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296 Klana, Ein Ansatz zur mehrwertigen Mengenlehre

also
1—|2€, X, —H@|z21—-{ - X =,X,+ |2 €,Xs— Hz))}
=t =26, X, —H@)|+X; =, X, ~ 1 :
1— ix(:sz——H(.x)l =1 —-{1—-X,=,X+|ve, X~ Hx)|

: =1~ |z€, X, —H@)|+X; =,X, — 1, ’

also
- p ies of drlund sal B@
i?}, (1 — |2 € X, — H @) ) Some Properties of the Norlunc Polynomial B;;
=X =,X,—1 +igg (-2, Xy — H@)|) Herrn JosEF NaAs zum 60. Geburtstag am 16.10. 1966 gewidmet
;{lg (1 —jx€, X, — Hx)|) By L. Carrirz of Durham
=X =,X,—1+ 195 (1 —|z€, X, — H@)), (Bingegangen am 23. 2. 1966)

also i ‘ :

X = 1. o LjE
1= Xy~ 15 l'gl}f (1—lze, X — H@)|) 1. Following STEraxt [3] we put

—inf (1 - |2 €, Xy — H) )]

= = i wa (%‘ Gw Xl P [I(I)) - wa(l' ew X.’. S ]{("))l ‘

k-1 ]C
(1.1) 0;;:)_‘](#-1)’6-"8( . )(s+1)”.
s=0

Sterant showed that

Man bemerkt beim Beweis von Satz 6b), daB b) fii iebi
. ) T ¢ ) iir beliebige X, X, € F Y
gllt Satz 6 liefert hinsichtlich der Extensionalitdt den zum klassischen Fall (1.2) G-t = (T :I_-_s) _Ofx) (s,7=1,2,3,.. D,
v6llig analogen Sachverhalt fir beliebige H# € w” und X, X, € B: s-sl(s+1)!
where C,(2) is a polynomial in & of degree s — 1 with rational coefficients.

[Me Xy A, Me Xy.~>., V¥, 2 (26, X, ~—, H(x))
AV (2 €, Xogeo , H(®)) ») Xy ==, Xy] =1
[Xi= 0 Xy 2 Vo @ (T €4 Xy <, H(@)) <, Vo @ (1 €,y Xy, H(z))] = 1.
Definiert man noch fiic H € w¥:
3! % H(z) = ¥, 2 Vo, % (H () A” H(zy) >, 2 =, 2),
f:egrhé,lt man {ber die Kommutativitdt und Assoziativitit von AY und
o1

He put
(1-3) Gx(x) = Ea'is .
i=1

and discussed some arithmetic properties of the coefficients a.

he proved the following two results.
of the coefficients a;, conlain no prime

In particular

Theorem 1. The denominators
divisors except 2.
b o (b >y bs) = (b AV ) =t (t1,ty, 8 € w) Z; , e o o
sofort fiir beliebige H € w*; Theorem 2. If s = 2°s", where s" 18 odd, then

(3! X (Me X AL, V¥, 2 (x €, X <, Hz)))] = 1.

a,, =0 (mod ") (6 =1,2,...,8).
In addition STEFANT showed that the a, are closely related to the BEr-
wouLLl numbers B, defined by

77‘1!”— = Z ’Bn y

y -
e/ —1 =0 n:
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298 Carlitz, Some Properties of the Nérlund Polynomial B&

while for s >1 and p a prime >s + 1,

s- 8!

(1.5)

- p+s-1
s =

E(p a1 % (mod p).

C% to the BERwOULLI numbers of higher order defined by
Eooeo

Yy Y-
(eﬂ’ = 1) -3

Nn=0
and of the polynomial C(z) to the polynomial B defined by

ot
BmY_
» !
7!

2/ k4 L] yn
Y )= 53ypw¥
(e” -1 ) ");_{)7 " on)

The precise relationship is in fact

(s - 1)!
0 8 (a,) == i_(ij,,é)ﬂ Bé -2)

x

(1.6) (s 21)

By means of this representation we are able to prove Theorems 1 and 2

P 10}
—0,@ =4,

&

(1.7)

C-lx(x) = j’ais xs_i’

el
then d
(Ggs Qagy v ooy ) = 1.

determined as follows.

2" denote the highest power of 2 that divides s(s +1). Then
d = 2-3—#(8)—!
; .
As a refinement of Theorem 2 we have
Theorem 4. Let p be o prime > 3. Then the coefficients of
1 s1 .
e O () = — BC®
(s + 1) T
are integral (mod p) provided s = p — 1. When s = p — 1, however, we have

C,_ (@) =1 (mod p).

In the present paper we first point out the relationship of the numbers -

rather rapidly. Moreover we obtain some additional properties of C (). Put -

where C () is a primitive polynomial with integral coefficients, that is, if =

By Theorems 1 and 2 the denominator d, is a power of 2. The exact power is

Theorem 3. Let 2’ denote the highest power of 2 that divides s! and let
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Carlitz, Some Properties of the Norlund Polynomial B

Indeed the first part of the theorem holds for p = 3 provided s is suffi-
ciently large.

As for the polynomial B{™® we may state the following result which
contains Theorem 4.

Theorem 5. Let p"™ denote the highest power of p that divides n! Then the
coefficients of

+m) —v(n) P(—1
pv(n n) —v(n Bn r):

where m = [n)(p — 1)], are integral (mod p).
The writer has proved [1] that if

b=+ a0 (0Sk<kh< - <k;0<a<p)

then p” B® is integral (mod p) for all n; moreover for certain % the exponent
cannot be reduced. It is of some interest to contrast this result with Theo-
rem B.

2. By a Hurwirz series (briefly H-series) we understand a (formal)
power series of the type

Hz) = f’anx—

7
]9
a=0 n!

(2.1)

where the @, are rational integers. We recall a few simple properties of such

series. In the first place sum, difference or product of two H-series is again

an fl-series; if @y = £ 1 the reciprocal of H (2) is also an H-series. Let

H 1 (.’,U) = 2’ @,
LS

N

{2.2) e
n!

denote an H-series without constant term. Then we have the useful result
that

{2.3) (H ()"

1
k!
is an H-series for k = 0, 1, 2, . .. Tt follows from this result that if H(z)is
an arbitrary H-series and H, (2) is of the form (2.2) then H(H | (x)) is also
an H-series.

By the statement

o« x" oo ﬁ;ﬂ-
—_ 7
Yo, = Xb,%  modm)
=0 nl n:

7=
is understood the system of ordinary congruences

a, =b, (modm) (n=0,1,2,...).

We have the following
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Lemma. If H, (x), Hy(x) are H-series without constant terms such Thus (3.1) becomes
i that ' .
; ' | o n Bi y" c - ‘y"
(2.4) H, () == Hy(x) (mod m) {3.5) exp 1z 3] (= Ay'- %5 b= FTBIAI .
i . ) : =1 n on nm n!
5 and H (x) 15 an arbitrary H-series, then : If we put

©H ) = H (Hay 1m). : ‘ n .
(2.5) H(H @) H{H,@) (modm) : (3.6) -+ BP= )b+ (n =1)
' imed

Indeed it follows from (2.4) that

Bt e G B, it follows from (3.5) that

. where H,(z) is an H-series without constant term. Then if H (z) is defined (3.7) by = (—1)" =" (nz1)
by (2.1) we have : A
i : . 1
H(H,(x)) = H(H,(x) + m Ho(x)) and (Smce By = -~ 2)
:i: - a’n :
= —(H m H " 1
ngﬂ' m( (@) + m Ho(z)) | 3.8) b= (n20).
‘ = 2: ". 2( )(H @)/ m" I (Hy ()" In the next place, if we differentiate (3.1) with respect to y we get
(Hi (@) (Ho)* e TN R S
= Z’a‘iwmk'”'j!' [ ' Z’B”“ ol = " e’ —1 e—1  yf’
(Hl () ) so0 that

= L H(H (z)) (modm). ,
i ! (- x)J R O N L
Z’nB ~£(ez’—-1) (e”—i 1)

This evidently proves (2.5). '
: &5 - j
3. We now return to the definition of the Nérlund polynomial B -z Y B¢ r) Y 2( 1y B}}/_'
[2, Ch. 8): n=0 J—xl J:
. " Equating coefficients of 4" we get [2, p. 146
(3.1) (;%..1.) s B;f)yi, quating y" we get [2, p. 146]

e n!

(3.9) n B{ Z’:xE(-—-l)J( )BB‘ 9,

It is clear from (8.1) that

)
(3.2) x| BY (nz1). It is evident that (3.9) contains both (3.7) and (3.8).
Also by comparison with 4. By (1.1) we have, for k =1,
) y o yn : ot b1
K et — B - n . 7
@8 ay= LB , 0= (— 1y ( . )(s+1)
. ) = o
we have B) = B . § k-t
n n . s AL oA ytd
1t is easily verified, using (3.3), that Tk g; (=1 5(5 + 1) ety
= B,y & —1 1 ¢ k- (10) ”
3.4 AP op . s M (=} T
(3.4) 2( ) i g v . ert ( } g

e
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so that

eo yn+4 1 k k—s(k) o s?lyn

Ton & =t —1 7

n%{)O"(n-i-l)[ kg;:( ) 8 ”f:: n!
1k kY

g (e

s=1 8 )

Equating coefficients of 4" +!
(n -+ 1)!

B

ve get

n

replacing 7 by # + k — 1 this becomes

_n+ E)!

R

-k
BB,

Since, by (1.2),

{4.1) becomes

) !
(£.2) Cn(k) S e

Since (4.2) holds for & = 1, 2, 3, . . . we have the polynomial identity

+l
(4'3) On (m) = ?lgﬁ__.___)__ Bi{ll)_

xz

Thus with ¢, defined by (1.3) and b,, defined by (3.6) we see that

(4.4) a, =n(n + 1)1d,,.
In particular it follows from (3.7) and (3.8) that
s Gy = (— 1" + )1 B, (n Z1)
and

nn + 1)! -
(4.6) Oy = e (n =1).

Qarlitz, Some Propertics of the Nérlund Polynomial B 303

5. It is convenient to put

(5.1) P,(@) = n! B{,
50 that (4.3) becomes
7(n -1
62 cw=""")p

and (3.9) implies

n N (n - 1))
5.3 Pya) =2 X (—¥{ ) "L B P ().
( ) n(a‘) /bj_i ( ) (j) (71 . J)’ 7 ng)(’l‘)
Multiplying both sides of (5.3) by n + 1 we get

. d n (m + 1)!
(5.4) m+UPmmxiww{)WMfw-A
' A i/ nin — g + 1)1
X(n—j+ 1) P,_;{x}.
We shall prove that the denominators of the coefficients of

(5.5) (n + )P, (z) = “Cn(®)

contain no primes except possibly 2. This will be proved by induction on #.
For n = 1 we have 2P (z) = 2. Assuming that the above assertion holds
up to and including the value n — 1 we make use of (5.4). We shall also
require the STAUDT-CLAUSEN theorem:

(5.6) BZn = G‘m - E 71’ (n >0),

D~1|2n »r
where Gy, is an integer and the summation on the right is over all primes p
(including 2) such that » — 1| 2n. Now let p denote an arbitrary odd
prime. Then it is only necessary to consider those values of j in the right
member of (5.4) such that p — 1]4. The quotient

(n 4 1)! i=2 1 -1
win i DI —s) = 5107 (i = 414,

For j = p — 1 the binomial coefficient

n .

unless 7 == p — 1 (mod p); in this case the presence of the factor + 1
neutralizes the prime p in the denominator of B, . For j =t{p — 1),
t>1, p >3, the product of 7 — 2 consecutive integers

5=2

[T (n—s)

8w
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is divisible by (j — 2)! Since j — 2 = 2p — 4 = p, the product is divisible

by p. Fma,]]yforp~ 3,5 = 2¢, t>2 wehavej — 2 = 2f — 2 = 4, which

implies divisibility by 3 so that we need only consider the case p = 3,7 = 4.
The coefficient to examine is

(Z)rnw)(n—i)(n»—- m("ji)mw)(n—m(n—w ,

=0 (mod 3).

This completes the proof of the assertion about the coefficients of P, (x)
and therefore proves Theorems 1 and 2. It also gives some information about
the possible odd prime divisors of the denominators of the coefficients of
P, (), namely a necessary condition that an odd prime p have this property
is that p|n + 1. We shall however obtain a more precise result below.

6. We now determine the power of 2 oceurring in the denominator of
P, (x). More precisely let e(n) denote the smallest integer such that the
coefficients of the polynomial
(6.1) Pn (@) = zg(”):Pn(x)
have odd denominators. We shall make use of (3.5), which we rewrite in
the form

2?11/7!

6.2 : B® 7.,
(6.2) ' ’éo’ i
Now

an 22n y
2’ 2n (2n)

n=i

Tl
Applying the Lemma of § 2 it therefore follows from (3.5) that

n

Y7 g@
oSS

n=0

th
4 2_,,
n'

2 (mod 2),
1,72, 275! (n — 29)!

Carlitz, Some Properties of the Norlund Polynoial B& 303

which yields
V(4
(6.3) 2"B,(x)= ) (‘72') 1.3...(2) —1)a~7 (mod 2).
2Gzn \&
It is now easy to evaluate e () as defined by (6.1). Put
. % n
Y(NR) = 5 2) = | — Fa P
o =vin = [2] +[2] + -

s0 that 2°® |nl, 2™+t i Then comparing (5.1) with (6.1) and (6.3)
we get

(6.4) e(n) =n —v(n).
In the next place if
(6.5) Alam+1), 2744 an -+ 1)

and we define
(6.6) fry=-c(n) —t =n — v(n) — ¢,
then it follows from (5.2) and Theorems 1 and 2 that the coefficients of
(6.7) 27C,, (w)
are integers and that f(n) is the minimum exponent that has this property.
For example, we have )
:’,L = 5! '”(5) == 3} { = 17 f(5) = 17
n==06 »(6)=4 t=1, f(6)=1,
7 v(7) =4, t =3, f(Y)
in agreement with StEFaxI [3, p. 1357,
It should be noted that f(») may be negative. For example
J4)=4—3—2=—1,
Indeed, for ¢ = 0
Y =2 (@' 4. f ) —t=1—4,
f(2l+l o 21) 9ttt \+ 2&__4 (2t+1 -+ 2£ o 2) e B oz B f,
f(2¢+2 4 25) — 2t+2 + ot (214-2 + 2: . 2) —f =9 _ t,
and so on. It would be of some interest to determine all » such that f (n) < 0.
In this connection we remark that if
= 2m, 2tm, £t>0,
then we find that
fn) =m —»(m) —t =f(m) —t + ¢,
where 27| m+1, 2°*' ¥ m 1. Thus for fixed odd m, f(2m) <0 provlded ¢
is sufficiently large.
20 Math. Nachr. 1967, Bd. 33, IL. 5/8

n

Il
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7. Let p denote a fixed odd prime and let ¢(n) = e(n,p) denote the
smallest integer such that the coefficients of the polynomial :
(11) P =" P.)

are integral (mod p).
To begin with we shall examine several special cases. First, forn =p — 1,
{5.3) becomes

Py_y(@) —sz 1)’( _1)
J
Applying the STAUDT-CLAUSEN theorem we have at once
(7.2) pP, (®)=—= (mod p).
This evidently implies

(13) ép—1)=1.
For n = p we have
(7.4) P = sz’ ( )( 1)! B, P, ().
pu il @ —

The terms for which j = 1 or p — 1 require examination. For j = 1 we
have

1 <
—(f)Bif’,,-,(x): ZpP )=z (modp)

by (7.2). For j = p — 1 we have

by the Sravpr-CLavsex theorem. We have therefore
(7.5) P, (z) = (mod p).

This result shows only that e(p) =< — 1. However by (3.8) and (5.1) the
coefficient of a” in P, (x) is equal to — p!/2” and therefore

(7.6) e{p) = —1.
For n = p + 1 we have
241 + 1 p|
Brale) = o (=Y ( j )7(W—J+1) Hife-nillly

The terms for which 4 = 1, 2, p — 1, p + 1 require examination. We have,
for p > 3,

Carlitz, Some Properties of the Norlund Polynomial B®) 307

so that
(7.7) Pp“(w) = 0 (mod p) {p > 3).

Thus e(p + 1) £ ~ 1. Since as above the coefficient of 27+ in P, (x) is-
equal to (p + 1)1/2? it follows that

(7.8) e(p+1)=—-1t (p>3).

For = 3, however, we have e (4) = 0.
Continuing in this way we show that

(7.9) Pz)=0(modp) (p=n<2p—2)
and indeed
(7.10) e{n) = — 1 (p<a<2p — 2).

For n = 2p — 2 it follows from

e -2 209 — 3
Py, 4(®) —LZ _1)7( 5 ) (2p =3 B,Py, ; ,(x)

(2p—j—2)!
that
i
(7'11) ])27)A2(m) = ) x (p > 3))
s0 that

(7.12) e(2p—2)=0 (p > 3).

Indeed (7.42) and (7.12) hold also for p = 3.

For n == 2 p — 1 we find that

2p —1 (2;0-—2)
Py =T PRI, B@  (mody).

In view of (7.5) and (7.6) it follows that
(7.43)  e(2p —1) = 0.

8. We now consider the general case. As we have seen in § 5, the coeffi-
cients of (n - 1) P, (z) are integral (mod p), where p is any odd prime. Thus
0‘
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if p'is the highest power of p dividing # + 1, it follows that the coefficients
of p' P, () are integral (mod p). Thus we have
(8.1) e(n) < t.

Returning to (3.5) we write

oo n
®2)  FBEOL —exp o Fiy) + 200,
=0 g
where
= B n yn(p—i)
Fyy= 3 Do YT
W= & ) T

Y(y) = _qpa
G(y) n,g' e oy

Put 4?1 = 2,

_ - - _{gj!t(,;ﬂ,. o
o =i = 2 w1

z?l

Then
_ S Bup-n p'n! 2
TR = =0 =Tt ml’
Since ‘
(n p)! B p"nl 7 .
o—1) ~ frip—ay1 [ @ =
pfn

it follows that the coefficients

R N L m=1,2,3..)
n(p —1) (n{p—1))!

are integral (mod p), so that f(p z) is an H-series; moreover the first coeffi-
cient

B,_, P

—_——— = ] mod .

7 —Tip—1)i (mod p)
If we put

o; 1/n(if-—l)
8.3) exp{eF(y)} = Y Uppopy(@) T
(8.3) P {= F(y)} “%{) et )(n(p~1))f
then :
=) i p?ln! ?’l

exp {xf(p 2)} = n{,: Unip-1)(%) (n(p—1)) ) nl’

where
ptnl

(8.4) V1) @) = Upp_y, () -

(n(p — 1))

Carlitz, Some Properties of the Norlund Polynomial B 309

Is primitive. (A polynomial is primitive if all its coefficients are integral
(mod p) but not all are divisible by ».)
Put

'3
W, @2
0 n!

el

(8.5) exp {2G(y)} =
We recall that if 2" | % but p — 11n, then, p~" B, is integral (mod p). Con-
sequently G(y) is an H-series and therefore the coefficients of W, (x) are
integral (mod p). Indeed W, (2) is primitive since its highest coefficient
is 277,

By (8.2), (8.3), (8.5) we have

(8‘6) thz—z) = 2{7 (pn__ j)) Uif}’—i)(x) I'Vu—j(p—t)(x)'

g

As we have seen above the coefficients of Vaw-1 (%) in (8.4} are integral
(mod p). It follows that the coefficients of 2" B aze integral (mod p)
where p* is the highest power of p dividing

( B )_IU(?:}))!_(”+j)"[(’3'_i~?')‘
Jlp—1) Jp n!

?

Gl

Thus if p*™ is the highest power of p that divides n! then certainly the
coefficients of

(87) p”("+”!)~v(n) sz._ 2) )

where m = [n/(p — 1)], are integral (mod p). This evidently completes the
proof of Theorem 5.

Comparing (8.7) with (7.1) we get

(8.8) e(n) = v(n + m) — 29 (n).
To illustrate (8.7) take n = p* — 1, so that m — (P* — 1) -(p — 1) and
e
az(n):p = —f=m —k,
p—1

v(n A m) = pFt e ptt L

) — 2k
v(n - m) — v (n) = /m:_‘__gi,._)_’f
»—1
s0 that
v(n+m)—20m)<0  (p>3).
We shall now show that, for p > 3,

(8.9) v+ m) < 29 (n),
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where
n=mp—1+e¢ (0=Z2alp—1),

except when m = 1, @ = 0.
Form =1,1=<a <p— 1, wehave
vim+m)=r(p+a)=1, vn)=»(p+a—1) =1,
We may accordingly assume that m > 1. Next for 1 < m < p we have
vindm)=v(pm+a)=m, vn)=v{(p—1)m+o)=m-—1,

sothat ¥(n + m) =m < 2 (m — 1) < 2 v(n).
‘We now assume that m = p. Put

m=ay+ ap + -+ + a,p 0=ag<p;0<0a,).
If we write (8.9) in the form
vipm +a)y< 2v((p~1)m + a),

it is clear that it suffices to take @ = 0.
To evaluate v ((p — 1) m) we write

v(ip—1)m) = Ti'l [(“?:‘"9‘72} = 271[ = _;I

j=1

Since
- m m7 bt
PR R Z O TP+ P
=@+ gp + o+ gy — o,
it follows that
v(p—-1)m)=m —r— 1,

On the other hand

v(n 4 m) =v(pm)=m +v(m) =m -+ L ;S{—m) ;
where S(m) = a5 + a; + - - - + ,. Thus it suffices to show that
M(ﬁ?’);{ 2(m —r —1);
p—1

that is, since S (m) =1, to
(8.10) p=2m=2(p—D(r+1)—1.

Since m == p’, r = 1, p = 5, we have
(p—2m—2(p—1)(+0+120m—2@Er+1)
—2p—r+)+1=2(p~-B)r—(p—-1)=2(p—3)
“(}’*‘1):_@“5;0.
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This evidently completes the proof of (8.9). Also it is clear from the above
proof that (8.9) holds when p = 3 provided » = 2.
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