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Abstract.  We establish recursiveness properties for multipartitional polynomials and
their connection with the derivatives of polynomials of multinomial type. Various com-
prehensive examples are illustrated.
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1. INTRODUCTION

In a precedent work [6], the authors established identities on multipartitional polyno-
mials, generalizing [1]. They give a result concerning the preservation of sequences of
multinomial type. These results appear as natural extension of Bell polynomials and
of polynomials of binomial type (see for instance [2-4]). Finally, they give some
connection between these two concepts.

Let us introduce, as in [6], some definitions and notations.

For m,my,...,m, integers such that >, m; = m, we define

| . .
mo\ et im0, =1,
my,...,m, 0 otherwise.

Let N be the set of nonnegative integers and R the set of real numbers. We use, the
following notations, for a = (a;,...,a,) € R, b= (by,...,b,) € R" we set
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ab=ab + - ---+ab,a+tb =(aq + by,...,a. +b),la=Lay,...,  a,),
(a=b) = (a = by,...,a, = b),(a>b) < (a1 > by,...,a. > b,),

1 ifa>b
1 = ot = .. N
(a>h) {0 otherwise, orn= (n,...,n) € we set
n R M

= "'t:lr’ﬁ:nl_l!"';r_,!’ n! = n! ---n,‘!,|n| =m+ -+, 1=(1,...,1),

i . i] ir ’ ivja"'vk n ilajlv"'akl irajra"'akr ’
Bui(Xi) = Buy ok (X015 -+ Xny,m ), M = 0,k =0 and =0 otherwise,
An(xi) = Apy (X001, -+ %n..m), B = 0 and =0 otherwise,

-----

Bm,n;k(xi,j) = Bm,n;k(xo,laxl,o PRI 7xm,n)7
Apmn(Xi)) = App(X0.1,X10,- - -, Xm,) and we set also D, =4

z=0"

The complete (exponential) multipartitional polynomials A4, in the variables (x;,
i#0), are defined by the sum

A= S 11 ()" g
H ki!l:(],l#o

i=0,i#0

where the summation is extended over all partitions of the multipartite number
n = (ny,...,n,), that is, over all nonnegative integers (k;,0 < i< n) solution of the
equations

Z?:oifk‘ =mn;, j=1,...,r, with convention ko = 0. (2)

The partial (exponential) multipartitional polynomials B, ; in the variables (x;,i # 0), of
degree k, are defined by the sum

! n Xi ki
Bu(xi) = Zmnizo,i#o(ﬁ) ! (3)

where the summation is extended over all partitions of the multipartite number
n = (ny,...,n,) into k parts, that is, over all nonnegative integers (k;,0 < i < n) solution
of the equations

Z:‘:Oki =k, Z:‘:Oi,ki =n;, j=1,...,r, with convention k¢ = 0. (4)

,,,,,

t" t
5ol = exp (3, ) )

and the exponential generating function for B, \ is given by

n

5 1 £\ * 6
Z\"\>k w9 = T Zmzlxiﬁ ' ©)
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The polynomials of multinomial type (f,(x)) are defined by fo(x):=1 and

(Sosif) = Tohlsy o

In the following S design a vector of N"\ {0}.
We will use the two following results, given in [6]:

Theorem 1. Let r = 1 be an integer and a € R". If (f,(x)) is a multinomial type sequence
of polynomials, then the polynomials (hy(x)) and (pn(x)) given by

X

ha(x) == an i x a(an+ x) (8)

Pal(X) = fial (%) ©)

are of multinomial type.

Theorem 2. Let o € Rya € R" and (fy(x)) be a sequence of polynomials of multinomial
type. We have

A, (afi(a:i)) _ o{f,,(a.n + o) .

a.l an-+ o

(10)

In this paper, we start with two light extensions concerning multipartitional polyno-
mials given in [6]. The main results of the paper concern the recursiveness properties for
multipartitional polynomials and their connections with the derivatives of polynomials
of multinomial type. Each result is followed by various applications.

2. IDENTITIES RELATED TO MULTIPARTITIONAL POLYNOMIALS
In [6], Theorems 3 and 4 are established when S € {0,1}", S# 0. Here, we extend the
results to any vector S € N” such that | S| > 1. These extensions give an other applica-

tion illustrated by vectorial multinomial coefficient.

Theorem 3. Let (x,) be a sequence of real numbers. Then

In| + k j 1 { ntks _
" Buse| | o | i) =7 nS.....S Biaf ik (/X511 (11)

Proof. Identity (11) follows from the following expansion:
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i ) k k
(o) “t(omell) )
s ¢S k
RS (Zplez\ il=j )
k

(Z/>1xj+\5\ IZ\ i|l=i—1 lv)
_ s ! g
- k!ES!)" (Z/>1J /-HS\ 1 )

£ e+

(sh Qnk Zm>kBm k(] +\S|71) m!

_ t“ m— k' . ™
sF Zm>k o B k(/xf+\5|—1)2\m\ﬂn—k m!

_ t"s
AZ.M \mHk B\mHk/»(]XHIS\ 1)ml

Binj—k[S|-+kk Ui s|-1) il

= S Lm0 1S (|n|—<|S|—1> )

k
_ 1 n Binj—(s|-Dkk Xja18-1) 0 0
k’z“>"s(n—ks,s,...,s)n (Inl—(ISI - 1)k> n
k

Corollary 4. Let (x,) be a sequence of real numbers. Then, for r = 1 and S = u, we get

n+k j 1 n+ ku
( )Bﬂ+ku,k(< >x1> :E( ) n+kk(] j+u 1)
n u "\n,u,...,u

Corollary 5. Let (x,,) be a sequence of real numbers. Then, forr = 2 and S = (u,0), we

get
m+n+k i 1 m+ ku
< )Bm+ku,n;k(( )xiJrj> = _|< )Bn1+n+kk(] j+u 1)
m-+n u K\ m,u,...,u

forr=2andS = (0,v), we get

m+n+k j 1/ n+kv
By nsivik Xy | = Biniii X, v—1/s
< m+n ) ’+k’/<<v) +J) k!<n7v,...,v> ++k,/(]/+ )

forr=2andS = (u,v), we get

m+n+k i\ /J
Bm+ku,n+kv4k Xitj
m+n u v

1 m+ ku n+kv
:k'<m u M> <n . V>Bn1+)7+kk(] j+u+1 1)

s Vyeony

Theorem 6. Let oo € Rya € R™ and (fu(x)) be a multinomial type sequence of polynomi-
als. We have
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e (o($) ) s (aiss o).

Joks(a.(n — kS) + k)
a.(n — kS) + ok

(12)

Proof. We have

Zn>an,k<<;>nfis(°‘)) n= (Zi>1 (;)nﬁs(“) :'> k

&S i k
= RS (Zi?ﬂfi(a) T’)
kS n
k!ZS!)/‘ En?ﬂf"(ak)%

— 1 ! n
- k!(S!)/‘ Enzks (n—nkS)!f“*kS(ka) %’

1e.

o (8) 1) Ay i)

It suffices to replace (fu(x)) by (f,(x)) as in (8). O

Corollary 7. Let o,a € R and (f,,(x)) be a binomial type sequence of polynomials. Then,
forr=1andS = u, we have

(o )l ) o (Yl k )

Corollary 8. Let o € R,a = (a,b) € R* and (f,,,(x)) be a trinomial type sequence of
polynomials. Then, for r = 2 and S = (u,0), we have

2 <a<i)ﬁul,-(a(i—u)+bj+oc)>_ o ( m )
mE\Nu ) ali—w+ b+ ) (k= DI\m—kuu,... u

f;n—ku,r1(a(m - kl/l) + bn + OCk)
a(m — ku) + bn + ok

b

forr=2andS = (0,v), we have

5 (a(j>f;d-\,-(ai+b(f—v>+oc)>_ G ( " )
m,n;k v al_|_b<]_v)_|_(x _(k—l)' n—kV,V,..‘,V

.fmn—kv(am + b(n — kV) + O(k)
am + b(n — kv) + ok

)

forr=2andS = (u,v), we have

e )i )
o mln! Iotunio(a(m — ku) + b(n — kv) + ok)

(k=D (m — ku)l(n — kv)l(ubvl)* a(m —ku) + b(n — kv) + ok
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3. RECURSIVENESS IN MULTIPARTITIONAL POLYNOMIALS
This section is devoted to the twice composition of multipartitional polynomials.

Theorem 9. Let (x,) be a sequence of real numbers with xs = 1,d € N and d € N*. We

have
i+ (r— 1S\ i
Buk <1<i>S>(’_ 1)!d( is,...,S )n Bi+([1)s’l((S)HXj)

T—1)ld(n+(T—kS\ " j
:l(nkks)((lc_l))!< 0 S S ) Bn+(Tk)S«,T<(S> xj>7 (14)

wheret =d-(i—S) +dT =d-(n—kS) + kd.

Proof. Let (f,(x)) be a multinomial type sequence of polynomials with f,(1):=x,+s.
Fora = 0and o« = 1 in (12), we get

0

w35 e (1))

For a = d and o« = d, Formula (12) becomes

B <d<;)nﬁsz(t)> G il 1! <n - ks,ns, . ,s)nfnkST(T) ' (16)

Therefore, form (15), we obtain

- i+(—DS ' i
A S;(t) == 1)!<il—s(,s,..?,s)n B‘“")S"((é)nxi) and

Sois(T) —(r- 1)!< n+ (T—k)S ) Bn+(T1)SﬁT<(i> xi).
= n—kS,S,....S ). S/

Now, replacing in (16) fi_s(?) and f,_xs(7) by their above expressions, we get

o 04(3) (155 15), men(3))

(T-1ld n n+ (T—-k)S *‘B i
T k=1 \n-4S,s,....s) \n—1#s,s,...,8 ) "mRsT{{g) N}

Then, to obtain (14), it suffices to observe that

i i+(-1S *‘_1 i+(—1S\"
s) \i-ss,....s). — ®9is,..s /)~

( n ) ( n+ (T—k)S )1_1 <n+(T—k)S>1 -
n—kS,S,....8) \n-%8,s,....,s ).~ "\ ns..s /) -
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Corollary 10. Let (f,(x)) be a binomial type sequence of polynomials and d € N*. Then,
forr=1,S =uandd =p e N, and B, (x;) be the partial Bell polynomials, we get

i+ (t — Du\ ™ j
B,y <l(i>u>(l1 - 1)!61( . ) Bii (1~ X;
Lu,... u u

(T, = 1)ld [ n+ (Ty — K)u j
zl(nzku)m nou " Bn+(T|fk)u,T| u xi )

where t; = p(i—u) +d,T; = p(n—ku) + kd.

Corollary 11. Let p,q,d = 1 be nonnegative integers and (f,,,(x)) be a trinomial type
sequence of polynomials. Then, forr = 2,d = (p,q) and S = (u,0), we get

i+ (1o — Du\ ™ 7
Bm,n,k <1(i>u)(t10 - 1)'d( . Bi+(110—l)u1f1110 X7
L, ....u u

(T — Dd (mA4 (T —k)u\ ™" /
= l(mzku)m U u Bm+(T|07k)u,n;T]0 u o),

where t;g = p(i—u) + qj + dand T)g = p(m — ku) + gqn + kd; forr = 2,d = (p,q)
and S = (0,v), we get

. —1 y
j+ (to = 1)y J

Bm,n,/{ (1(/’>t')(101 - 1)'d< . Bi,/'+(10171)v:to] xi’,f’
Jov.o,v v

_ (Tor — Dld (n+ (Tor — k)v\ ™ 7
= l(nzkv) W nY, ...V Bmﬁn+(Tm —k)v;To . X7

where tg; = pi + q(j—v) + dand Ty; = pm + q(n—kv) + kd; forr = 2,d = (p,q)

and S = (u,v), we get
l-/ j/
Bi+(f11*1)ll:/'+(f11*1)\’;f11 (<u> <v>x"’1i/>
ld—— -
l—|—(t11—1)14 ]+(111—1)V
Lu,...,u JoVyeoy v

l~/ j/
By (1), —kyun (1, kv T, Xy
(T11 _ 1)'61 11 11 Rl u v J

= Lozt Lz (k—1)! (m+(rn—k)u><n+(Tn—k)v>’

mou, ... u

Bm,n,k 1(i>u)1(j>17)(tll - 1)

NV, ...,V
where t;; = p(i—u) + q(j—v) +dand T;; = p(m — ku) + q(n—kv) + dk.

For u = 1 in Corollary 10 we obtain Proposition 4 of [3] and for u = v = 1 in Cor-
ollary 11 we obtain Theorems 7 and 10 of [5].

Using some particular cases related to Bell polynomials. Indeed, for the choice
Xn:=X| g in Theorem 9 and using relation (11), we obtain:
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Corollary 12. Let (x,) be a sequence of real numbers with xs = 1,d € N" and d € N*.
We have

Bux fi(i) Bucisivula) | d ( " )M (17)
AN n<|i|—|S|+t> (k—)!T\n-kS,S,...,S n(\nl—k\SH—T)’
T

t

wheret =d-(i—S) +d T =d (m—kS) + kd.

Example 13. Let a,x be real numbers and (f,(x)) be a binomial type sequence of poly-
nomials. Then, for x, = == f, 1 (an + x), we obtain from the identity (see Proposition
given in [3])

k
B”'k (annj_ xjrn,l (di’l + X)) = (Z) mﬁ,k(a(n — k) + kx)

the following identity

(1) St ey e ()

Jo-k(a([n| — KIS|) + Tx)
a(jn| = k|S|) + Tx ~’

where t =d-(i—S) +d, T=d-(n—kS) + kd.

Theorem 14. Let (x,) be a sequence of real numbers with xs = 1, d be an integer and
d e (N¥)'. Then, for dn + d > 1, we have

@i 4%) (1) )

n+ (dn+d)S\ ' i
=(dn+d- l)ld( nS....S )n Bn+(d.n+d)s,d4n+d<(s nxj . (18)
Proof. Set a = d and x = d, Identity (10) becomes
i(d.Q) w(dn+ d)
Ay =d—— . 1
(dfd.i d dn+d (19)

From (15) we obtain

(%) ().

(don+ n+ (dn+d)S\ i
.W:(d.n+d—l)!( nS....S )n Bn+(d,n+d)s,d.n+d<(s nxj )

Now, to obtain (18), replace in (19) fi(d.)) and fy(d.n + d) by their above
expressions. [
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Corollary 15. Let (x,) be a sequence of real numbers with xg = 1. Then, for r = 1,
S =wuandd = p = 1, with p, d are integers andpn + d = 1, and A, (x;) be the complete
Bell polynomials and we get

o) el (00)

u+d+n\ " i
= (leer* 1)|d<(p ) ) B(pu+d+1)n4pn+d((i>xj>~

nu,...,u

Corollary 16. Let (x,,,) be a sequence of real numbers with xs = landp > 1,q = 1,d
be integers such that pm + qn + d = 1. Then, forr = 2,d = (p,q) andS = (u,0), we

get
. . . —1 ,
o i+ (pi+qu i
Amn <(Pl +qi—1)d < . " Bt pivapuipita A

m+ (pm+ qn)u\ ' i
= (Pm +gn+ d— 1)'d( Bm+(pr11+qn+d)u,n4pm+qn+d u Xij s

forr=2,d= (pg)andS = (0,v), we get

o J+ it g\ J
Amn ((Pl +qi— D\ ( Ix ) Bijipiapyvipitai , )X

n+ (pm+qn)v\ ™ J
= (pm —+ gn —+ d— 1)'6[( > Bm,n+(pm+qn+(/)v.pm+qn+d v Xij |,

nV,...,V

forr=2,d= (pgq) andS = (u,v), we get

i/ j/
Bi+(pi+qi)u:/+(pi+qf)v:pi+q/' < ( u) < N >xi’,j’)
'd

A | i +qj = 1)! <i+ (pi+q/)u) (j+ (pi+t1/)V>

L, ...,u JoVyeuiy v

J
Bm+(pm+qn+d)tu1+(pm+qn+d)v,pm+qn+d < < u > < Xy

(m+ (pm+qn)u) (n+ (pm+qn)vv>

mu,...,u nV,. ..,V

=(pm+gn+d—1)d

For u = 1 in Corollary 15 we obtain Proposition 4 of [3] and for u = v = 1 in Cor-
ollary 16 we obtain Theorem 13 and 16 of [7].

For the choice x, := x4 in Theorem 14 and using relation (11), we obtain:

Corollary 17. Let (x,) be a sequence of real numbers with x5 = 1,d be an integer and
d e N". Then, for dn + d = 1, we have
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4 i (d+1) ldl(xf) . d B(d+1).n+d,d.n+d(xj)
"di f@+1)i\ | dn+d/(d+1)n+d\’
di dn+d

Example 18. Let a, x be real numbers and (f,,(x)) be a binomial type sequence of poly-
nomials. For the (x,) given in Example 13, we obtain

Si(ali] + (di)x)\ | fiw(an| 4 (d.n 4 d)x)
A (dx ali[ + (di)x ) = T @t

4. MULTIPARTITIONAL POLYNOMIALS AND DERIVATIVES OF POLYNOMIALS OF MULTINOMIAL
TYPE

Some identities related to the derivatives of polynomial sequences of multinomial type
are given. We use the convention D_ ' g(z) = 0.

Theorem 19. Let o € R be a real number and (fy(x)) is of multinomial type sequence of
polynomials. We have

B () Do hiost+ ) = (4 _ysis,..g ) Dol st +2)
20)

Proof. Let x, = (g) D._o(e*fu_s(x +z)). Then

T

N i )¢
i (Zli\>1xi :7) =u (Zi>s<s> D._y(e*fis(x +2)) :'>

N k
= i (Do Do (€hilx +2)8)
kS
= iy (s Sie +98)
X+z Kk
(Do (€ F(1)"))
(F(t)xDZZOe(an F(t))z)
FF() (o + In F(£)*
kS kx ~k o-1n F(t))z
= aap F()" DEgeln )
kS nz kx+z
= s D ( F(t) )
kS oz i
k.tS;AZ ( ﬁ(kx—’—Z))%

n : o
%anks(n_ks7s7'..’s>nD/;—0(e n— ks(k‘x+ )):._

k
IJ(S‘)
_ t/(S
k(S
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so, we obtain the desired identity by identification. [

Theorem 20. Letd € N', d € N¥, a € R', o, x be real numbers and (fo(x)) be a multi-
nomial type sequence of polynomials. Then we have
zO)

By <d< ! ) DS (xD 4 1) (fl_s_(H_Z) e"‘")
' S/, itz

d n wis(T+ 2)
_ pm—kS) ka1 p L] <n ks M)
(kl)!(n—kS,S,...7S) DT F )|,

b

where [ = a.(i—S) + dx and T = a.(n — kS) + kdx.

Proof. Set in (14) xp:=D._o(e*fn_s(x + z)) and use Theorem 19, we obtain

diiN e, __ 4 "
B,k <t <S)HDZO(8 fis(tx+2))) (k_l)!T<n—kS,S,-~~75>n
DI (¢ fuis(Tx +z2)),

witht =di—S)+d, T=d(n—kS) + kd.
To obtain (21), use in this identity the multinomial type sequence (/,(x)) instead
(fa(x)), where hy(x) is defined, as in (8), by /,(x) := [y fo((a—xd)n+x). O

Corollary 21. Let o, x, a be real numbers, p = 0, d 2 1 be integers and (f,,(x)) be a
binomial type sequence of polynomials. For r = 1,d = p, a = a and S = u, we have

Bnk<d< ! >D1’(iu)+d1(xD i 1)( ifzi(ll +2) eo(z) )
’ u tl +z =0

d h - (T +2z) .
— Dp(n ku)+kd—1 D 1 n—ku &
() N

where 1, = a(i — u) + dx and Ty = a(n — ku) + kdx.

b

z=0

Corollary 22. Let o,x,a, b be real numbers, p =0, q =0, d = 1 be integers and
(fmn(x)) be a trinomial type sequence of polynomials. Then, for r = 2, d = (p,q),
a= (ab)andS = (u,0), we get

z())

i ) tgitd ficuj(to +2) .
Boaxl d prli—tad=lxp y 1) (A2l 2
”k< (“) (D +1) to+z ¢
m—Ku,n T z
— (k il 1)' (;:l )Dp(n1ku)+qn+kdl(xD + ]) <f /;( 10+ Z) ea-)
. u T]o +z

where tig = a(i — u) + bj + dx and Ty = a(m — ku) + bn + kdx, for r = 2, d = (p,q),
a= (ab) andS = (0,v), we get

’
z=0
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B (d( )U”*W - ](XD—&-I)(Me“Z) )
! 2=0

for +z

d n Jev)kd— m,n— t(TOI + Z)
_ me+q(n kv)+kd—1 D < kv o
(k_l)!(k"> D+ 1) To +z

where ty, = ai + b(j — v) + dx and Ty, = am + b(n — kv) + kdx; for r = 2, d = (p,q),
a= (ab) andS = (u,v), we get
20)

ank <d( i ) (J >Dﬂ(i—u)+‘l(f—v)+d—l (.XD 4 1) <f;“1fv(t11 + Z) exz)
o u v h+z

d m n tun—to(T11 +2) .
— Dp(m ku)+q(n—kv)+kd—1 D 1 ( 1 ku,n_/w oz
(kl)!(k”)<k"> ( - ) (T11+Z) ¢

where ty, = a(i — u) + b(j — vt) + dx and T\, = a(m — ku) + b(n — kv) + kdx.

)
z=0

)
z=0

For u = 1 in Corollary 21 we obtain Corollary 19 of [5] and for # = v = 1 in Cor-
ollary 22 we obtain Theorems 16 and 17 of [5].
Now, when we use a multinomial type sequence as in (9), Theorem 20 becomes:

Corollary 23. Let deN’, de N*, e R, o, x be real numbers and (fy(x)) be a
multinomial type sequence of polynomials. Then we have
ZO>

o) e 3220)

__ d n d.(n—KS)+kd—1 finas(T+2) .
(k—l)!(n—kS,S,...,S)nD (YDH)( (T+2) e)

)
z=0

(22)

where T = a.(i—S) + dx and T = a.(n — kS) + kdx.

Theorem 24. Letd € (Nﬁ)r, d be an integer, a € R', a, x be real numbers and (fy(x)) be
a multinomial type sequence of polynomials. Then, for d.n + d = 1, we have

An(dDd.i—l(xD+ 1)(]",(:1.1—&—2) e:{z> >
al+z 2—0
= dD"™ " (xD + 1) (M eaz) ) (23)
an+dx+z -0

Proof. Set in (18) xp:=D._o(e*fy_s(x + z)) and use Lemma 19, we obtain

D (don + d)x + 2)).

(D8 A ) ) = D

To obtain (23), use in this identity the multinomial type sequence (/,(x)) instead of
(fa(x)), where h,(x) is defined, as in (8), by /h,(x) := W")_nﬂf,}((a —xd)n+x). O
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Corollary 25. Let o, x,a be real numbers, p = 1, d be integers such that pn + d > 1 and
(f.(x)) be a binomial type sequence of polynomials. Forr = 1,d = p and a = a, we get

(004 (M4 )| )iy ()|
ai+z 0 an+dx +z 0

Corollary 26. Let a,x,a, b be real numbers, p = 1, q = 1, d be integers such that
pm~+ gn+d=1 and (f,,,(x)) be a trinomial type sequence of polynomials. For
r=2,d=(pq)anda = (ab), we get

20)

il

z=0

Corollary 25 is Corollary 20 of [5] and Corollary 26 is Theorem 18 of [5].

Now, when we use a multinomial type sequence as in (9), Theorem 24 becomes:

Corollary 27. Letd € (N*)r, d be an integer, a € R', o, x be real numbers and (f,(x)) be
a multinomial type sequence of polynomials. Then, for d.n + d = 1, we have

An <dDd~i1 (xD+1) (f‘ (ai+2) e) ZO)

ai+z
(an+dx +z) M) ‘
—e¢ .
2=0

_ dDd.nerfl(xD_’_ 1)<f“an+dx+z
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