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oiso

Klaua, Ein Ansotz zur mehrwertigen Mengenlehre

also

L - lr €*Xt - H (u'tl è I - {1 - Xt :*Xz* | r €*Xt- l/(a)l}
-1- Ia€* X2- Hlrl l+X, -*Xt- | ;

t - ln!*X"-H(n'l l> t - {l - Xr:*Xz*la€*Xr-E(*Jl} '

: 1 * la€*Xr - H (ull +& :*X2 - 1,

l?j(t *lu€,uXr-H(u)ll
à Xr :*X2* f + #fr(, - | a Q, Xz - H (nt l)

#*(t-ln€*xz-H{n)lI
4xr:*x2 -,1 + #j (1 -. 1* €*xL * H (sjll,

also
Xt:*Xz * 1< - lir,tj (t - Is €*Xt - H(x)ll

- itj (t -- | r €,o x2 - fl(r) l)l

Man beme; ;J[_3]; ;; iJk Jffj,i;J;; ; 
. 

T,"1",
gilt. Satz 6 liefert' hinsichtlich der Extensionalitàt den zurn klassischen tr'all
vóllig a,nalogen Sachverhalt fiir beliebige ,f/ € tur und X1, Xr 6 fr:

[Me X1 A* Me Xt.*.,V*fi (#€rXr ** * H (u])
h* V* r(t Q*X2,-->*H(rj) n* Xr - * X2f : !.

[X,: *X,J,-r.*V*n (fr €* Xtn-,*H(a)) <--+*V* n(n€r,X,r-*,*f/(;))]: l.
Definiert rnan nooh ftir ff e wE:
- 3*l re H(n) : v*nty*n2(H(n] n* I{(n) *>unL :n n2),

so erhd.lt man ùber die Kommuúativitàt und Aseoziativitir,t von A'u und
lvogen

tL-rw(tzn*hj: $, 1:,nt2) -+*t, (h,lz,fuewJ
sofort fúr beliebige H € wE:

lil1X (iVfe X Afr,y V* x(s €*X ,-**f/(n)))] : t.

Litoratur

[1] D,Kr.*ue, lJber einen Ansotz zur mehrwe bigen Mongenlehre. Monotaber. Deutsch.
Akad. Wiss. Berlin, LtB-p,H:alb t2.

l2l -, Allgemeine ltfiengenlehre, Serlin 19S4,

Deutwlw Akaitemin der lf f,sssvs6h$ten, za Beú,ín,
F o r a chun g sg em eí.n whafl,
Inelítul flir lloíne Mathematik

SomePropertiesoftheNtirlunilPolynomialB@)

HerrnJosrNuszum60'Geburtstagem16.l0.tg66gewidrnet

By L. 0exxtYz of Durham

(Eingogangen am 23' 2' tS66)

1. Ir'ollowing Srrnaxr [3] we Put

(1.r) ,r: 
rÉ(- 

1)*-'-'(* ; 
1) 

t* + rl" '

SrnnlNr showed that

cr+s-'1: ;.:1Èà î c,(u\ (s, r
(1.z',)

where C, (c) is a polynomial in a; of degree s - I
I{e put

C,1*1 : È unr*r-n
í-r

: Lr2, B, .' .),

with rationgl coefftcients.

(f .3)

(r-4)

ar.r4 d.iscussed some arithmetic properties of úhe coeffi.cienús an,. Irt partioular

he proved t'he follorving fwo results'

Theorem "|", The d,enominatora of th,e coeffic'i,gmts an, contai'n no prí,me

d,iuisore erce'Pt 2-

Theorem 2. I! s - 2u 8', where s' i's odd" lhen

&io =0 (rnod' s') (ú : t,2, ' ' ' ' 
s)'

In addition Srnnexr showed that the a,is aÎe closely related t'o the 3mn-

NouLLr numbers Bo defi'ned bY

u : fr B-{.
eu-l Eo-nt

'I'hus for examPle

&ts:(s+r)!4 (e)1)'

t) Supported in part by NSF grant G?'5174'
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while for s )1 and ? s, priTe >s + 1,

(f.5)

.Carlitz, Some Properties of the Nórlund polynomíal Bf) Zgg

Indeed the firsú part of the theorem holds for p : B proyided. o is suffi-
ciently large.

As for the polynoníal B(-n) we may sla,te the following result which
contains Theorem 4.

Theorom 6, Lel p'@) rJenote the high,est pùwer of p that d,iuíd.es n! Th.en the
cofficients of

pv(r'+ml-"(n) E-si,
wlwre m : lnl(p - t)1, are óntegrat (mod p\.

The writer has proved [t] that í{

' k:dtvkr+...+t,pk,' (o#kt1kz1
'bhen p' Bf,) is inúegral (mod p) f or alr n ; moreover for certain n the exponent
cannot be reduced. It is of some interest to contrast this result with Theo-
rem 6.

2. By a Hunwrrz series (briefty f/-series) we und.ersfand a (formal)
power serieg of úhe t;pe

Htu): à"#,,

B,

In the present pa,per we first point out, the relatiouship of the numbers
Cft to the BsmTouLLr numbers of higher order defined by

l*J-'o 
€ qfi

\eo_ t) : F,oPh
and of the polynomial Cr(a) to the polynomial 4! defined by

lV\#sortu
W:T) : p,BY'"i'

The precise relationship is in fact,

c,(x) *tF#l B!-,t (s à r).(1.6)

By means of this representatíon we aro able to prove Theorems I and P

rather rapidly. Moreover n'e obtain some additional properties of. C,@).Pub

(1.?)

where C, (r) is a primitiae polynomial with integral coeffícients, that is, if

e ,WJ * E &i, *r-n ,
t-r

then
(ds, Q,2u eu\ : t-.

By Theorems I and 2 the denorninator d, is apower oî2. The exacl power is
detennined as follows.

Theorcm 8. Let 2'@ d,enote the higltnet pouer of 2 úhat dividcs s! and,let
2t d,enotethe highest pouer af 2 tlwt d,i,uid,es s(s + L). Tken

d', - ls-'(t)-t '
As fl, refinement of Theorem 2 we huve

îheorem 4, Let p be a pri,rne ) 3. Then tke coeffi,cí,enta of

It,o':?*f\'

1 s!

sts+ i) C'1t1 :iO"-"
areintegral (mod p) prouided, s * F -t. When s: p -L,howeaer,

Cn_r1n1 :t (mod p).

<2.r')

where the an are rational integers, 'We recall a few simple properties of such
'series. fn the first plaee sum, d.ifference or producú of trvo f/-series is again
an f/-series; if a6 : t 1 the reoiprocal of H(r)ie also an f/-series. Lei

{2,21

denote an If'eeries rvithout constant term. Then we have úhe usefui result
thal

I
(2.3J 

^ 
(Ht@l)h

is an fJ-series Îor Ic :0, !,2,. . . It follows from this result that if f/(r) is
an arbitraryf/-sories and II1 (u) ie of the lorrrr (2.2) then H(H1(r)) is also
.an /1-series.

3y the etatement
€ +.N € 

Ò:tur"i-Ebn!^, (modaa).
,!o*" 

'o ' nt() rt' t

is undersiood the system of ordinary congruences

d,n = bo (rcod na) (n : 0, t, Z, . . .).

lYe have the foilowing

H,(a): 
fr^,,|^

haae,
.'.':

we
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Iremma. I,f Et@), H2@) a,re H-series withaut conxtatú ter"ms suck

flùút

12.4',) III@J: Hú*) (mod na)

and, H(r) i,a an arbitra,ry H-serd,es, then

(2.5) H (Hr@D = H (H2@)l (mod'rn) .

Indeed it followe from (2.4) that

Hz@J*HL(s)+mHs(n),

where tro(r) is an f/-series wilhout eonatanl term. Then if I/(lr) is defined
by (2.1) we have

H(Hr(")): H(Ht(c) + mHs(nl)

&o'o ,Lr t^\ | - rr /-\\rù: 
àntFt 

(a) + mHn@l)"

: fi+ ,] f\(H1@))jm"-!(Ho@))n-rfrontír\it
& tVt@))ì (Ho@l)o: Eor*omÈ\-'i,k-o jl kl

- fr oo !Y'JPY- - H (H 1@|l (mod na).
J-^ ' j!

This evidently proves (2.5).

8, We $now reúurn to the definiúion of lhe Niirlund polynomíal B*l
[2, ch.6):

I u \" @ ..u"(3.1) l-+-l: EBfr"-.;\e'- rt n-o ,b:

ft, is clear from (3.1) that
(3,2) nl4? @àrl.
Also by comparison with

(B.s) 
en_-f 

: 
i"",0;',

we have fr) : B*.
It is easily vsrified, using

(a.4) fr.etru;fn;:

(3.3), that

, au-t
loE **.*-v

' Cerlitz, Sorne Properùies of the Nórlund Polynomial 8[c]

Thus (3.1) becomes

{8.6} "*o {' fr r- \,8+1 ,} : fi 4;"t!,.| #L' n nl) ,7o " nl
ff we put

{3.6) B@t: tbi,rft;'t-í+t fuèrl

it followe t o* fg.; thnt

{8.?) bnn : ? \* !.,, (n >r)

I
and lsince Bt :- :) 

IÚ

\ 2l

(B.e) b,^ : ;, @ àr)J.

Inthe next place, if w'e differentiate (8.1) with r.espectrto y rve get

È u:,-:l?",: "(-:-.\-'I 
eu 1\

so thar, 
,, -o 

:í 'n'. 
" \v- ;) \r'- r - y)'

6 
!-"t : *( g -\-" ( o* -r\8"8,. vt \er-rr \su-l. I

: . 
à,4;rY;,_fr^t- 

rt'r,#.

Equating coefft.cient's of g" we get [2, p, f a6]

(B.s) n Bf, ,t : * 
àr-u' (r\ 

B, BL!ì .

It ie evident that (3.9) contains both (3.7) and (3,S).

4. By {1.1) we havs, fot h /L,
k-t rt. 1\Ci: E (- t;''-, -o l.'- - 

) (r + L\"

ì=;, t i *'',: 
k ,4 

(* r)r-'-'(u i tJ t'+ 1)"*

1 n ,r^\: 
k ,^8, 

(_ 1)__'(;),"."

30f
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so that

fr rr, !n*'.,. : I *,-t)--'f1J fi{'!,"" (n I llt 
l*;' 

-' 

. 
,,ro(,r, n!

: I ft (- 11*-tl'" I p6u - 1"J
k Íl' -' \t/'- t

L: 
,(ea - 

L)o

f Ít, * i\r:î\''o 
)

:rf ; s:,-o{.
h ,7=o '' n!

Equating coefficients of y"+ t we get

o'; * r -tlr-ll iit BttÌ *,;

replacing nhy n + k - I lhis becomes

(4 r) c;**-, :!Tr!.:\)! p,,-r,.

Since, by (t.2),

C1** -' : -9'+ t) ! C"(tt) jm.nt (n + t)l
(4.1) becomos

(+.zJ c*(kJ::q: :MBro,
SÍnce (a.2) holds tor t, J !,2,3,. , . we have the polynomial identity

(4.3) c,,(,t) :yvlJ: 4-*t.

Thus with ao,,O*nr,*J by (1.3) and bo,defined by (s.6) we see that

({.4) dùu: n(n * I)lbín.

In particular it follows from (3.7) and (3.8) fhat

$.il &r,n : (* t)"(n I L|! 8,, (n >L|
and

ú1,,:!Y:t,t)l @ ?\,

, Ca.rlitz, flome propertie o of the Nórlund Folynom ial By, B0g

5. It is conveniont to puf
(5.f ) P*(xl : n! RlJd,
so tha,t (4.8) becomes

(5,2) C*(n) :n{n *.1) pu{n}

and {3.9) implíes

(6 4) pn.,n) * . 
É,i_ 

l)i (,)!;:;\l o,r.-0o,.

Multiplying both sídes of (r.B) by n + 1we get

(6.4) (n + tlporl) : * i1(- 1)i (7\ ,!r !.1L.- r,i-r '\jln(n-i+r1t--'
x(n-i+tllP*_i@\.

we shall prove that the denominators of the coefficienús of

(n + LIP*(xj:?cn\Y){5.5)

contain no primes except possiblyl. This wiil be proved. by induction on ??.
n'ot ra: 1 we have ZPr (r) - *- A$surning that lhe above assertion holds
up to and including fhe valus n * L rye make use'o{ (5.4}. we shall also
require the Srnunr-Cr,euspN theorern :

(5.6) 82,,:Grn- y ! @:>O),,-îrn P
where Gr,rit an integer and the sumrnation on the right is over ail primee p
(including 2) sac]n bhat p * rl z m.. Now let, p denote an arbitrary od.d.
prime. Then it is only necessa,ry to consider ihose values of j in the right
member of.9.4) such that p - L 19. The quoúient

(n_+ tt t i-2' t i-1
n(n - i + f:: {n' t u g @ - s) : ; g ln -'+ t}.

tr'orj * p - I th*bínomial coefficienú

(n \
\P-rl*o (modP)

unless n = p - r (modp); in this case the preserrce of the Jactor n + t
neutralizes fhe prime p in the d.enominator of Bn-r.For J : t{p * r),
t>L, p ) 3, lhe product oîj - 2 consecutive Ínúegers

4-'

IT(n_-sl
(4.6)
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is divisible by (j - 2)l Since i - 2 2 2 p - 4 à 7t, theproducú isdivisible
by p. Finally for gt : 3, j : 2 t,t 7 2,wehavai - 2 : 2 t - 2 Z 4, whieh

implies dÍvisibiiity by 3 so that we need only coneider the case P : &,i : 4.

The coefficient to oxamine is

ln\ ln * t'\ 
'I ".1 

ln + Ll{n - L){n* 2) * | 
-', -l (" - 1)tn- 2) {ru - 3)

\4/'. r\ '\ \ & I'
: g (rnoit 3).

Thjs compietes the proof of the assertion about fhe soefficiente of P,, {c)
and theretore prov€B Theorems I and 2. It aiso gives some information about

the possible odd prÍme divisors of the denominators of the coefficients of

Pn(a),namely a necesge,ry condition that an oddprime p have lhis property

is fhat pln + 1. We ehall however obt'ain a, mole precise resuit below.

6. We now determine the power o{ 2 occurring in the derrominator of

Pr,(*)" More precisely let e(ra) denotq the smallest ínteger such that the

coeffioients of the polynomial

(6.1) P*(*J - t'('tttiPnlnl

have ocld denominators. We ehall make use of (3.5), which we rewrit'e in
the form ( € R *?:l-F--o*'?"{.(6.2) exp { 

* r | (- LJU :-u +l : E sÍ!:;!; .

r *or, n ntl_;7o_,, nt
llTow F 

_ B_ Z"?tn fi Br" ?'"i'"E t- rf t*- : o * ,!, z* tz*lt.
For ru:, ;; *- t z;z- *'for n, )1 we have-3

ry*: o (rnod z).
Zn

Thue

fr e r)"!zT{ = y +Y: (mod 2).

Apptying ;:;'*; u"orl'r,, ,nr--rlr* rotto** rrom (8.5) that
É 2oan = frUr* {l\tEW' *, #úkt\-' zl

Canlitn, Some Properties of the Nórlund polynomial B!fl) g0í

which yields

(6,s) 2oBo@) =,8*{{r}rr. .. (ni -tIrù-r (mod z).

ft is now easy to evaluate e (nj as defined by (S.f), Put

u (n) :u tn,z): [+l .+ [31 + ...,
L't J Lz"J

so that 2u(n)lnl,2'tnto'lnl. Then comparing (5.ti with (6.1) and (6.8)
we get

(8.4) e{n}:n*v(nl.
In the next place if

(6.5) 2t I n(n + 1), tl+tf n{n l- Il
and we define

(6,6) f(n|:e(nJ -t +10 -u{n) -.-t,
then iú follows from (5.2) and Theorems 1 xnd. 2 that the coefficients of

16.7) zr@j},,(n)

a're integers arrd hharf (n) is the minimumexponenúthat has thls property,
I{or example, wo have

&:5, t{5}: $, t: !, f(é) * 1,
lL : 8, v(6) - 4,, t : t, /(6) : l,
tt, : 7, t(7) : 4, t - 3, Í(7) : A,

in agreement with Sssralrr [3, p. 185].
It should be noted frhat, f {n) nray'be negative. For example

/(+) : 4 - 3 * 2: -1.
Indeed,forú*0,

Í(2!J : 2t - {2t*1 + ".. + 1) _ t : L _ t,
Í(2,*, + ?tJ :2,*r f gt - 1gt*t + 2t * Zl - t :2 - t,
f{Zt*' + Zt} : pt+z 4 2t - qfl+t + Zt - U - f : 2 - t,

and so on. rt would he of someinterestto de,termine all m suphthat/(ra) { 0.
In this connestion we remark that iI

n -* Itrn, Zl m, t > 0,

ùhen we find that

f@l :nt * v{m) - t : f(m) * t * t',
where *'l**L,2t'*r t m-l1. Thus for fixed add m, f (z,rnl {0 provided ú

is sufficiently large.
g0 Mùth. tsashr. 19S7, Bd. $3,1I. S/0

-ào,F,(')+
: fiq" r,--.. nl i,-j- ,ît nl tfruli jl {n - Li)l

(mod 2),
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7,lleb p denote a fixed odd. prime and lct e(n): e(n,p) denote the
smallesú Ínteger such that the coefficienús of úhe polynomia,l

(?.1) F*(*\ : p4r\ P*(*)

a,re integrat (mod p).
To begín with we shall examine several special c&ses. First, for n : p - 7,

(5'3[ beeomes 
D-t t ^

pn-r@) :'*'fi ? \iln l tì 
-9- 

2Y-:- 
Brp,,-t^i@\.#r' '\ i l@*1-i)l

Applying the Sreuor-Cr,ausux theorem rve have at once

(7 .2) F Pe- r(rJ : - r (mod p).

Thie evidently implies

(7.3) e(p - 1) : I

For n: p we ha,ve

(7.4) po{r) : . 
É^(- 

,)r (,)i:, _iliu,r,.,t"t.
terms for which j : L or p - 1 requite exaurination. llor j : I w'a

- (í) BtPn-,(*) : f,nr,-,(*) = -+" tmodi)

by (7.Z).Forj * p - l we have

(r: ,) tu * \t Bo*, Pttp) = Pt14 =1rr (rnoitp)

by the Sreunr-Cr,Aust$ theorem. 'We have therefore

(?.5) Po{n} - 0 (mod p).

This result shorpe only that e(p) 5 - 1. However by (3.8) and (6.1) the
coefficient oi. uî in Pof,a) is equal ta - pllTe und therefore

(7.6i e$tl: -r.
tr'orra:p+lwehave

, = n'E' ,- u, (e I t) ., l\.- ,, , B, Pr-,*,(u).
i-t t i l(e-i+1)!

The terrns for which i : L, 2, p * 1, p + I require examination. We hnvo,
forp ) 3,

Carlitz, Some Propertiee of the Nórlund Polynomial B,f) 30?

-(n 1t) 
",Pn=0,\r I

l": 
t) 

pBzpn_,{a;) = o,\2 |
(n+tt^t
\e - rJ ít' Bn-1 P2 (r) : o 

'

{n+tt
w + l?l Bo*' P6(r) - o'

so thal
(7.1) Pn*t@) = 0 (mod p) lp > sl,
Thus e(p + 1) 5= * L Since as above fhe coefficient of u?+r in Pr*,(r) is'
equal to (p * rlllzP it follows that

(I.8) e(p+l):-r (p>3).
Iîot F : 3, however, $,/e have e (4) : 0.

Continuing in this way \ye show fhat

(7.91 P,,(n)-0(modp) (pSn12p - 2)

and indeed

(7.10) e{n\: *1 (pSn{2p -21.
!'or m : 2 p - 2 it follows from.

prr-r(c) : *T'e \, ('n - z\ 
-(zP:-11i'r r i ltzP-i*z)lB'P,o-i-z{rtl

that

(7.1t) ?ro-r14=f,r
so that

t7.1,2J e(2p-2J:Q (p>?1,

Indeed. (7,11) and {7.12) hold a,lso Íot 7t : 3.

Forrz=-2p-lweffndthat

P,,-,(c) - (' í :J ) 
ft e : z\ 

Bn-, P,,(a) imod p).

In view o!. (1.5) and {7.6) it follows that

(?-13) elzp - 1) - 0.

8. \fe now consider the general gase. As rve have seen in $ 5, the coeffi-
ciepts of (n * L| PJx) are integtal (mod p), rvhere 7t ia any odd prirne, Îhue

The
have

{p} 3),
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iI' p'lE úhe highest power of p dividing ra + 1, it foliorvs that the coefficients
of. pt Po@) arc integral (modp). Thur wé have

{8.t1 elnJ < t.
Returning to ($.6) we wrÍte

€ ntf,(8.2) E Bl;"k * oxp {nF(ù * o?(y)},
whgrg 

n'o 'v L

r (s) : fi oy- - ?n'o-" ,-. .#, n(p - tl (n{p * t)) !

(](y): if- Y"!2ui .

,r1' -I n nl.'
Plut 'Yr'! : tr,

r(yt:f(,): g,#*wr+ry.
Then

Í(pz): fr B,*'o-'L , !"n'l' --t.
since 

ffi n(P - t) ("(p - r|)! nl'

(n P)l p"nl rr-r

6o:ffi:1"fu IIwn-i)
pfn

it follows úhaú the eoefficients

Bn(.o-^, 
-- P"nl.;6466:Ú tu:t,2, s, "')

are integral (mod p), so that / (7t z) is an rY-series I moreovor the first eoeffi -
cienú

Bo-'=, n,,.=-1
p-I(p-L)l-

Carlilz, Some pyepslties of the Nòrlund polynomial Bfc) S0g

is primiúive' (A p,olynomial is prírnitive if ali its coeffcients are integral
(mod p) but,noú all are divisibte by p.)

Put

(8.6) exp {r G(y)}: É r,WYít.

we recall that if 'p- t n aot; * ,t n, then, p-, Bois integrar {mod p), con-sequently G(g) is an .I/-series and therefore the coefffcùnts'of wo'1*7 uruintegral (mod pi. fndeed Wo@) is primitive since its highest coeffi.cienr
is 2"".

By (8.2), (8.si, (8.6) we have

(8,6) Bl-", rt I n \ -r,,- .,h\W .. ..1: 
*'\i@ _ q) ar@-D@)Wn-ite-rt(r).

As we have seen above the coefficients of vn*_u(r) in (g.4) are inúegral
(mod p). It follows thaú the coefficient" ,f ;àEi:J,'uru inregral (modp),
u'here 1o* is the hÍghest powqr of p dividing

I n \-'úJq.1!)-! _ l* ar\-' (n + i)l\j(p-r)l uplt -\iel-;r.
Tlrus iÍ pt(n) is the highest power ot gt rhat divid.es n! then certainly the
coefficientÈ of

(S.7) pe(k+nù-e(nt 4-ù ,

where m : [nl@ * r)], are integrar (modp). This evidentry compreúes theproof of Theorem 5.

Comparing (S.T) wirh (7.i) we get
(8.8) e{nl { y(n + m) - za(n).

To illustrate {8.7) talr,;e n:pk _ i, so thu,t m:(po _ l).(p _ i) and

t(n):r=-lc:m*h,p-t

r(n + m) : pk*, + zph-z+ .. . *h:.q?-:f .p-7'
t,(n + m\ - u (n) :m !-{rt - ?J k 

.
1t -7 '

to that
p(n + m) - z a(n) 10 (p > B).

We shall now show that, for p > g,

(8.9) z,ln + r,L) S 2v(nJ,

(mod p).

If we put

(8.3)

then

where

(8.4)

exp {o F(ù}: fr a-.- ..t*t-{'*!'
î+-o nl'-rl'*' (*(e-: 1ll1

a -- m*nt 2,,exp {*f (p zI} : E u^r-,t@};# -,lo 'n/ "' ' (n(P-t|'11 nl'

Vuro- r,(o) : Unro-..(r: ---:{nl -'tt\*t (;(p - q)1.



s10 C,nrlitz, Somo SroperÉies of tho N<irlund Polynomial Bf)

where 
?ù:'ttu(p-L)+a (osa ltt-rj,

exeeptwhenm:l,a:0.
Eor rn : L, L 5 n 1 p - L,we have

y(n -F mj:v(p + eJ: I, a(n):y(p + a - l.) * I.
We ma.y accordingly e$$ume lha,t rn,; l. Next for I q rn<p we have

r(n,*ml:p(prn + &):m, a(nj:v((p - 1)m * a) 4m * t,
so thaú v(n + rnJ * m { 2 (m - l) { 2 u{n}.

We now aesume t}ral m t p. Put

rn : do* afl +'.' * er?' (0 5at<pi0 lerJ.
It we write (8.9) in the form

i,(pm + aJ É 2y ((p * L)m f a),

it is clear that it suffices to take a : 0.
To evaluate, {(p - L)*) we wríte

L\m\: #tV-jal: í[l ml

;, t F--J- ,* LW=t- fl
Sirice

I n ml'
L;;-Flàat-t*a# + ''' *&,'p'-i*'

it follows that - tei + ùj+tP + "' 1 a'pt-i) - L'

"({p-tlm)àm-r-t,
On the other ha,nd

v(n + 'iol : r,(p ml : wt, * a(mJ : * + T";Y$ ,p-\
where B(nt) : o,oI6t. * . -..+ a,. Thue it suffisBs to show that

g-:IWSz@ _, _ Ll;
7t-t

that is, since ,$(na) 21, to
(8.10) tp - 2)nx>,2(p * t) (r + 1) - 1.

Since m Z p', r Z l, p > 5, we have

tp - zlm - 2lp * tl(r * t) + I à (p - z)gr * L)

2 (p - t) (r + 1) + r -2(p *lJr - {p - r) à 2 (p * tJ
*{p*tl-F_s>0.
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'l'his evidently compleles the proof of (8.0), Also it is clear from the above
proof thaú (8.9) holds when fr : 8 provided. r 2 2.
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