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GENERALIZED KREIN ALGEBRAS AND ASYMPTOTICS OF
TOEPLITZ DETERMINANTS

A. BOTTCHER, A. KARLOVICH, AND B. SILBERMANN

This paper is dedicated to the centenary of Mark Krein (1907-1989).

ABSTRACT. We give a survey on generalized Krein algebras Kgy’f and their applica-
tions to Toeplitz determinants. Our methods originated in a paper by Mark Krein
of 1966, where he showed that K217/22’1/2 is a Banach algebra. Subsequently, Widom
proved the strong Szegd limit theorem for block Toeplitz determinants with symbols
in (K217/22’1/2)N><N and later two of the authors studied symbols in the generalized
Krein algebras (K;;]’B)NX]V, where A :=1/p+1/q = a+f and A = 1. We here extend
these results to 0 < A < 1. The entire paper is based on fundamental work by Mark
Krein, ranging from operator ideals through Toeplitz operators up to Wiener-Hopf
factorization.

1. INTRODUCTION AND MAIN RESULTS

1.1. Krein algebras. Suppose that A is a complex Banach space with norm ||-|| 4 which
is also an algebra with unit e over the field of complex numbers and |e]|4 # 0. If the
multiplication in A is continuous, then A is called a unital Banach algebra. Such an
algebra can be equipped with a new norm || - || which is equivalent to || - || 4 and satisfies

(L1) lel =1, llabl| < llall 3] for all a,b€ A

Each norm satisfying (1.1) is called a Banach algebra norm.

Let T be the unit circle and, for 1 < p < oo, let LP := LP(T) and H? := HP(T) be the
standard Lebesgue and Hardy spaces. Denote by {ax}rez the sequence of the Fourier
coefficients of a function a € L',

1 2m

ay a(e®)e=*a0 (k€ 7).

= g )
It was Mark Krein [19] who first discovered that the set of all functions a € L™
satisfying >°, ., |ax|*|k| < oo forms a Banach algebra. This algebra is called the Krein

algebra and is denoted by KQI,/;’I/Q.

Now we give an equivalent definition of the Krein algebra. For k € Z, let x(t) := t*,
where t € T. Let ), ., arxx be the Fourier series of a function a € L'. The Riesz
projections P and () are defined formally by

P> arxk— Y akXe, Q1Y arXk — Y akXk-

kez E>0 keZ k<0
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These operators are bounded on L2. Besides the projections P and @, we now need the
so-called flip operator J. This is the isometric operator acting on LP, 1 < p < oo, by

(J)(t) = (1/t)f(t), where f(t) := f(1/t). For a € L*°, we define the Hankel operators
H(a) and H(a) by
(1.2) H(a): H* — H?, [+ PM(a)QJf; H(a): H* — H? f+ JQM(a)Pf,
where M (a)f = af is the multiplication operator by a. It is well known and easy to see
that if @ € L, then both H(a) and H () are Hilbert-Schmidt if and only if a € Ky,
Thus,
1/2,1/2 oo ~ . .

K55 ={a € L* : H(a), H(a) are Hilbert-Schmidt}.

The first natural generalization of the classical Krein algebra K;/QQ’l/ % consists in
replacing the ideal of Hilbert-Schmidt operators by the Schatten-von Neumann ideals
Cp(H?), 1 < p < oo (see Section 2.3).

Let 1 <p<ooand 1< q< oo (but not necessarily 1/p+ 1/¢ =1). We put

PO _ {a€ L*: H(@) € C,(H?)},

p,0
(1.3) Kou/":={ae L> : H(a) € C,(H?)},
1/p1/q . 7-1/p,0 0,1/q
Kyt = K50 0Kyt
It is clear that the sets (1.3) are linear spaces. We define norms by
~ 1/p,0
lall = lallz= + [ H@)lle, ) (@ € Ky,
0,
(1.4) lall := lallz= + | H(@)lle,z2) (o € Koy,
lall := llallze + |H(@)llc, =) + [H(@)lle 2y (a € KyPH9).

Let A, B C L* be two subsets. We put A+ B = {o+ ¢ : ¢ € A;¢p € B}. Let HP
be the set of functions f in LP such that the complex conjugate f belongs to H? and let
C := C(T) be the set of continuous functions. It is well known that C'+ H*°, and hence,
C+ H>® and QC := (C+ H>®)N (C + H*®) are closed subalgebras of L (see, e.g. [8,
Section 6.31] or [23, Chap. 1, Theorem 5.1]).

Hartman’s theorem (see, e.g. [5, Theorem 2.54] or [23, Chap. 1, Theorem 5.5]) shows

that
KUY =0+ H>®, KyN™=C+H=, KYV*=qC,

00,0 0,00
and since C,(H?) C Coo(H?), we have
(1.5) Ky cC+H®, KJV'cO+H=, KYricQc.

For a unital Banach algebra A, we denote by GA its group of invertible elements.

Theorem 1.1. Let 1 < p,q < co.
(a) The sets (1.3) are Banach algebras under the Banach algebra norms (1.4).
(b) Ifae KyP°, thenae GKLP° < a e G(C + H™).
(c) Ifae Ky, thena e GKyy'! <= a € G(C+HX).
(d) Ifa € Kzl,/qp’l/q, then
a€GK/P1 = a € G(C+H®) <= ac G(C+H®) < acGL™.
This theorem was established by Krein [19] for the case p = ¢ = 2. We therefore

call (1.3) Krein algebras. Theorem 1.1 was proved in this form for the first time in [3,
Sections 4.10-4.11], a complete proof is also given in [5, Theorem 10.9].

1.2. Hankel operators in Schatten-von Neumann classes. Of course, it is desirable
to have equivalent definitions for Kzl,/qp 1/ kR K;/Op ’0, and Kg:;/ % in terms of functions and
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not operators. As we already noted, for K21,/22,1/ % this is very easy. So, we need effective

criteria guaranteeing that H(a) € C,(H?) and H(a) € C,(H?) if p # 2 and q # 2.
Let X be one of the spaces LP, 1 < p < oo or C. The moduli of continuity of f € X
are defined for s > 0 by

wi (f,s) = sup || f(e’HM) — f(e")]x,

|h|<s

Wk (f,8) = sup [|f(CFM) = 2f (") + f(eCTM)]

|h|<s

For 1 <p<ooand 0 < a <1, the Besov space Bg is defined as the set of all functions
f € LP? such that

( 0" [S‘Qwip(f,s)}p%) " 0<a<t)
( 0% [S_IW%p(ﬁs)]p%)l/p (a=1)

is finite. The Besov space is a Banach space under the norm

1fllBg = e + [ f]Bg-

These spaces are studied in detail (in a more general setting) in [25] and in many other
monographs. The Riesz projections P and () are bounded on the Besov spaces B for
1<p<ooand 0<a<1 (see [23, Appendix 2.6]).

Peller proved in the late 1970s that for 1 < p,q < co and a € L™,

(1.6) Pa € B)/1 <= H(a) € Ci(H?),  Qa € BY? <= H(a) € C,(H?)

(see [23, Chap. 6, Theorems 1.1 and 2.1]). From those proofs one can see that there exist
positive constants ¢; and ¢o depending only on p and ¢ such that

‘f|Bg =

elPall o < IH(@lley ) < 2l Pall /o
e|Qall o < IH @)y < call Qall
From this result and Theorem 1.1(a) we get the following.
Corollary 1.2. If1 <p,q < oo, then
K% ={aeL¥:Qae BY?} = LN (BY/? + H®),

Kol ={aeL>:Pac BY') = LN (BYI+H),

0,9
K}PUi={aeL>*:Qac BY? Pac BY} = L n(BY? + H®)n (B + H).

p,q
The norms

lallze + 1Qall gr/e,  llallze +[Pallgrras  llallze + [Qall gi/» + [[Pal g1/a
are equivalent norms in K;(OP’O, K&;/q, and K;,/qp’l/q, respectively.

1.3. Generalized Krein algebras. We are going to extend the notion of Krein algebras

K;’/OP’O7 Kg:ql/q, and K;,/qp’l/q. Now we take a generalization of the results of Corollary 1.2

as a definition.
Assume that 1 < p,q < oo and 0 < «, 8 < 1. Define

K;,bo = {a € L>*:Qac€ Bg} = LN (By + H>),

Ko?={a€ L*: Pae B} =L®n (B +H>),

Kf={a€L*:Qae B, Pac B} =L>nN (B +H>®)n (B + H®).
Theorem 1.3 (Main result 1). Let 1 < p,q < o0 and 0 < o, 5 < 1.

(a) Ifa > 1/p, then K;;’(? s a Banach algebra under the quasi-submultiplicative norm

(1.7) lall oo = llallz= + [|Qall 55
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(b) If 8> 1/q, then Kg)’qﬁ 18 a Banach algebra under the quasi-submultiplicative norm
(1) lalln. = llalle + |1Pall 5.

(c) Ifa>1/p, or@ > 1/q, or a = 1/p and 8 =1/q, then KZ‘,’"’qﬁ 1s a Banach algebra
under the quasi-submultiplicative norm

(1.9) lall o5 2= llallz~ + 1 Qall 55 + | Pall 5.

Theorem 1.4 (Main result 2). Let1 < p,qg <o0,0<a,8<1,1/p+1/q=a+p8 € (0,1].
(a) Suppose a > 1/p and K is either K;’é) or Kg)’qﬁ. Ifa € K, then

a€GK <= acGC+H™).
(b) Suppose > 1/q and K is either K&QB or Kgf. Ifa € K, then
a€GK < acG(C+ H>).

These statements were proved in [3, Chap. 4] for the particular case of Kgf in which
the parameters satisfy 1/p + 1/g = a 4+ 8 = 1. Those proofs are based on Krein’s ideas
[19]. Since the book [3] is no longer available to a wide audience, we decided to present
self-contained proofs of these results.

1.4. Szeg6-Widom type limit theorem. Let N be a natural number. For a Banach
space X, let Xy and Xy« n be the spaces of vectors and matrices with entries in X. The
operators I, J, P, and @) are defined on vector spaces elementwise; the Hankel operators
on H% are defined for a € LY, in the same way as in (1.2) and the Toeplitz operators
are defined by

T(a): HY — H%, [+ PM(a)Pf, T(a):H3% — H%, f— JQM(a)QJFf.

The matrix of the Toeplitz operator T'(a) in the standard basis of the space H% is the
infinite Toeplitz matrix

ap a_1 a_o

al Qg a_1

as aq ag

where {aj }rez is the sequence of N x N matrices which are the Fourier coefficients of
the generating function (symbol) a € L, y. Let T(a) = (aj—)} ;—o- This matrix of
order (n+ 1)N is called a block Toeplitz matrix. We denote its determinant by D,,(a).

In 1915, Szegd proved that D, (a)/D,—1(a) tends to the geometric mean G(a) of a if a
is a scalar nonnegative function such that a € L' and loga € L. This result, now called
the first Szeg6 limit theorem, has been subsequently extended into different directions.
We will not go into details, but notice that Krein [19] observed that his algebra K. 21 ’/22’1/ 2
can be useful in asymptotic analysis of Toeplitz determinants. The most general results
for the case where positivity is replaced by some kind of sectoriality are those of Krein
and Spitkovsky [20].

In 1952, Szegd proved his second (strong) limit theorem, which says that if a is a
positive scalar function with Hélder continuous derivative, then D,,(a) ~ G(a)"*1E(a),
where E(a) is some completely determined nonzero constant. It was Widom [29] who
proved the strong Szeg6 theorem in the block case N > 1 for the first time under the
assumption that a € (K21’/22’1/2)NxN.

We suppose that the reader is familiar with basic facts on Fredholm operators and with
properties of Schatten-von Neumann classes and (regularized) operator determinants
(otherwise consult Section 2).
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Functions in Kz‘if may be discontinuous, hence some care is needed in the definition
of the “geometric mean” G(a). For a € LY, , we denote by h,a the harmonic extension,

hya(e') :== Z apr!™e™ (0<r<1, 0<6<2n).

n—=—oo

Lemma 1.5. Let a € (C+ H®)yxny ora € (C+ H®)yxn. If T(a) is Fredholm of
index zero on HZ,, then the limit

r—1-0

1 2w )
(1.10) G(a):= lim exp (2/ log det hTa(ele)d0>
T Jo
exists, is finite and nonzero.

The proof of this lemma is given in [5, Proposition 10.6(a)] for (C' + H>®)nyxn and it
works equally also for (C'+ H®)yxn-

Theorem 1.6. Let K be one of the algebras K11:87 Kg:ll, or K;;f with p, q, a, B satisfying
l1<pg<oo, 0<a,f<1l, 1l/p+1l/g=a+p=1 —-1/2<a-1/p<1/2.
Ifa € Kyxn and T(a) is Fredholm of index zero on H%, then a™' € Knyn, the operator
H(a)H(@ ') =1-T(a)T(a™")

is of trace class on H%, and
D, (a
P G@(m)l =

where the last det refers to the determinant defined for operators differing from the iden-
tity by an operator of trace class.

For 1/p = 1/q¢ = a = 8 = 1/2 this result goes back to Widom [29]. Two of the
authors proved it in this form in [3, Theorem 6.14]. The proof is also reproduced in [5,
Theorem 10.32].

Alternative proofs of the strong Szegd and Szegé-Widom limit theorems were found
later. We refer to [1, 3, 4, 5, 6, 9, 15, 27, 29] and the references given there for more
complete information.

det T(a)T(a™ 1),

1.5. Higher order asymptotic formulas for block Toeplitz determinants. For
a€ LY,y and n € Z, :={0,1,2,...} define the operators P, and Q,, on H% by

Pnzzaka’_’Zalem Qn =1-P,.
k=0 k=0
The operator P, T(a)P, : P,H% — P,H% may be identified with the finite block Toeplitz
matrix Ty,(a) := (aj—)} ;—o- Let W be the Wiener algebra of functions a : T — C
with absolutely convergent Fourier series. For generalized Krein algebras, define the
“conjugation number” by

1/p for K;”OO with a > 1/p,
(1.11) Ai=1 1/q for Kgv with 8 >1/q,
I/p+1/q for KP with 1/p+1/q=a+p.

Theorem 1.7 (Main result 3). Let 1 < p,q < 00 and 0 < o, 3 < 1. Suppose K is one
of the algebras

1 ,O «, . 071 , )
WK, Koo witha>1/p, WNEKyY !, KoP with3>1/q, WNKYPY,

or K;f";f with oo # 1/p, 1/p+1/q=a+€(0,1), -1/2<a—1/p<1/2. Ifa € Knxn
and both T(a) and T(a) are invertible on H%;, then the following statements hold.
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(a) The matriz function a is invertible in Knxn and admits canonical right and left
Wiener-Hopf factorizations in Ky« n, that is, there exist

u,,U,EG(KﬁHOO)NxN, ’LL+,’U+€G(KHHOO)N><N
such that a = u_uy = vyv_.
(b) Let X be defined by (1.11) and m be the smallest integer such that 1 < dm. If
(1.12) bi=v_ui', c=ulvg,

where ux, vy are defined in part (a), then the operators H(¢)H (b) and H(b)H(c)
belong to the Schatten-von Neumann class Cp,(H%).
(c) Letb,c, and m be defined as in part (b). Then

. Dy(a) ey i ’ 1
(1.13) nllrr;o Wexp . jz::l Etrace (kz_o Fnk> = m,
where
(1.14) Foge = PaT(0)Qu(QuHMO)H(©)Qn) ' QuT (0P, (k € Z2)

and det,, denotes the m-regqularized operator determinant defined for operators
differing from the identity by an operator in C,,(H%) (see Section 2.4).

Under the assumptions of Theorem 1.7 we cannot guarantee that T'(a)T(a=1) — I is of
trace class, which implies that the arguments of the proof of Theorem 1.6 do not work in
this case. However, we can guarantee that H(¢)H (b) and H(b)H (¢) belong to Cp,(Hz)
where m > 1. In this case the asymptotic formulas for block Toeplitz determinants are
subject to higher order corrections involving additional terms and regularized operator
determinants.

Notice also that similar results were obtained in [2, Section 4], [3, Theorem 6.20],
[5, Theorem 10.37], [17, Theorem 20] for weighted Wiener algebras and Holder spaces
C7. For Wiener algebras with power weights and for C7, the formula in (c) is a little
bit simpler, because it does not contain Fj, ,,—i. In contrast to the case of weighted
Wiener algebras and C7, which consist of continuous functions only, the generalized
Krein algebras Kg’qﬂ may contain discontinuous functions.

1.6. About this paper. Section 2 contains operator-theoretic preliminaries. In Sec-
tion 3, we slightly extend Krein’s results [19] on Banach algebras generated by ideals.
Section 4 contains auxiliary results from the theory of Besov spaces, algebras of multi-
plication operators on weighted /5-spaces, as well as Peller’s results on the boundedness,
compactness, and Schatten-von Neumann behavior of Hankel-type operators. Let ¢ be
the closure of the set of all Laurent polynomials in the norm of the Hélder space C7,
0 < v < 1. In Section 5, we show that C7 + H* and ¢” + H* are Banach algebras and
that ¢¥ 4+ H®® is inverse closed in C'+ H°. Section 6 contains the proofs of Theorems 1.3
and 1.4. The proof of Theorem 1.4 uses essentially the inverse closedness of ¢¥ + H™
in C' 4+ H*. In Section 7, we prove Theorem 1.7 by first applying the factorization
theory developed in [16] to generalized Krein algebra and then using an abstract higher
order asymptotic formula for Toeplitz determinants [17, Theorem 15], which is contained
implicitly in [3, Theorem 6.20] and [5, Theorem 10.37].

2. OPERATOR-THEORETIC PRELIMINARIES

2.1. Commutative Banach algebras. Let A be an algebra. A subalgebra J of A
is called an algebraic two-sided ideal of A if aj € J and ja € J for all a € A and
j € J. Given two Banach algebras A and B, a map ¢ : A — B is called a Banach
algebra homomorphism if ¢ is a bounded linear operator and ¢(ab) = ¢(a)p(b) for all
a,b € A. Now let A be a commutative Banach algebra with identity element e. The
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Banach algebra homomorphisms of A into C which send e to 1 are called multiplicative
linear functionals of A. A proper closed two-sided ideal 7 of A is called a mazximal ideal
if it is not properly contained in any other proper closed two-sided ideal of A. Let M 4
denote the set of all maximal ideals of A and let M 4 stand for the set of all multiplicative
linear functionals of \A. One can show that the map M4 — M4, ¢ — Ker ¢ is bijective.
Therefore no distinction is usually made between multiplicative linear functionals and
maximal ideals.

The formula @(m) = m(a) (m € M4) assigns a function @ : M4 — C to each a € A.
Let A be the set {@: a € A}. The Gelfand topology on M4 is the coarsest topology on
M 4 which makes all functions a € A continuous. The set M, 4 equipped with the Gelfand
topology is called the maximal ideal space of A.

Theorem 2.1 (Gelfand). Let A be a commutative Banach algebra with identity element
and let M 4 be the maximal ideal space of A. An element a € A is invertible if and only
if a(m) #£ 0 for all m € M 4.

A proof of this result is in every textbook on Banach algebras.

2.2. Fredholm operators. The facts collected in this subsection can be found in most
textbooks on operator theory (for instance, in [8, 10, 11]). Let X be a Banach space,
B(X) be the Banach algebra of all bounded linear operators on X, Co(X) be the set of all
finite-rank operators, and Co(X) be the closed two-sided ideal of all compact operators
onX. For A e B(X),put Ker A={zx € X: Az =0} and Im A = AX. The operator A is
said to be Fredholm (on X) if Im A is closed in X and both dim Ker A and dim(X/Im A)
are finite. The integer

Ind A := dim Ker A — dim(X/Im A)

is then referred to as the index of A.

If A and B are Fredholm, then AB is also Fredholm and Ind (AB) = Ind A+1Ind B. If
A is Fredholm and K € C(X), then A 4+ K is Fredholm and Ind (A + K) = Ind A. An
operator A € B(X) is Fredholm if and only if there exists an operator R € B(X) such
that AR — I € Coo(X) and RA — I € C»(X). Such an operator R is called a regularizer
of the operator A.

2.3. Schatten-von Neumann ideals. All facts stated in the rest of this section are
proved in [14, Chap. 3-4]. Let H be a separable Hilbert space. Given an operator
A € B(H) define for n € Z,

5n(A) == inf{||[A — F|lgw) : F € Co(H), dim F(H) < n}.
For 1 < p < o0, the collection of all operators K € B(H) satisfying
1/p
(2.1) 1Ko,y o= (3 shr)) " < o0
neEZy

is denoted by C,(H) and referred to as a Schatten-von Neumann class. This is a Banach
space under the norm (2.1). Note that Coo (H) = {K € B(H) : s,(K) — 0 as n — oo}
and

1K lco (rry = sup sn(K) = [ K|[s(m).-
n€EZy
The operators belonging to C1(H) are called trace class operators.

Lemma 2.2. Let 1 <p,q,7r < o0.
(a) If p<q and K € Cp(H), then K € C4(H) and ||K||cq(H) < ||K||CF(H).
(b) If Ae B(H) and K € C,(H), then AB,BA € C,(H) and

max{[|AK]|l¢c, ), K Allc,m} < 1K le, @ | Al
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(¢) If1/r=1/p+1/q and K € C,(H), L € C,(H), then KL € C,.(H) and
1K Lllc, )y < 1 Klle, 1 Lle, )
Lemma 2.2(b) implies that C,(H) is a two-sided ideal of B(H). This ideal is not closed
in B(H) if p < 0o and dim H = oo.

2.4. Regularized operator determinants. Let A € B(H) be an operator of the form
I+ K with K € Ci(H). If {\;(K)};>0 denotes the sequence of the nonzero eigenvalues of
K counted up to algebraic multiplicity, then the product ] j>0(1 + A, (K)) is absolutely
convergent. The determinant of A is defined by

det A =det(I + K) = [J(1 + A;(K)).

If K € C,,(H), where m > 1 is an integer, one can still define a determinant of I + K,
but for ideals larger than C; (H), the above definition requires a regularization. A simple
computation (see [26, Lemma 6.1]) shows that then

m—1

> (jK)J> —1€Ci(H).

j=1

R (K) := (I + K) exp (

Thus, it is natural to define det; (I+K) := det(/+K) and det,,(I+K) := det(I+R,,, (K))
for m > 1. One calls det,,, (I + K) the m-regularized determinant of A =1+ K.

Regularized operator determinants have some useful properties. For instance, the
operator I + K is invertible on H if and only if det,, (I + K) # 0.

3. BANACH ALGEBRAS GENERATED BY IDEALS

3.1. Subalgebras generated by ideals. The results of this section are essentially due
to Krein [19]. They appeared in this form in [3, Chap. 4]. Since both sources may not
be available to a wide audience, it seems reasonable to give here complete proofs.

Lemma 3.1. Let A be an algebra and e € A be the identity element. Suppose J; C A
and Jo C A are two-sided ideals in A and L is a subalgebra of A. Let

(3.1) peA, p’=p q=ec—p
Then the sets
(3.2) Li:={a€L : page T}, Ly:={a€L : qgap€ Jo}, L.:=L1NLy

are subalgebras of L.

Proof. Because peq = p(e —p) = p —p? = 0 and gep = (e — p)p = p — p? = 0, we have
ec€ Li,e€ Lo, and thuse € L1NLy. If a,b € L4, then pag € J1 and pbg € J1. We have
pabq = pa(p + q)bq = pap - pbq + paq - gbp.

Since J; is a two-sided ideal of £ and pap € L, gbp € L, we conclude that pabq € J1,
that is, ab € £4. Thus, £; is an algebra with identity e € £. Analogously one can prove
that L5 is a subalgebra of £. The statement for £, = £1 N Ly is now trivial. O

3.2. Banach algebras generated by complete normed ideals. Throughout this
section we assume that A is a Banach algebra with identity e and a Banach algebra
norm || - ||.

Theorem 3.2. Let J1 C A, Jo C A be two-sided ideals of A, which become Banach
spaces under norms || - ||7,, ¢ = 1,2. Assume that for every i = 1,2 and every x € J;,

(3-3) )] <]

Ji+
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If L is a closed subalgebra of A, then Ly, Lo, and L, defined by (3.1)—(3.2) are Banach

spaces under the norms
1/2
lalls = (lpapl® + lgaql® + Ipagl%, + llgap|?)",

1/2
lallz :== (llpap||® + llgaq|l* + [[pag||® + llqapl|%,) ",

1/2
lall. = (llpapll* + lqaql* + IpaglZ, + llgaplZ,) """,
respectively.
Proof. Tt is easy to see that || - ||; and || - ||« are norms. The triangle inequality for || - ||;
as well as for || - ||« follows from the triangle inequality for || - || and || - || 7, and from the

Minkowski inequality for sums.
If a € L4, then pag € J;. In view of (3.3), we have
llall < llpapl| + llqaq]| + llpaqll + [lqap||

< |lpap|| + llqaq|| + |lpaqll 7, + llqapl|
(3-4) 2 2 2 2\1/2
< A(|lpap® + llqaqll? + lpaqllZ, + llqap|?)

= 4llallx.

It is obvious that

(3.5) Ipagll7, < llall:.

Let {a,} C J1 be a Cauchy sequence in Ly, that is, ||a, —am|l1 — 0 as n,m — oco. From
(3.4) it follows that {a,} is a Cauchy sequence in £. Since L is closed, there exists an
a € L such that ||a — ap|| — 0 as n — oco. This implies that as n — oo,

(3.6) [pap — panp| — 0,
(3.7) |pag — pangll — O,
(3-8) lgap — ganp|| — 0,
(3.9) lgaq — qangll — 0.

On the other hand, from (3.5) we see that ||pang — pamq|ls, < llan — am|1 — 0 as
n,m — oo, that is, {pa,q} is a Cauchy sequence in J;. By the hypothesis, (71, | - |7 ) is
a Banach space. Thus there is an element ¢ € [J; such that ||c —pa,q||7, — 0 as n — .
In view of (3.3), this gives

(3.10) llc — pang|| = 0 as n — oco.

From (3.7) and (3.10) it follows that ¢ = paq. Hence a € £1 and

(3.11) llpag — pangll7, = 0 as n — oco.

Combining (3.6), (3.8), (3.9), and (3.11), we get ||a — an|l1 — 0 as n — oco. Thus a € L4
and £q is closed.

It is clear that the same argument works also for £, and L£.. Thus Lo and L, are
closed, too. O

Theorem 3.3. Under the assumptions of Theorem 3.2, the norms
lally = llall + [lpagll7,  (a € L1),
lally := llall + llgapllz, (a € L2),
lalls := llall + lpagll7, + llaapllz,  (a € Ly)

are equivalent to the norms ||a||1, ||all2, and ||all, respectively.
If, in addition,

ol =gl =1
and for every i = 1,2, for every x € J;, and every a € A,
(3.12) max{||az||z,, |zalz} < ||zl 7 llall,
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then || - |1, || - I3, and || - ||i are Banach algebra norms.

Proof. Let us prove the statement for || - ||.. By analogy with (3.4), we get
(3.13) lall < 4Jal.

It is obvious that

(3.14) paqllz, <llall«, llgapllz < llal.

From (3.13) and (3.14) we see that |lal|’, < 6]|a]|«.
On the other hand,

lall« < [lpapl|| + |lgaq|l + [|paq|l 7, + llqapl| 7,
< (Ipl? + llall* + D)(llall + llpagll 7, + llqapllz)
= ([lpll* + lalI* + 1) |all%,

that is, the norms || - ||« and || - ||, are equivalent.
It is clear that [le[|\ = [le]| + [lpgllz + llgpllz, = llell = 1. If [[pl] = [lgl| = 1, then from
(3.12) it follows that

lpabqll 7, = llpalp + q)ball 7,
(3.15) < llpapl| [|pball 7, + llpaql| 7, llabqll
< llall lpbgll 7, + llpagl| 7 [|2]
and
(3.16) lqabpl| 7, < llqapl|z, |16l + llall llqbpl| 7 -
Combining ||abl| < ||a| ||b]] and (3.15)—(3.16), we get
ladll. < llall 6]l + llall [lpball7, + llpagl| 7 0]l + llgap|l 7, 6]l + llall [|gbpll 7,

= [lall [oll% + bl (lpagll 7, + llqapllz.)

< llall o115 + 161\ (lpagll7, + llgaplz.)

= [lall%IIbII%
for all a,b € L,. The proof for £, and L5 is similar. O

Remark 3.4. One can show that under the assumptions of Theorem 3.2 and (3.12) one
has ||ab||; < ||all;]|b]|; for all a,b € L£; and ||ab||. < ||a||«||b]|+ for all a,b € L. However,

llell: = v2 and [le||. = V2 if [|p]| = [lq]| = 1.

3.3. Operator algebras generated by ideals of compact operators. Let X be a
Banach space and P, Q € B(X) be two complementary projections, that is, P2 = P and
Q=1-"P.

Theorem 3.5. Let [J1, Jo be (not necessarily closed) two-sided ideals in B(X) such that
Co(X) C J1 CCx(X) and Co(X) C Jo C Coo(X), let L be a (not necessarily closed)
subalgebra of B(X), and let

L1:={AeL:PAQe N}, Lo:={AcL:QAPc T}, L.:=LiNLs.
(a) If A € Ly is invertible and PAP|Im P is Fredholm on PX, then A=! € L.
(b) If A € Ly is invertible and QAQ|Im Q is Fredholm on QX , then A~! € L,.
(c) If A € L. is invertible, then A~ € L.
Proof. (a) Put Ay :== PAP + QAQ. From the invertibility of A and
A—A; — QAP =PAQ € J1 C Coo(X)

it follows that A; + QAP is Fredholm and has index zero.
Let C € B(PX) be a regularizer of the operator D := PAP|Im P, which is Fredholm
on PX. Then CD =P + PTP, where T € Coo(PX). In that case

(3.17) (I + QAPCP)(PAP + QAQ) = Ay + QAPCD = A, + QAP + T,
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where T7 € Coo(X). The operator A1 + QAP +T is Fredholm and has index zero because
A + QAP is so. On the other hand, it is easy to check that

(3.18) (I+ QAPCP)™' =1 — QAPCP.

Thus from (3.17) and (3.18) it follows that the operator A; is Fredholm and has index
zero. Consequently, there exist closed subspaces M, N C X such that

X:KerAl@M, X:ImA169N

Hence dim Ker A; = dim N.
Denote by A; the restriction of A to M. Then A; : M — Im A; is continuous,
one-to-one, and hence its continuous inverse (A;)~! exists. Define B; € B(X) by

_ (:4\1)_130 if xelmA,,
le_{ 0 if z€N.

Denote the projection onto Ker A; parallel to M by Q1. We have for every x € X,
BiAiz = BiA(x — Qiz) = BiAy(z — Qiz) = & — Qux,

that is,

(3.19) BiAy =1- Q.

Set

(3.20) Aqp :=PAP, Ajp :=PAQ, Agy = QAP, Agg := QAQ,

Bll = 'PA7177, Blg = ’PA71Q, Bgl = QAil,P, B22 = QAilg.
From AA~! = I we get

(3.21) 0=PQ=PAA'Q=PAP + QA Q= A1 Bis + A12Bos.
It is obvious that
(3.22) Ay = A1+ Az, AxeBip =0.

Combining (3.21) and (3.22), we get A1 B1a + A13Bss = 0. Multiplying this equality by
B; from the left and taking into account (3.19), we get (I — Q1)Bi12 + B1A12B22 = 0.
Hence

(3.23) Bia = Q1B12 — B1A12Bs.

By the hypothesis, A € L1, whence A;5 = PAQ € J;. Thus,

(3.24) B1A12B22 € J1-

Since A; is Fredholm, the projection (); has finite rank. Hence Q1 € Co(X) C J1 and
(3.25) @Q1B12 € T

From (3.23)-(3.25) we obtain that Bios = PA™'Q € J;. By the definition of £;, the
operator A~! belongs to L. Part (a) is proved.

(b) This statement follows from (a) with @ = I — P in place of P.

(c) Since PAQ € J1 C Coo(X), QAP € J2 C Coo(X), and the operator A is invertible,
we conclude that

A =A—-PAQ — QAP = PAP + QAQ

is Fredholm. If R is its regularizer, then PRP|Im P is a regularizer of PAP|ImP on PX
and QRQ|Im Q is a regularizer of QAQ|Im Q on QX. Thus PAP|ImP and QAQ|Im Q
are Fredholm. Now statement (c) follows from parts (a) and (b). O

Remark 3.6. A minor modification of the proof of part (a) shows that if A is invertible
on X, J; = {0}, and PAP|Im P is invertible on PX, then A~1 € L.

Remark 3.7. If H is a separable Hilbert space and J is any two-sided ideal of B(H)
such that J # {0} and J # B(H), then Co(H) C J C Coo(H) by Calkin’s theorem (see,
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e.g. [14, Chap. 3, Theorem 1.1]). Hence the statement of the above theorem can be
simplified for separable Hilbert spaces.

4. AUXILIARY RESULTS
4.1. Some facts on Besov spaces. We start with the following well known facts.
Lemma 4.1. If 1 <p< oo and 0 < a <1, then P is dense in B;".
Lemma 4.2. If1 <p<oo and 1/p <a <1, then By C C.

These lemmas are proved, for instance, in [25, Sections 3.5.1 and 3.5.5].
The following fact is certainly known to specialists (see, e.g. [23, p. 735]). We give
its proof for the convenience of the reader.

Lemma 4.3. Let 1 <p<ooand 0 <a<1. Ifa,b€ L>N By, then

labllBg < llall=[bllBg + [lall g 16 =<,
that is, L N By is a Banach algebra under the quasi-submultiplicative norm
lallLenps = [lallL= + [lal Bs-
Proof. Tt is easy to see that
wi»(ab,s) < [lallpews (b, 8) + wis(a, 8)[IbllL= (s = 0).
From this inequality and ||ab||zr < ||a||ze||bllzr + [la||r]|b]| L it follows that
l[abl| By < [lal[z=|[bllze + [[allLe]b]l Lo
27 1/p 27 1/p
ol ([ b0 S ) ol ([ bes) )
= llallL=|[bllBs + llall B 6]l Lo

Now the fact that || - ||L~npg is a quasi-submultiplicative norm is obvious. O

4.2. The algebra of multiplication operators. For 0,1 € R, we denote by Eg’“ the
set of all sequences ¢ = {¢;};cz such that

—1 0o
Il = 37 il + 1% + 3 les PG+ 1D < oc.
2

j=—o00 §=0
It is clear that ég’“ is a Hilbert space. Let ¢° denote the collection of all sequences from
Kg’“ with finite support. For a function a € L', define M(a) on ¢° by
M(a) : {¢;}jez — {Z%’—k‘ﬂk} -
kEZ I
If
sup {IM(@)¢llsn /Il : ¢ € €, ¢ #0} < oo,
then M (a) can be extended to a bounded operator on fg’“. In this case we call M(a) the

multiplication operator with symbol a. The following basic properties of multiplication
operators on Eg’“ can be proved in the same way as in [5, Sections 2.5 and 6.2] (see also

[28]).
Theorem 4.4. Let §, 0 € R and a € L',
(a) If M(a) € B({5"), then the adjoint of M(a) equals M(a) € B(£;° ") and

1M (@l sy = 1M @ g(gsiny = 1M @)y = 1M @l
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(b) If M(a) € B(£5"), then a € L™ and
lallze = 1M (a)l| g0y < 1M (a)ll (g3

(¢) The set {a € L* : M(a) € B(ty")} is a Banach algebra under the Banach algebra
norm lall = I1M(@) | ggse

Lemma 4.5. Let 0 < § < oo. For every k € Z,

. 1/m
i M () < 1

Proof. 1t is easy to see that M (xgm) is the shift operator {¢;}jcz — {©j—km}jez. Let
pE Kg’_é and suppose k is positive. Without loss of generality assume km > 1. Then
—1 o)

||M(ka)80||§g,—s = D leikmlPU51+ D+ lojkml* (il + 17
j=—00 7=0

= > eilP(li+km|+ D)+ > Joi*(Ji + km| + 1)

i=—00 i=km

. 6 —1
i + km|+1)> .
. < sup (D) S ol + 1

i=—o00
km—1

i+ km| 4+ 1)2(Ji 125} 12(1i] + 1)-20
g (bl + 2700+ 0] 3 1o+

. —25 oo
|z+km|+1> 2 9. _os
+ sup ( | “(7| + 1
sw (S 2 I+ )

< (S1(b,m) + Sa(,m) + S, m) el

where

|i+km|+1>25

S1(k, = -
1(k,m) z‘s<up1( il +1

Sa(kym) = (1i+ k| + 1) (|i] + 1),

max |:
0<i<km—1
|i + km| + 1)‘25

S3(k,m) := sup ( HE

i>km
If s < —1, then

|z+hk‘m|—|—1 <14 km
li] +1

HES! §1+k7m§2k:m.
Hence
(4.2) Sy (k,m) < (2km)?°.
If 0 <i<km—1, then
(Ji + Em|+ 1)(Ji| +1) = (i + km + 1)(i + 1) < 2(km)?,
whence
(4.3) Sy(k,m) < 2% (km)*.
If i > km, then

|i+km|+l_i+km+1>1
lij+1 i+l T
Therefore,

(4.4) S3(k,m) < 1.
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Combining (4.1)—(4.4), we get for ¢ € @,47
1M Ot )Ml -5 < ((2km)** + 22 (k)™ + 1) o]l

Thus,
; 1/m ; 25 25 48 1/(2m) _
Jm ||M(ka)||8(ég‘,é) < Jlim ((2km)* + 2% (km)* + 1) =1
If k is negative, then the proof is analogous. |

Denote by P the operator given on Kg’“ by (Py); = ¢; if j > 0 and (Py); = 0 if
j<0.Let Q:=1— P. It is easy to see that P> = P, Q> = Q, and | P| = ||Q|| = 1.

Lemma 4.6. Suppose 1 € R and a € L*. Then
|PM(@)Pllgggs ) < IPM(@)P gy [QM(@)Qllggpsny < 1QM(@)Qs(esr-
Proof. This statement follows from the definition of P and Q. O

The Besov space BY, 0 < v < 1, is nothing else than the Hélder space C7, 0 < v < 1,
defined as the set of all functions f € C such that

we(f,s
Ml o= fle +_sup 20D <o
o<s<2r SV
It is easy to see that || - ||~ is a Banach algebra norm.

Theorem 4.7 (Verbitsky [28]). If |u| <y < 1, then there exists a positive constant L., ,
depending only on v and pu such that || M(a)||gesry < Ly ullallcr for alla € C7.

4.3. Peller’s theorems on Hankel-type operators. For v € (0, 1), denote by ¢ the
closure of the set of all Laurent polynomials in the norm of C7.
The following result is a corollary of Peller’s theorems [23, Chap. 6, Theorem 8.1 and

8.2]. It deals with the boundedness and compactness of QM (a)P and PM (a)Q@ on the

spaces @/2’_7/2 and 62_7/2’7/2

, respectively.

Theorem 4.8. If0 <y <1 and a € L™, then

(4.5) QM(a)P € B((]/*™"?) = Qa e C" <= a e C" + H™,

(4.6) QM(a)P € Coo(1}/*7?) = Qa € & <> a e + H™,

PM(a)Q € B(t;"*7?) == Pa e C" = ac C' + H>,

PM(a)Q € Coo(£;*7?) = Pa € & <> a € ¢ + H™,

and there exist positive constants c1 and cy depending only on ~ such that

(4.7) el Qallcn < QM (@) Pl yrs -2y < el Qallcr.
erllPallcs < IPM(@)Q (.72 < ezl Pallc

The following theorem is a particular case of Peller’s description of generalized Hankel
matrices belonging to the Schatten-von Neumann classes (see [23, Chap. 6, Theorem 8.9]).

Theorem 4.9. Let 1 <p,q < oo and o, u € R. Suppose a € L.
(a) If0<1/p+6+pu<1and
(4.8) min{d, u} > max{—-1/2,—-1/p},
then
QM(a)P € Cp(6y ") == Qa € BP0 = q € BY/PHOT1 4 [

and there exist positive constants ¢1 and co depending only on &, u, and p such
that

CIHQaHB;/wHu < HQM(G)PHCP(@*H) < CQHQGHB;/HH#.
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(b) If0<1/g—0—pn<1and
(4.9) max{d, u} < min{1/2,1/q},
then
PM(a)Q € Cy(ty™") <= Pa € BY/7 "1 <= a € BY/ 7071 y H>,
and there exist positive constants ¢y and co depending only on 0, u, and q such

that
el Pall ya-son < IPM(@)Qlg, s+, < call Pal gy /a-ses.

Remark 4.10. The restrictions 1 < p,g < co and 0 < 1/p+ § + p < 1 (respectively,
0 <1/qg—6—p < 1) are not essential. The theorem is also true for p,q € (0,1) and
large ¢ and p (resp. large — and —pu). We imposed these restrictions just to keep the
presentation in the setting of Besov spaces By with 1 <p < oo and 0 < a < 1, which is
sufficient for our purposes.

On the other hand, hypotheses (4.8) and (4.9) are essential because without these
hypotheses the theorem is not true (see the remark on p. 291 of [23]).

4.4. Toeplitz operators with antianalytic symbols on analytic Besov spaces.
The following result is due to Peller and Khrushchev [24]. Tts proof is contained in [5,
Proposition 10.23].

Lemma 4.11. Let 1 <p < oo and 0 < a < 1. If g € H*, then the Toeplitz operator
T(g) : ¢ = P(gy) is bounded on PByy and there exists a positive constant Ly, o depending
only on p and a such that

IT@)sPBs) < Lpallgllre:.
5. THE BANACH ALGEBRAS C7 + H* AND ¢ + H*®

5.1. The sets C7" + H* and ¢” + H* are Banach algebras. The results of this
section may look curious at the first glance. However, they are important pieces of the
proof of Theorem 1.4. The material of this section is taken from [3, Chap. 4].

Lemma 5.1. If0 <~ <1 and a € L, then
M(a) € B()/>7?) = a e C" + H™.

Proof. If M(a) € 8(63/2’77/2), then a € L™ in view of Theorem 4.4(b). It is clear that
QM (a)P € 8(53/2’_”2). By (4.5), a € C7 + H®. The necessity portion is proved.
Let us prove the sufficiency part. If a € C7 4+ H, then there exist ¢ € C7 and
h € H* such that a = ¢ + h. We represent M (a) as
M(a) = PM(c¢)P + PM(h)P + QM (a)P + PM(a)Q + QM (c)Q + QM (h)Q

and show that all terms on the right-hand side are bounded on Q/ 2772,

By Theorem 4.7, PM(c)P € 8(657/2’_7/2) and QM (c)Q € 8(63/2”/2). Thus, in view
of Lemma 4.6, PM (¢)P and QM (¢)Q are bounded on 5;’/2’77/2.

Lemma 4.11 yields that the operators T'(k) and T'(h) are bounded on PB;/Q. Hence
the operators PM (h)P and QM (h)Q are bounded on the Besov space B;/Q. It is well
known that f € BJ /% if and only if its sequence of the Fourier coefficients belongs to
Eg/ 27/2 and that the corresponding norms are equivalent. Thus PM (h)P and QM (h)Q
are bounded on z;/“/? By Theorem 4.4(a), the operator PM(h)P is the adjoint of
PM(h)P and PM(h)P € 8(62_7/2’_7/2). From Lemma 4.6 it follows that the operators

PM(h)P and QM (h)Q are bounded on Eg/2’77/2.
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Let ¢ € £3/%77/%. Then, taking into account that 1M (a) ]l g0y = llallLo , we have
1PM(a)Q¢llyy/2—vr2 = [|PM(a)Qepll 0,72 < [PM(a)Qp]l g0
< llallz=1Qpllgo = llallL=|Qpll0.-v/2 < llallze= ¢l 72—/
Thus PM(a)@ is bounded on 63/2’_7/2. Finally, the operator QM (a)P is bounded on
63/2’77/2 in view of (4.5). O

Theorem 5.2. If0 < v < 1, then the sets C7" + H* and ¢¥ + H* are Banach algebras
under the Banach algebra norm

lall := (@) g gy72. /2,
Proof. From the sufficiency portion of Lemma 5.1 it follows that
CY+ H®={aeC’+H>®: M(a)e B> ).
It is obvious that C7 + H* is an algebra. Let a, be a Cauchy sequence in this algebra.
By Theorem 4.4(c), there exists an a € L' such that ||M(a,) — M(G)HB([Y/2’_'Y/2) — 0
2

as n — oo and M(a) € B((J/*™/?). In view of the necessity part of Lemma 5.1,
a € C7+ H*™. Hence C7 + H* is closed. It is clear that || - || is a Banach algebra norm.

Let A := B(ﬁg/z’_ﬂ’/z) and £ :={M(a) € A:a € C7+ H*}. We have proved that £
is a closed subalgebra of A. From Theorem 3.5(b) with A, £, and J» := Coo(@/z’*wz)
we obtain that £y := {M(a) € £L: QM (a)P € J>} is a Banach algebra under the Banach
algebra norm

1M (@)l = M (@)l + QM (@) Pl gz

It is clear that this norm is equivalent to HM(a)HB(W/z,ﬂ/z . From (4.6) we get
2

)
Lo={M(a) € B(@/Q’*WQ) caecd +H®Y
Hence ¢” + H™ is a Banach algebra under the norm || - ||. O

5.2. Structure of the Banach algebra ¢ + H*. In this subsection we clarify the
structure of the algebra ¢ + H*°.

Lemma 5.3. The set H* is a closed subalgebra of ¢V + H.

Proof. Tt is obvious that H° is a subalgebra of ¢ + H*. Let h,, € H* be a Cauchy

sequence in the norm of ¢¥+H>°. Since ¢?+ H is closed, there is a function h € ¢¥+H>°

such that | M (h,,) — M (h) ||B(€w/2,—7/2) — 0 asn — oo. From this fact and Theorem 4.4(b)
2

we deduce that ||k, — hl[L~ — 0 as n — oo. Because H™ is closed in L*, we conclude
that h € H*, that is, H* is closed in ¢” + H*°. O
Lemma 5.4. We have ¢ + H™ = cloSev 4 goespan{tx, : v € H®,n € Z; }.

Proof. Put A := closcvygeespan{tx,, : v € H®,n € Z,}. It is obvious that A C
7 + H*°. Let us show the reverse inclusion. If f € ¢¥ + H°, then there exist ¢ € ¢”
and h € H* such that f = ¢+ h. By Privalov’s theorem, the projections P and @ are
bounded on C7, 0 < v < 1. Hence Pc € H*®. 1t is clear that Pc+h € H* C A. By the
definition of ¢7, there exists a sequence of Laurent polynomials p,, such that

(5.1) llc = pmllcv — 0 as m — co.
Obviously, PM (Qc — @Qp.,)Q = 0. Hence
(5.2) M(Qc) = M(Qpm) = PM(Qc— Qpm)P + QM (Qc — Qpm) P + QM (Qc — Qpm) Q-
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From Theorem 4.7 and Lemma 4.6 it follows that
IPM(Qe ~ Qpun) Pl g2, < I PM(Q ~ Qo) Pllg 12

(53) < ||M(QC_ me)HB(Z;W/zv*“//z)
< L%—’Y/Q”QHB(C’Y) llc = pmllc

and similarly,

(5.4) QM (Qc — QPm)QHB@;/z,—w/z) < Ly 20QlBemlle = pmllcr
On the other hand, from (4.7) we see that
(5:5) @M (Qc = Qpm) Pl 5 py2-272) < 2| Q(Qe = Qpm)lov < e2[| Qs lle = Pmllc
Combining (5.1)—(5.5), we get
IM(Qc) — M(me)HB(Q/z,ﬂ/g) < const|lc = ppmllcv — 0 as m — oo.

It is clear that Qp,, € span{yx, : ¢ € H>®,n € Z} and therefore Qc € A. Thus f € A
and ¢ + H*® C A. |

5.3. Invertibility in the Banach algebra ¢ + H*°. In this subsection we will show
that ¢ + H® is inverse closed in C'+ H*°. From [8, Proposition 6.36, Corollary 6.38]
we get the following description of the maximal ideal space of C'+ H°.

Lemma 5.5. We have Moy~ ={m € My~ : |xx(m)| =1 fork € Z, }.

The next statement shows that the maximal ideal spaces of ¢¥ + H* and C' + H*
coincide.

Lemma 5.6. We have Moy = {m € My~ : |xp(m)| =1 fork € Z;}.

Proof. The proof is developed by analogy with [8, Proposition 6.37]. By Lemma 5.3, H>°
is a closed subalgebra of ¢ + H*. If f is a multiplicative linear functional on ¢ + H>°,
then f|H®° is a multiplicative linear functional on H*°. Hence ¥ : f +— f|H> defines
a continuous mapping from Mg into M. If fi and fy are elements in Mgy g
such that ¥(f;) = ¥(f2), then for k € Z,,

AR = H06") = H0w) ™ = L0 ™ = L0671 = L(6)-
From this equality and Lemma 5.4 we conclude that f; = fa. Therefore, ¥ is a home-
omorphism of Mg into Mpye. Moreover, for every f € Mg~ and k € Z4, by
multiplicativity of f and Lemma 4.5,

. 1/ s 1/
PO <l NI T = T IV o) 7oy <1

and similarly
L/1f(xe)l = [f (x=r)| < 1.
That is, | f(xx)| = 1 for every k € Z,. Therefore, the range of ¥ is contained in
{me My~ : |Xp(m)| =1for k€ Z,},
and only the reverse containment remains.

Let m be a point in My« such that |xz(m)| = 1 for k € Z,. If we define g on
span{yx, : ¢ € H*,n € Z,} such that g(yXx) = ¥(m)xk(m), then g can be easily
shown to be multiplicative. The inequality

lg(X)| = [ (m)| [Xk(m)| = [(m)| < ([P =
= Wl < M@ gigyrn 72, = W1

(recall Theorems 4.4(b) and 5.2) shows that g can be extended to a multiplicative linear
functional on closey 4 geospan{yx, : ©» € H*,n € Z, }. But the latter set coincides with
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¢’ + H* by Lemma 5.4. Obviously, ¥(g) = m and thus M. pgo is homeomorphic to
{m € H*® : |xx(m)|=1for k € Z,}. O

Combining Lemmas 5.5 and 5.6 with Gelfand’s theorem, we get the following.
Theorem 5.7. If0 <y <1 and a € ¥+ H™, then
a€G(+H®)<—ae€GCH+ H™).

6. GENERALIZED KREIN ALGEBRAS

6.1. The sets K;’OO, ngqﬂ, and Kg‘;qﬁ are Banach algebras. Since the projections P

and () are bounded on the Besov spaces B, and Bg , it is clear that K;i ’(?, Kg:qﬁ , and

K5:f are Banach spaces under the norms (1.7), (1.8), and (1.9), respectively. In this
subsection we show that these norms are quasi-submultiplicative.

Lemma 6.1. Let 1 <p,g<oo and 0 < o, 3 < 1.
(a) If a > 1/p, then the projections P and @Q are bounded on K;’é).
(b) If B8 > 1/q, then the projections P and Q are bounded on Kgf.
(¢) If a>1/p or B > 1/q, then the projections P and Q are bounded on Kg‘,’qﬂ.

Proof. (a) By Lemma 4.2, there exists a constant C' > 0 such that || f||p~ < C”fHBg for

all f € BS. If a € KJy), then

1Qall o0 = Qallz= + [|Qallsg < (C+1)[|Qallpg < (C+)l|al| g0

The boundedness of P = I — (Q is now obvious.
(b) The proof is analogous.
(¢) The arguments of the proof of (a) or (b) apply. O

Now we are in a position to prove our first main result.

Proof of Theorem 1.3. Let us prove only part (c). The proofs of parts (a) and (b) are
similar (and even a little simpler).

For a = 1/p and 8 = 1/q, the statement is contained in Corollary 1.2. Hence we can
assume that « > 1/p or § > 1/q. Then the projections P and @ are bounded on Kﬁ*f
by Lemma 6.1(c). For brevity we will omit the subscript in || - HK;‘,;{" If a,b € K2, then

p,q
we have
abl| < ||PaPb| + [|QaQbl| + || PaQb|| + [|QaPlb||
6.) = [[PaPb| = + [|P(PaPb)|| g5 + [|QaQb] L~ + |Q(QaQb)| 5

+ [|1PaQb]| >~ + | P(Pa@b)| gs + |Q(Pa@b)| 5y
+ QaPb|L~ + | P(QaPb)|| g5 + |Q(QaPb)|| 5y
It is clear that
[Pa@Qb] L + [|Qa@Qb o + || PaQb] L + [|QaPb| L~
(6.2) < [[Pall [ Pb]| + [[Qall |Qb] + [|Pall [|Qb]] + [|Qal| || Pb]
< (IPI+IQIN*(lal o]l
In view of Lemma 4.3,
|P(PaPb)| 5 = [ PaPb] 5
< |[Pallz< | Pbll s + | Pall g | Pl v
< [[Pall (|6l + llall | Pb]
< 2[|P[[ flall 6]

(6.3)

and analogously

(6.4) 1Q(Qa@b)| By < 2(1Q]l[|all [[b]l
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By Lemma 4.11,

|P(Pa@b)l| 5 = | PM(Qb)Pal| 5
= [T(Qb)Pal| p s
<T@ g ppey I Pall p s
< Lgpll@b]| L || Pal| s
< Lq,6l|Q0| [|all
< Ll QI all 0]

(6.5)

and analogously
(6.6) [P(QaPb)|gs < Lqsll@Qll el o]l

It is clear that the operator J is an isometry on B)/. Then applying Lemma 4.11 again,
we get

|Q(Pa@b)|

By = QM (Pa)Qbl| 5
= ||JT(Pa)JQb]lgpy
< HT(]BVG)HB(PB;) JQb| pBs
< LyollPall 1| Qb 5
< Ly.ollPal [1b]
< LyollPll all |12l

and similarly
(6.8) 1Q(QaPb)| gy < Lp,allPll |l [|b]-
Combining (6.1)—(6.8), we get
lladl| < C(p, g, e, B)l[all b
with C(p,q, 0, 8) = (I1P]| + 1Q)? + 21|l + 2/1Qll + 2Ly Q1 + 2Ly ]| Pl O

6.2. Invertibility in the Banach algebras K;’é), ngqﬁ, and Kz‘i’qﬂ. In this subsection

we show that generalized Krein algebras are inverse closed either in C+H® or in C'+ H°.
From Lemma 4.2 and (1.5) we immediately get the following.
Lemma 6.2. Let 1 <p,g<oo and 0 < a,f < 1.
(a) If a > 1/p, then Kg’(? CC+H>™ and KP c C+ H™.
(b) If B > 1/q, then K0 € C + H>= and K&P € C + H>.

Now we prepare the proof of Theorem 1.4. We know from Theorem 5.7 that ¢” + H*®
is inverse closed in C+ H*°. We show that the intersection of a generalized Krein algebra
Kg:P (or Kg’é)) with ¢¥ + H® is inverse closed in ¢” + H*® (and thus in C' + H*) if
a>1/p.

Lemma 6.3. Let 0 < A <1,1<p,g<oo,1/p+1/g=A, and 0 <~y < A—1/p. Suppose
K is either K;,/qp+’y’1/q_7 or K;’/Op+’y’o.

(a) The set K N (¢¥ + H™®) is a Banach algebra under the quasi-submultiplicative

norm
lall = 1M (@)l 22, + Nl
(b) Ifa € KN (c"+ H*), then
a€ G(KN("+H®)) < ac G +H™).

Proof. (a) This statement follows from Theorem 5.2 and Theorem 1.3(a), (c).

(b) Let A := B(ﬁg/2’77/2) and L :={M(a) € A:a € " + H*>*}. From Theorem 5.2
it follows that the mapping

M:c"+H® - L, a— M(a)
is an isometry of Banach algebras. Hence

(6 0) A (Y L HP —— M(a) ()
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By Lemma 2.2(b), (¢) and Theorems 3.2 and 3.3,
Ly:={M(a) e L : QM(a)P € C)(63"> ")},
L.:={M(a) € L : PM(a)Q € Cy(¢3/> %), QM(a)P € C,(£3/>7 %)}
are Banach algebras under the Banach algebra norms
||M(CL)H2 = ”M(Q)HB(Q/Z*W/Q) + HQM(G)PHCP(@/Z*W/Z)v
1M (@) = [M(@)lggr2 2, + I PM(@Qlc, gy72. 2 + [QM@)Pl 2272,
respectively.
If M(a) € GL, then from (6.9) and (4.6) it follows that QM (a)P and QM (a=!)P
belong to Ca (€3/>77/%). Thus,
Q - QM(a)Q - QM(a™")Q = QM(a)P - PM(a~")Q € Coo (6377,
Q- QM(a™HQ - QM(a)Q = QM(a™ )P PM(a)Q € Co (63>,

that is, QM (a~1)Q|Im Q is a regularizer of QM (a)Q[ImQ on Q£)/>~/*. By Theo-
rem 3.5(b), M(a) € GLs. In view of Theorem 3.5(c), we conclude also that M (a) € GL,.
Thus,

(6.10) M(a) € GL <= M(a) € GL2, M(a) € GL <= M(a) € GL..

Take = 6 = /2. Then hypotheses (4.8) and (4.9) are simultaneously satisfied. Due to
Theorem 4.9,

Ly={M(a)eA :ac K;f0p+7’0 N(c"+H®)},
L.={M(a)e A :ae K/P1/a=7n (7 + H®)},
and the norms HPM(a)QHCq(Z;,/z,ﬂ/z) and HQM(G)PHCP(@/Z*W?)

norms || Pall gi/a-+ and [|Qal| g1/p+~, respectively. From Theorem 4.4(b) we conclude
q P

are equivalent to the

that || M(a)||z,v/2.—~/2, is equivalent to |lal/p~ + ||M(a)l 2 /2.2, Thus, the norms
B(t; ) B¢,

)
[|M(a)||2 and ||M(a)||. are equivalent to the norms
M@y 1= 1M (@)l ggyr5r2) + lall oo
M@, 2= 1M @) g5, + lallgayp s
respectively. It is clear that the mappings
1 ,0 00
M KPP0 (@ 4 B®) = (o] ), @ M(a),
M s KYPH/i 0 (0 H®) = (£, |- 1), a— M(a)
are isometries. Thus,
M(a) € GLy <= a € G(K;,/OPJ”’O N (" + H>)),
M(a) € GL, <= a € G(K)/PT1977 0 (&0 + H)).
Combining (6.9)—(6.11), we get the assertion (b). O

(6.11)

Now we prove that the intersection of a generalized Krein algebra K;f";f (or K| 8”5 ) with
¢ + H* is inverse closed in ¢” + H> (and thus in C + H>®) if > 1/q.
Lemma 6.4. Let0 < A< 1,1 <p,g<oo,1/p+1/g= A, and0 <~y < A—1/q. Suppose
K is either Kp/[P~0 9% op Kg,’;/q'w.

(a) The set K N (¢? + H*®) is a Banach algebra under the quasi-submultiplicative
norm

llall := 1M (@)l g g vr272) + llall s
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(b) Ifa€ KN (" + H>), then
a € G(KN("+H®)) < ac G +H®).

Proof. From Theorem 5.2 and Theorem 4.4(a) it follows that ¢”+H is a Banach algebra
under the Banach algebra norm ||a|| := ||M(a) ||6(27W/2,~,/2). Hence we can finish the proof
2

by making obvious modifications in the proof of Lemma 6.3. (]

‘We are in a position to prove our second main result. We will show that the intersection
of a generalized Krein algebra K with ¢¥ + H* or with ¢” + H* is dense in K. This
allows us to prove that K is inverse closed in C'+ H®* or in C'+ H>, respectively.

Proof of Theorem 1.4. (a) For a = 1/p the statement of Theorem 1.4(a) is nothing else
than Theorem 1.1(b), (d).

Assume that a > 1/p and put v := a—1/p. Let K be either K;{0p+7’0 or K/prot/a=y
and denote B := K N (¢” + H*). Then, by Lemma 6.2(a), K C C + H*™. In view of
Lemma 6.3(a), B is continuously embedded in K.

Due to Lemma 4.2, there exists a constant ¢ € (0, 00) such that || f||pe < ch||B;/p+V

for all f € le,/pJ“’. Let a € K. By Lemma 4.1, for every € > 0 there exists a Laurent
polynomial p such that
€

¢+ 1)”@”3(3}/?*7) '

1Qa = pll g1/per < (

Hence Qp + Pa € B and
la = (@p + Pa)|x = |Q(Qa = )| x = |Q(Qa = p)||z= + [Q(Qa = p) | g1+~
< (e + )IQl s g1/me, |1 — pllgy/or < .

Thus, B is dense in K.

Combining Theorem 5.7 and Lemma 6.3(b), we obtain that if b € B, then the spectrum
of b in B coincides with the spectrum of b in C'+ H*°. Hence for each ¢ € Mp there is
a1 € Mcyp- depending on ¢ and b such that

(6.12) P(b) = ¢(b).

Assume now that there exists an a € K being invertible in C' + H® but not invertible
in K. Thus, by Gelfand’s theorem, we can find a ¢ € Mg with p(a) = 0. Since B is
dense in K, there exists a sequence {b,} C B such that

(6.13) la —=bullk = 0 as n— oo.

Consequently, ¢(b,) — ¢(a) =0 as n — oo. Since ¢ € Mg C Mp, it follows from (6.12)
that there are i, € M¢o4 g such that

(6.14) Un(by) = (b)) - 0 as n — oo.

On the other hand, from (6.13) and the definition of the norm in K we get |ja—by ||z — 0
as n — o0. Since a € G(C' + H™), it results that b, € G(C + H™) for all sufficiently
large n. Hence ||b;* — a7~ — 0 as n — oo. Thus ||b; |1~ < 2|la™Y|p= for all n
large enough. Since every multiplicative linear functional has norm 1, we obtain
[¥n (b2 ] < [l 167 2o < 2lla™" L

for all sufficiently large n. From this inequality and v, (b, )1, (b, 1) = 1 it follows that
[ (bn)] > (2|la™ Y| L)~ for all n large enough, but this contradicts (6.14). Part (a) is
proved.

(b) The proof is analogous to the proof of part (a). We only need to replace Lemma 6.3
by Lemma 6.4. 0
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7. PROOF OF HIGHER ORDER ASYMPTOTIC FORMULAS

7.1. Higher order asymptotic formulas: an abstract version. Our asymptotic
analysis is based on the following fact [5, Section 10.34].

Lemma 7.1. Suppose a € LR, y satisfies the following hypotheses:

(i) there are two factorizations a = u_uy = vyv_, where u_,v_ € G(H®)nxn and
Uy, vy € GIH®)NuN;
(ii) u— € G(C + H®)yxn oruy € G(C+ H®)nxN-
Then Dy(a) # 0 and

G(a)n+1 e
7.1 SO et (15 Foy
(w0 D, (a) 2
for sufficiently large n, where G(a) is defined by (1.10) and F, i, are defined by (1.14).

From (i) and (ii) it follows that a € G(C+H>)nxn or a € G(C+H>) xy n. Moreover,
the operators T'(a) and T'(a) are invertible on HZ,. Hence, in view of Lemma 1.5, the
constant G(a) is well defined.

An earlier version of Lemma 7.1 was obtained in [2] (see also [3, Section 6.15]) with

(iii) u— € Cnxn or ur € Cyxn
in place of (ii).

If the series Y, , Fy,, converges in the topology of the Schatten-von Neumann class
Cm(H%), m € N, then one can remove its remainder in (7.1) because the mapping

det,, (I +-):Cp(H%) — C

is continuous (see, e.g. [26, Theorem 6.5]). More precisely, starting from (7.1) one can
get the following.

Theorem 7.2. Let a € L,y satisfy the hypotheses (1) and (ii) of Lemma 7.1. Define
the constant G(a), the functions b, ¢, and the operators F,, j, by (1.10), (1.12), and (1.14),
respectively. If m € N and H(¢c)H(b), H(b)H(¢) belong to the Schatten-von Neumann
class Cpy(HZ,), then (1.13) holds.

This statement is proved in [17, Theorem 15] under the hypotheses (i) and (iii). Ex-
actly the same proof works under the hypotheses (i) and (ii) because of Lemma 7.1.
Theorem 7.2 is contained implicitly in [2, Section 5] (see also [3, Theorem 6.20], [5,
Theorem 10.37]).

Notice that we need the statement in this (new) form because generalized Krein al-
gebras contain discontinuous functions and therefore the (old) hypothesis (iii) is not
satisfied for generalized Krein algebras.

7.2. Wiener-Hopf factorization in decomposing algebras. Mark Krein [18] was
the first to understand the Banach algebraic background of Wiener-Hopf factorization
and to present the method in a crystal-clear manner. Gohberg and Krein [12] proved that
a € GWpn«n admits a Wiener-Hopf factorization. Later Budyanu and Gohberg devel-
oped an abstract factorization theory in decomposing algebras of continuous functions.
Their results are contained in [7, Chap. 2]. However, generalized Krein algebras contain
discontinuous functions and the results of Budyanu and Gohberg are not applicable to
them. One of the authors and Heinig [16] extended the theory of Budyanu and Gohberg
to the case of decomposing algebras which may contain discontinuous functions. The
following definitions and results are taken from [16] (see also [3, Chap. 5]).

Let A be a Banach algebra of complex-valued functions on the unit circle T under a
Banach algebra norm || - || 4. The algebra A is said to be decomposing if it possesses the
following properties:
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(a) A is continuously embedded in L
(b) A contains all Laurent polynomials;
(¢c) PAC Aand QA C A.
Using the closed graph theorem it is easy to deduce from (a)—(c) that P and @ are
bounded on A and that PA and QA are closed subalgebras of A. Given a decomposing
algebra A put

Let A be a decomposing algebra. A matrix function a € Ayxn is said to admit a
right Wiener-Hopf factorization in Ay« n if it can be represented in the form a = a_day.,
where a1 € G(AL)nxn and

d:diag(me'anN), K/iGZa HISK/QS"'<HN'

The integers k; are usually called the right partial indices of a; they can be shown to be
uniquely determined by a. If k1 = -+ = ky = 0, then the Wiener-Hopf factorization is
said to be canonical. A decomposing algebra A is said to have the factorization property
if every matrix function in GAyxn admits a right Wiener-Hopf factorization in Ay« .

Let R be the restriction to the unit circle T of the set of all rational functions defined
on the whole plane C and having no poles on T.

Theorem 7.3. Let A be a decomposing algebra. If at least one of the sets (RN A_)+ A
or A_ +(RN Ay) is dense in A, then A has the factorization property.

7.3. Fredholmness and invertibility of Toeplitz operators. In this subsection we
collect some well known facts about the Fredholmness and invertibility of Toeplitz opera-
tors on H%.

Theorem 7.4. Let a € LY, y-

(a) If a € Wixn, then T(a) is Fredholm on H% if and only if deta € GW.
(b) Ifa € (C+ H®)nxn, then T(a) is Fredholm on H% if and only if deta belongs
to G(C + H*>).

Part (a) is essentially due to Gohberg and Krein [12], part (b) is due to Douglas, its
proof is given in [5, Theorem 2.94(a)].

The following result was proved by Widom and in a slightly different setting by Simo-
nenko.

Theorem 7.5. Ifa € GLY, y, then T(a) is invertible on H%; if and only if the following
two conditions hold:

(a) a admits a canomical right generalized factorization in L3;, that is, there exist
a_, ay such that

a=a_ay, = (ﬁ)NxN, afl e (Hz)NxN;
(b) the operator M(a_)PM (a=") is bounded on L3;.
For a proof, see, e.g. [7, Chap. 7, Theorem 3.2] or [22, Theorem 3.14].

Theorem 7.6. If a € GLY, ., then T(a) is invertible on H% if and only if T(a™') is
invertible on H%.

For a proof, see [5, Proposition 7.19(b)].

7.4. Wiener-Hopf factorization in generalized Krein algebras. Let us show that
all algebras mentioned in Theorem 1.7 have the factorization property.



KREIN ALGEBRAS AND TOEPLITZ DETERMINANTS 259

Lemma 7.7. Let 1 < p,q < o0 and 0 < o, 3 < 1. Fach of the algebras

1/p,0 o 0,1 , .
WprfOp K with o> 1/p, WmKqu/q, Ko7 with B> 1/q, WKLY,

and Kﬁ’f with o # 1/p, 1/p+1/q = a+ B € (0,1] is a decomposing algebra with the
factorization property.

Proof. This statement is proved for WﬁK;/qp AR [5, Section 10.24], the same argument
applies also to W N Kl/p 0 and W N Kg ;/q.

Under the imposed condltlons on the parameters p, ¢, o, 8, by Lemma 6.1, the projec-
tions P and @ are bounded on each K;"(?, Kg qﬁ, and K, 5. Hence each of these algebras
is decomposing.

If 8 > 1/q, then, by Lemma 4.2, Bg is continuously embedded in C' and, by Lemma 4.1,
the Laurent polynomials are dense in Bg . It follows that R N PBqﬁ is dense in PK;“)’qﬁ
and in PKOOZqB . Theorem 7.3 gives the factorization property of the algebras Kz‘i’qﬁ and
Kgf if B > 1/q. Analogously one can show that K;f and K;i ’00 have the factorization
property if a > 1/p. O

We are ready to start the proof of our last main result.

Proof of Theorem 1.7(a). From Lemma 6.2 we conclude that Ky« C (C+H®>)nxn oOr
Knxn C (C+ H®)nxn- In the first case @ € (C + H®)yxn. Since T(a) is invertible,
from Theorem 7.5(b) we get deta € G(C + H*) (and deta € GW if, in addition, a €
W« n due to Theorem 7.5(a)). Hence det @ € G(C+H®°). By Theorem 1.4, deta € GK.
Then, in view of [21, Chap. 1, Theorem 1.1], a € GKnxn. If Knxny C (C 4+ H®)nxn,
then, as before, the Fredholmness of T'(a) implies a € GKnx N -

By Theorem 7.5, there exist a_, a4 such that a = a_ay, atl e (ﬁ)]\;xN7 and
afl € (H?)nxn- On the other hand, in view of Lemma 7.7, a admits a right Wiener-
Hopf factorization in Ky« n, that is, there exist ux € G(K1)nxn such that a = u_du,.
It is clear that

uEt € (K )nxn © (HY)nxn, ui' € (Ki)nxn C (H?)nxn-

Hence a = u_du, is a right generalized factorization of a in L%. It is well known that
the set of partial indices of such a factorization is unique (see, e.g. [22, Corollary 2.1]).
Thusd =1 and a = u_u4.

In view of Theorem 7.6, T'(a™!) is invertible on H%. By what has just been proved,
there exist fi € G(K4i)nxn such that a=! = f_f,. Put vy := fr'. In that case
vy € G(Ki)nxny and a = vpv_. O

7.5. Products of Hankel operators in Schatten-von Neumann classes. Now we
prove simple sufficient conditions guaranteeing the membership of products of two Hankel
operators in Schatten-von Neumann classes.

Lemma 7.8. Let 1 <p,qg< oo and 0 < o, 3 < 1.
(a) If a > 1/p and b,c € K;bo, then the operators H(¢)H (b) and H(b)H(¢) belong
to the Schatten-von Neumann class Cp(H?).
(b) If 8> 1/q and b,c € Kg”qﬁ, then the operators H(¢)H (b) and H(b)H(¢) belong
to the Schatten-von Neumann class Cy(H?).

Proof. (a) If c € KO‘ , then Qa € Byy. Since a > 1/p, we have By C B, P From (1.6)
we conclude that H(N) € C,(H?). Thus H(¢)H(b),H(b)H(c) € C (HQ)
(b) The proof is analogous. O
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Lemma 7.9. Suppose 1 <r <oo, 1 <p,g<oo,0<a,fB<1, and

(7.2) 1p+1/g=a+Be (0,1, -1/2<a—1/p<1/2.
If1/r =1/p+1/q and b,c € KX:F, then the operators H(¢)H (b) and H(b)H(c) belong

to the Schatten-von Neumann class C,.(H?).

Proof. Put 7 :=a —1/p = 1/q— . If b,c € K$&f, then Qb, Qc belong to By/"*™ and
Pb, Pc are in B;/qu. From (7.2) we easily get

min{v,0} > max{—1/2,—-1/p}, max{y,0} <min{l/2,1/q}.
Then, by Theorem 4.9,
QM(c)P € Cy(£3°), QM (c)P € Cp(£57), PM(b)Q € Cy(£3°), PM(D)Q € C,(¢57).
Since 1/r =1/p + 1/q, from Lemma 2.2(c) we deduce that
PM(b)QM(c)P € C(63°), QM(c)PM(b)Q € Cr(€57).
Applying the flip operator to the second operator, we obtain
JQM (c)PM(b)QJ € C,.(£2°).

Considering the compressions of the above operators to fo(Zy) ~ H?, we finally get
H()H (@), H@QH(®) € C, (). O

Now we are ready to finish the proof of our last main result.

Proof of Theorem 1.7(b). From Theorem 1.7(a) we know that b,c € Kyxny. Let b =
(bij)gjﬂ and ¢ = (Ckl)ljc\{lzl' Since b;j,cr € K, from Lemmas 7.8 and 7.9 we conclude
that H(cp)H (bs;) and H(bi;)H (cr) belong to Cy/x(H?) for all i,j,k,1 € {1,...,N},
where A is defined by (1.11). Hence H(¢)H (b), H(b)H(¢) € C1/\(HZ). Since m > 1/X,
we finally get H(¢)H (b), H(b)H (¢) € Cpn(HZ;) by Lemma 2.2(a). O

Proof of Theorem 1.7(c). It is only necessary to verify the hypotheses (i) and (ii) of
Lemma 7.1. By Theorem 1.7(a), u_,v_ € G(K N H®)yxnN, tut,v4 € G(KNH®)nyp.
Hence u_,v_ € G(H®)yxn, Uy,vy € G(H®)nyxn, and ux € GKyxn. From this fact
and Theorem 1.4 we see that u_ € G(C + H®)yxn or uy € G(C + H®)yxn. Thus,
the hypotheses (i) and (ii) are met. By Theorem 1.7(b), H(¢)H (b) and H(b)H (¢) belong
to Cp(HZ). Applying Theorem 7.2, we get (1.13). |
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