sin §)**~1 C% (cos ) = sin(n+2k+1)8, 1>0,

(2.19)

see [25; 26, (4.9.22)] for an independent derivation.
We define the g-ultraspherical functions of the second kind, D, (x;8|g), by
(1.10) with aw(x) D,(x) = ¢,(x), that is,

wﬂ(x|q)Dn(x;ﬁlq)=n-1£ Wﬂ(quli"y(y;mq)dy, —l<x<l. (220)

It follows from (2.17), (2.20) and the properties of the Hilbert transform that the
left-hand side of (2.20) can be expanded as the conjugate series of the one in (2.17):

wg(cos8|q) D, (cos8;81q) = 4 ;‘, bk, n;fycos(n+2k+1)8, [fl<1l. (2.21)
k=0

The formula for D%(x) (cf. (1.18)) corresponding to (2.21), is

LA+ 24), & (1-A),n+k)!

: 21—1 DA =
(Sin 677Dy (008 ) = F N T @yt &, FIGA D,y

cos(n+2k+1)6, 1>0.
(2.22)

Formula (2.22) can also be obtained from [13, 3.5(3); 11, (7)]. It follows from (2.21)
and (2.22) that

lim D,(x;q*|q) = Di(x), —1<x<1,1>0. (2.23)
g—1
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We are now in a position to state the integral that extends (1.21) and the Din—Askey
integral (1.2), (1.4):

M, g(n, m,1|q) = J: Du(x;v19) Cox; B19) Ci(ox; Bl ) welx | @) wy(x | @) dx  (2.24)
when | #| < 1, {v| < 1. This integral vanishes when /+m+n is even, since

Cal—x;B1q) = (=1)" Cp(x; Bl ), (2.25)

Dy(—x;Blg) = (= 1)"* D, (x; B q). (2.26)

The strategy for our evaluation of the integral in (2.24) is as follows. First evaluate
(2.24) for / = 0, and consequently n+m odd, which will be written as

Lnm = [ Dvo s Blamlomilad: @2

when |#| < 1, |v| < 1. This yields a single sum (a very well-poised (®;), which can
be summed. Next use Rogers’s linearization formula

min (m, 1)

Cals PO CEAID = £ ath b m) Coapentisfla), Q29
(942 [BLk [Bl—i [Blin—k [B2 e m—i (1 — BgtHm2F)
k, 1, = .
A ) = e ae @le [ @t [ (Bl —B)

Proofs are given in [8, 20]. Substitution of (2.28) into (2.24) and application of the
evaluation of (2.27) will again yield a single sum, which can be simplified to a ,®,
and which becomes trivial if v = f.

The basic hypergeometric series ,,.,®,, is defined by

where

Ayy - a ® al, ---lay)
@ [ 0 2, ,x:]= o RERIUDR xn, (2.29)
AR TN Sl Iy 7 M Y A (A 8
Itis well poisedif a, ¢ = a, b, = ... = a, b,, and very well poised if a, = gb,, a, = —a,.

Use (2.21) to get
I my=4 X blk,m;) f Tysainn(0) C(xs B19) wlx| @) dx. (2.30)

Now use (2.10) to replace T,,...(x) by a sum of Cyx;8|q), and then use the
orthogonality relation (2.12). The result of this is

oo V4ls Bl B9l . 3, Bm
(91 V¥l (B [v4ln[glm

. (1—g*") [B_I]é(n—m+1) [q]'k(ln+m+1) ﬁé(n——m-}-l)
[q]%(n—m+1) [ﬁq]%(n+m+1) (1 _qz(n+m+1))

© [gnti], (1 — g ) [t men], [/ V], [B g m,
L (=g [ g [BE T

This series can be summed by a result of Jackson [16] which sums the very well-poised
«Ds (see also [23, (3.3.1.3)D:
[alie(t — ag?*) []y [c)i [l ( aq )" _ lagle [aq/bcl [ag/bd) [ag/cd)
k=0 [qle(1 —a)[agq/bl; [ag/cli lag/d); laq/bl, [ag/ ¢l [ag/d) [ag/bed).,

I, fn, m) = 4n

(B~

M8

bed,
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As Jackson remarked [16, p. 104] Rogers found this formula in 1894. The result is

% [Ble (B9l [vz]n [ﬁz]m . [ﬁ—ll%(n-—m-!—l) [q]é(n+m-—1) ﬁé(n—mﬁ»l)' 2.31)

L il T 7 7 7 O .

Observe that

I, fn, m) = —Ip (m, n). (2.32)
Use of (2.28) and (2.31) in (2.24) leads to
M (Bl [Bg)e [1 (81 [Ble

M, n,m,l|q) = 4n

H0 119) = A e R T8 1 4 Ll

,[Bz]u-m [ﬁ—llé(n+1——l—~m) [Q]é(n+m+l——1) ﬂémﬂ_l_m)
Bliem [V]é(nﬂ—z—m) [ﬂv]%(n+m+l+1)

i) [§gmim (1 =181 [ [ [,
k=0 gl 1 =B ™) [g* ™8, [¢* '8 ], [q%(l—l—m—n)]lc

. [ﬁ]k[ﬂ—lv~1q§(1—l—m—n)]k <V_q>k
[ﬂ—2q1—l—m]k[vq§(n+1—l—m)]k ﬂ :

Certain expressions may become indeterminate as 0/0. These are interpreted by
treating one of the parameters /, m or » as a continuous parameter and taking a limit
as it approaches an integer.

The series is a very well-poised ;®,, and so can be transformed to a balanced ,®,
series by Watson’s transformation [29, 23, 1]. Transforming the ,®, series by Sears’s
formula [21, (8.3)], also see [6, (1.28)], and simplifying the coefficients we finally obtain
(assume m > [ without loss of generality)

(2.33)

_ [V]oo [vq]oo [/3]00 [ﬂq]oo [VZ]n [ﬂz]l W]m
Mo gl 10) = 4 0 (gl L4 @ (s

. [v]é(n+m+l+1) [q]é(n+m——l-1) [ﬁ— l]é(n——m—Hl) ﬂ%(n—m—Hl)

[ﬂv]é(n+m+l+1) [VQ]%(n+m—z«1> [V]é(n—m+z+1)

! e (g [g~ ™) [Bl [Bv— 1 ¢F
. (n—m=—1+2k+1)
Zl by ighem i, [, gl

In the special case when v = f the series is equal to [g*~™~!*1], and so we have,
with m > [, n+m+1 odd,

(815 BNz (821, 8% 1671 By mos1s1)
(815 (915 (91 [9): (9] BNy ey

Ghorm-1-1) B~ Wyn—m—tay) [ 141, phn-m=Lt))

(2.34)

Mg g(n,m,l|q) = 4n

2.35
[ﬂq]%(n+m—l—-1) [ﬂk(n—mﬂﬂ) ( )

From (2.35) we conclude that
M i, 11g) = [ =My 4m, n,119) ifn>I4+m,mz1, 1+m+nodd, (2.36)
lo fO<m—I<n<mtl (2.37)

Thus we have a complete evaluation of My g(n, m, 1| ), and (1.12) and (1.13) are valid
for the g-ultraspherical polynomials. It follows from (1.21), (2.8), (2.15), (2.23), (2.24)

that .
2 Lurym, 1) = 27875 lim Mg i, m, 1] ). (2.38)
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To find this limit replace v, § by ¢#, ¢* in (2.34) and rewrite it using the ¢g-gamma
function {27, 2]

rx= [[:j]“’ (1—g*%,  lim Ty(x) = (). (2.39)

g1

Thus (m = I, n+1+m is odd)

_ T+ TE+D ), QA2
Lan, m, ) = r(ﬂ+1)r(x+1)n!1!;;!

. (ﬂ)’g(n+m+z+1) Grtm—I-DI (- ’l)é(n—m—lﬂ)
(A+ 1 nemar+n W+ Dynsm-t-1y Wiyn-mein
!

3 Gln—m—I+ 1) +k),_ (= Di (=m)y (A A= )

Z, Cain+m = D,00. k! 240)
TGP D, D, @),
L m, ) = = T T al T !
Dhremsn Qo+ m—I= D= D e Gr=m = D)

CMmrmateny A+ Dimem—r-1y Ayn-mi+1)
From (2.41) we see that (1.12), (1.13) hold in this case. Also note that (2.41) reduces
to Askey’s formula (1.4) when we set 4 = 4. (Recall that D%z(x) = 21710 ,(x).)
A further limit can be taken to obtain a result for Hermite polynomials. Define
the Hermite polynomials and Hermite functions of the second kind by
Hy(x) = Q)" Fy(—4n, (1 —n); —; —x7%) (242)
27" 1t G o(x) = —sin (njm) TG(n+ D), F(— ;35 %%)
+2x cos (njm) TG(n+2)),/G(1 —n); §; %),  (243)
see [26, (5.5.4); 11, (47)]. The limits needed are [11, (51)]
H,(x) =n! lim A~#CA(xA~}), G,(x) =n! lim A~ Di(xA7%). (2.44)
A0 A=
Using these limits in (2.41) gives

[ee)
J G (%) Hyp(x) Hy() €2 dxc = 0 (2.45)
~ 0
when [4+m+n is even or when |m—1{} <n < m+/, and
*© 2
[7 Gereseastd o) ) e
—
© 2
=7 6ol s Hi e
0

= (= DFrakstme 1), (kDY k=0,1, ... (2.46)
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3. General orthogonal polynomials

Let {p,(x)} be a set of polynomials orthogonal with respect to a positive measure
do(x) on the real line having support within a finite interval [a, b]. Define a function
of the second kind by

4 t
4.(2) = J ?;—’f—t) dut),  zéla, bl (3.1)

a

Then, by using 1 1 p o mo1
I—t z <1 +E+ _*Fz"“l)—}-z’“rl 1—t/z°

we obtain

1 PPp ()

0l0) = | B0 ),

Hence 4n(2) = O(|zIY) ¢2)

uniformly as | z| —» co. Consider
Comi= | 4 4n@p2) 33

where C is a simple closed curve containing the interval [a, b] in the inside and
integration on C is in the counterclockwise direction. Blowing up the contour and

using (3.2) gives Cami=0 ifl<m+n. (3.4)

Now make the further assumption that do(z) = w(t) dt, where we L?([a, b]), for
some p, with 1 < p < co. Then, for xeR,

m_g,(r+1%) = qa(e+10),  lim, g,(x—5) = g(x—0),
y—=0 y—=0
in the L? sense, where g,(- +i0) and ¢q,(- —i0) are in L?(R) and

Gn(x+10)—q,(x—i0) = —2mip,(x) w(x), a<x<b, (3.5)

if the right-hand side is continuous at x. The right-hand side of (3.5) should be replaced
by the average of the right- and left-hand limits when the function has a simple jump
at x, and

Gu(x+i0)—gq,(x—i0) =0, whenx <aorx>b.

b pa() w(t) edt

For
g ie)— g i) = —2:[

and the above conclusions are well known.
Define a function g,(x) of the second kind on the cut (a, b) by

gu(x) = 3[gn(x+10) + g, (x—i0)]. (3.6)
Since ¢,(x)eL?, we assume that p=2 so that g,(x)g,(x) will be integrable.
Contracting the contour Cin (3.3) to the cut [a, ] gives
b
Coma= L [92(x —0) g (x — 10) — g (x +10) ., (x + 10)] p(x) dx.
Hence, by using (3.5) and (3.6) we obtain

b
Co 1= 21 L [4(X) P (%) + @ (%) P (X)] o) W(x) dx. 3.7
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It follows that

]
10,0 = | 4.0 Pu0PEI W &5 = 1 (Co i+ Cotm= o ). B8)

Hence, because of (3.4), we obtain the following.

THEOREM. Let w be a square integrable weight function on (a, b), let py, py, Pas ---
be the corresponding orthogonal polynomials and let q,, be defined on (a, b) by (3.6), (3.1).
Let I, , ; be defined by (1.11). Then (1.12) and (1.13) are valid.

Note that (1.13) implies, by orthogonality, that
qn(x)pm(x)—qm(x)pn(x)

is a polynomial of degree at most {n—m|—1 in x.
A slight extension of (3.7) and (3.4) is

Jb (9,005 W) P33 Wo) wy(X) 4 g (63 Wo) Prp(x; wy) wi(0)] X dx = 0 (3.9)

when / < m-+n, w, e L?([a, b)), woe LY({a, b)), p~*+¢* < 1. The proof is the same.
The case [ = 0 of (3.9) explains (2.32).
Formula (3.9) implies that

b (7}
L Gn(X; W) P (X3 Wo) py(x; wy) wy(x) dx = — L Gm (3 Wy) Py (s wy) py(oc; wy) wi(x) dx

(3.10)

when ! < m+nand w,, w,, p, g are as before. Combination of (3.10) and (2.34) makes
it possible to evaluate

1
J_l D(x;v|q) Culx; Bl ) Culxs v @) wo(x; ) wix; q) dx = — Mg [(m, n, 1] q)
ifl<m+n. (3.11)
The theorem also holds for the Jacobi weight function w, 4(x) = (1 —x)*(1 +x)4,
o, f > —3. Formula (3.10) holds for the Jacobi weight functions w;, = w, g, W, = w, 5,
a+y> —1, B+ > —1. However, explicit evaluation of these integrals in the
non-vanishing cases remains open.
4. Bessel function integrals
In one of the early treatments of the linearization problem for ultraspherical
polynomials Hsii [15] showed how to go from the integral
1
[ cieo cto cim - xytax
-1
to the corresponding integral of Bessel functions:

J N J(at) J (bt} J (ctyitvdt

0 if a, b, ¢ are not sides of a triangle,

_ 4.1)
1A Habe) . . ¢
274 Mabe)” des of a triangle of area A%,
VZSEERY if a, b, ¢ are sides of a triangle of area
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Here Rev > —}and
A = {6+ c)*—a] [a*— (b—)?]. 4.2)

See [30, p. 411] for another derivation of this result of Sonine.
Hsii used the limit formulas

1
Ty Do I AN DT SO I Wy 4 4.3
(cf. 126, (8.L.1), ) Vit
im i (1-(1-25) ) = (“4.4)
n -0 2n

where ye(0, ). If one applies (4.3) and (4.4) to the orthogonality relations for the
polynomials C, with 4 = v+1, one formally obtains
J © J((ay)) J((by)?)
o (@) Gy

which is a symbolic way of writing the inversion formula for the Hankel transform,
cf. for instance [30, §14.4]. Thus the functions p}, (a > 0), defined by

ydy = 4b™"3(a—b), a, b >0, (4.9)

pa®) = (ay ®J((arf), >0, (4.6)

form a generalized orthogonal system on (0, co) with respect to the measure /dt. We
deliberately wrote the Bessel functions in the unusual form (4.6) in order to preserve
the full analogy with the orthogonal polynomial case.

In a similar way as Hsii derived (4.1) we can obtain a Bessel function limit case
of (2.40), (2.41) by using (4.3), (4.4) and

1
. iz
lim ni~%'D} (1 .7%) =~ 2P 00h 4.7)
n— 0

(cf. [19, Chapter V, (55); 11, (41)] for (4.7)). First we shall indicate how the function
Y, is conceptually related to (4.6). It follows from [30, 13.6(2), 3.7(8)] that

_ (O Sap) rdr  HP((@2)
L @® z—t | (a2 ° = qy(2),

—l<v<i O<argz<2z, a>0, (4.8)

where the last equality defines the function ¢, analogous to (1.9). Here and in the
following it is good to keep in mind the asymptotic expansions as |z| - c0:

J(2) = e J (ze™)
=Q2/mizEcos(z~bvn~in)(1+0(|z|™Y), —n<argz<z, (4.9)
Y(2) = Q/npzisin(z—vn—in)(1+0(|z|7Y), —zn<argz<m, (4.10)
H®M(z2) = /npzdeiedr—i0(14+0(|z|Y), —n<argz<2m, (4.11)

cf. {30, 7.2(1), 7.21(1), (2)], while, as {z| = 0, J,(2) is O(|z]"), ¥(z) and H{V(z) are
O(|z|=") (or O(log|z]~Y) if v = 0). We shall repeatedly make silent use of these
asymptotic formulas in justifying convergence and deformation of integrals.
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From (4.8), (4.6) and [30, 3.61(3), 3.7(8)] we derive the following equalities, the
first one being a definition:

qu(x) = lim Haux+iy)+q(x—iy)

_ v((ax)) 1 ][ v dt
@ Y TRl PO

This is analogous to (1.10). Both (4.12) and (4.7) indicate that the correct analogue
of (1.21) is

ot x€(0, ), -1 <v<ia>0. (4.12)

(o]
[ amspi was
or, equivalently,

Q0
Ipy(a, b, ¢) = L Y, (ax) J,(bx) J (ex) x++1 dx, (4.13)

which converges if a # |b+c¢|, u <} and v > —1+max{0, —u}. The analogues of
(2.19) and (2.22),

P(x®) (x?) = T l_vl) - fm (2 —a2)~~tsin (tx) dt, (4.14)
, v+1 oy
gor(x?) = “Taon j (t2~a?)™~% cos (x) dt (4.15)

(cf. [30, 6.13(3), (4)]), are valid for -} <v <.
In the rest of this section we shall first show that, for —} < v <},

IP(a,b,c)=0 if|b—c|<a<b+c, (4.16)
IP(a, b,c)y=—I (b,a,c) ifc<a+bd, 4.17)

by a method analogous to §3. Next we shall evaluate (4.13) with g = vforalla, b, ¢ > 0

by considering it as a (formal) limit of (1.20) and then using (2.41). Since this proof

is not rigorous we shall end with a proof completely in terms of Bessel functions.
As suggested by (3.3), consider

| sosenee

over a contour C from —in+ o0 to ip+co in the complex plane with cut {0, o).
Equivalently consider

0
HO (a2) HO(b2) J,(cz) 22 1dz =0,  y>0,v<}c<a+b, (4.18)

iy—oo

where the vanishing follows by letting y — co, with use of (4.9), (4.11). Now let y {0
in (4.18). Then, for -} <v <3}, ¢ <a+b,

o0
0= Jw H®(ax) HV(bx) J (cx) x* 1 dx — J H®(ax) H?(bx) J(cx) x'*tdx
0 0

=21 [ (@) 63+ 2,80 T@x) S (e 0+

This is (4.17). By cyclic permutation and by choice of a suitable linear combination,
as in (3.8), we now arrive at (4.16).
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Next we shall take a limit of the integral (1.21), with n+m+/ odd, written in the
form

/2
1, (n, m, 1)=2J‘ Di(1-4®) CL( =) CH1 =) 1 —(1 =P +e—1 ydy. (4.19)
0

Fix natural numbers p,, p,, ps, ¢, puta = (2p,—1)/q, b = (2p,—1)}/q, ¢ = (2p;—1)/qg,
let N run through the set ¢, 3¢, 5¢, ... and make in (4.19) the substitutions n = Na,
m = Nb, | = Nc¢, y = N™' x. Then (4.19) becomes

N~ «(aN, bN, cN) = 2N*>~44 -2

N2 x2 x2
‘L Dﬁ”<1_">c ( N2> CﬁN(“zm)
Adp—1 .
. = 2A+2u—1 X 4_
(l 4N2> X dx (4.20)

Write the integral on the right-hand side of (4.20) as an integral over (0, co) with the
integrand vanishing for x > N/2, let N — 0 and suppose that we may interchange
limit and integration. Then, by use of (4.3), (4.7) we should obtain

lim N, (aN, BN, o) = — i
im N*- aN, bN, ¢cN) =
o VA “Tamr
with (a, b, ¢) in a dense subset of R, x R, x R as specified earlier. An application of
Stirling’s formula to (2.41) easily evaluates the left-hand side of (4.21) in the case when
4 = A. Finally, by continuity of both sides of (4.21) in q, b, ¢, we arrive at (4.16), (4.17)
together with

~Y(be) - 1a-4a, b, 0) (4.21)

(abc)
PHTG—v)mk(— )+

Observe that (4.21) is not the (formal) limit of the full integral (1.20) but rather
of the analogous integral associated with Jacobi polynomials and Jacobi functions of
the second kind of order (A—14, 3), (#—3, §), respectively, obtained from the ultra-
spherical case by quadratic transformation, just as (4.1) is a limit of the linearization
formula for Jacobi polynomials P¢-%-Y(x), rather than for ultraspherical
polynomials.

We now turn to a direct proof of (4.22). Our starting point is the integral [30,
13.46(6)]

F K (at) J (bt) J (ct) i+t = — &

o T —Q2mt (beyt?
where X = (a®+62+¢?)/2bc; b, ¢ > 0; Rea > 0; v > — 1 + max {0, —u}. Here Q‘jfé is
deﬁned as in [13, 3.2(5)]. In Watson’s formula [30, 13.46(6)], Barnes’s notation for
Q“+2 is used, cf. [30, §5.71, p. 156; 13, §3.16]. It is interesting to note that Watson’s
evaluation of (4.23)is completely analogous to our derivation of (2.34). First the case
¢ = 0 of (4.23) is derived, that is,

I?(a, b, c)= ifa>b+ec. (4.22)

e—1y-igerhx), (4.23)

J? K, (ar) J,(bt) t+ 47+ 14,

which becomes a ,F, that can be elementarily evaluated, and next the left-hand side
of (4.23) is written as an integral of the above expressions by writing J,(b?) J,(c?) in
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(4.23) as an integral over d of functions J,(dr) (Hankel inversion of (4.1) and analogue
of (2.28)). Substitution of [30, 3.7(8)] and change of a into ae~¥" in (4.23) yields that

© Rt . N
L HL1>(at)Jv(bt)Jv(ct)tﬂ+1dz=~TW(P—I) MEIQNYHX), (4.24)

where X = (—a®+b%+¢?)/2bc; b, ¢ > 0, Ima > 0; v > — 1 +max{0, —u}. If, more-
over, 1 <} then (4.24) remains valid for a, b, ¢ > 0, a # | b+ ¢|. (Use (4.9), (4.11).)
By {30, 3.6(1)] and (4.13) we see that I'?, is the imaginary part of the left-hand side
of (4.24). Thus I?, can be expressed in terms of Legendre functions, where one has
to distinguish between the cases X > 1, —1 < X < 1 and X < —1, corresponding,
respectively, to a < |{b~c|, |b—c|<a <b+c and a > b+c. We leave the explicit
computations to the reader (see also [14, §3]) and specialize now to the case in which
u=v.
By [13, 3.2(37)] we get

@) = eI T D (- D, zg (oo, 1], (4.25)

and (4.2) gives
X2—1 = —4(bc)2A. (4.26)

It follows from (4.24), (4.25), (4.26) that
J. HV(ar) J(b) T (ct)rt1dt = =27V Yie™" ™ a3 T(v+}) (abec)(—A) '~ (4.27)
Q

ifb, ¢ > 0,Ima > 0, v > —4 If, moreover, v < 4, then we may take the limit in (4.27)
for a approaching positive real values. If 0 <a <|b—c| then (4.27), with
—3 < v <}, remains unchanged. Finally, if we take imaginary parts in (4.27), we
obtain (abe)

T Nt e [V

Formulas (4.22) and (4.16) follow in a similar way, but (4.28) is sufficient, since we
already had proved (4.16), (4.17) in a different way.

It would be interesting to treat (4.13) by Abel summability to see if the convergence
condition at infinity (Re u < }) can be removed. Probably it can be removed. For the
integral (4.1), Szegd [24] treated the Gibbs phenomena. This should be done for (4.13).

In an earlier version of this paper we derived (4.28), (4.22), (4.16) by starting with
a formula expressing the product K,(z) K,(w) as an integral of a single function K.
From this we derived a similar integral representation for H{V(x) H{¥(y). The result
then followed by taking imaginary parts and applying Hankel inversion.

if0<a<l|b—c|. (4.28)

Acknowledgment. We are indebted to J. Boersma, who very carefully read an
earlier version of our manuscript and suggested the formal evaluation of I{°(a, b, c)
by use of the limit formula (4.21) and the rigorous evaluation starting with (4.23).
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