The Fibonacci Quarterly 1976 (14,5): 427-438
SOME SUMS OF MULTINOMIAL COEFFICIENTS
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Duke University, Durham, North Carolina 27706

1. Recent interest in some lacunary sums of binomial coefficients {see for example [2}, [3]) suggests that it
may be of interest to consider some simple sums of multinomial coefficients.

Put
.. _{i+j+k)!
(i, k) = “rier
50 that
(1.1} xty+z)" = Z (i, J, kix'y 2% .

i+j+k=n
Lete,, €, €, ==7 and define

So = Sealn) = D (ij K,

i,j,k even

Swo = Swln) = 9 (i k) et
i odd
[,k even
where in each case the summation is over all non-negative /, j, k such that/+j+ k= n, Since

100 = Soto = Soors Sorr = Sior = Stre s
it is evident from (1.1) that
(1.2) Sogo ¥ 8100 (€, + €, +€,)+ 8y, (6,6, +€,€ +€,6)+85,,,€ €, = (6 +€ +€)".
Specializing the €; we get
(1,1, 1) : Sogo + 35100 * 38110 # 81y = 3°
(—1,71,7) = Spoo #S100 = S110 =Sy = 1
(1, =1, ~1): So00 = Sioo = Si1o #Suuy = (—1)7

(—1,-1,-1): Sooo - 38100 +3Suo =S = (-3F.
Solving for the Sy, we get

854 = 3" +3+3(—1)" +(-3)"

8540 = 3"+ 1~ (-1)"—(=3)"
(1.3) 85, =3"—1—(~1)"+(-3)"

85, = 3"—3+3(-1)"—(-3)" .

Tabulating even and odd values of n separately, {1.3) reduces to

*Supported in part by NSF grant GP-37924X1.
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428 SOME SUMS OF MULTINOMIAL COEFFICIENTS {DEC.

Sou(2n) = %(37M +3)

Siwof2n) =0
(.4 S,ul20) = B3N — 1)
S, 2n) =0
Seol2n+1) =0
Sioof2n+ 1) = %(3M*1+ ]}
(1.5)

S..2n+1) =140
S, (2n+ 1) = 43+ - 3).

it follows trom (1.4) and (1.5) that
(1.6) Seol2n) = 8,0 (2n) +1, Swol2n+1) = S, (2n+1)+1.

We also have the generating functions

o

ey | 1 3 71— 7x>
S Senlnk™ = % (= *+ 72 )= R L o
n=0

oo

n - 3x x . 71— 3x*
L Sl = 4 (2 ¢ 25 ) = e
-

(1.7) <
_ 1 _ 1 _ 2x2
Z Suolnx® A( 71— 9x? 7 —x? ) (1 —x2)(1 —9x?)

n=0
o 3x 3x _ 6x3
L %S,,,(n)x" % ( 7—9x% 1—x2) (71— x*){1—9x%)
2. Letm > 1 and define
(2.1) Si/k = S/-g-,/?) (n) = Z (rstl,
r+stt=n

where the summation is restricted to non-negative r, s, f such that

r=i s=j t=k(modm).

il

We may also assume that
O0<i<m 0<j<m 0<k<m.

Clearly S;j is symmetric in the three indices /, j, k& Also it is evident from the definition that
2.2 St =0 (0 #i+j+k (modm)).

Hence in what follows it will suffice to assume that n = /+/+k (mod m).
Let ¢ denote a fixed primitivem ™ root of 1. Then it is clear from (1.1) and (2.1), that for arbitrary integers,
a3 bc

m-—1
(2.3) (§a+§-b +E6) = Z .‘i-ra+sb+tc(rl st = Z g-/‘a+ib+kcsl_5_r/7(7) (n)

rtstt=n if,k=0

Since
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m—1

E é_ra _ { m (r=0)
0 (0<r<m),
a=0
it follows from (2.3) that
(2.4) ,7/)(7)(”) - Z (§a+é_b +(-C) g.—a/-b/—ck
a,b,c=0
{m)

While this theoretically evaluates S//k {n), itis not really satisfactory. For m = 3 more explicit results are ob-
tainable without a great deal of computation.
By (2.4) we have

2
27858 (n) = 3 (i WP,
a,b,c=0
24w+ 1 = 0 This reduces to
278852 (n) = 37 +3(c +2)7 + 30 + 2) + 3(200 + 1)7 + 3207 + 1)"

+ 32002 + )"+ 3(205 + W2+ 6(coZ + w + 1)+ (300)" +(3002)" .

where w

By (2.2),
SBLim) =0 (0 #0 (mod3)).

For n a multiple of 3 we get, replacing » by 3n,

2788(3n) = 3577 4 90200 + 1%+ 90207 + )3 (0 > 0).
This reduces to

(Q%Ib‘n) = 3672 -7)n3371 1 > g
(2.5) (S%}(;(b‘n +3) = 36011 n = 0)
Check.

(3) 36! 367  _ _ _ 24 2 (3) 33! _
000(6/ 570101 + KT 3+360 = 63 = 37— 2.3%, 000(3} = 310707 3

3, - 6.9/ 391 . - - a7
SEING) = St GBS SOl - 56.78+7.69+3 = 3.729 = 37

Similarly we have

2
2783 (n) = 3 (s WP+ W) WA = 37 4 300+ 2) 7w #3(wP +2) w2
ab,c=0

#3020 + 1) 2 + 312002 + 1) w T #3(2002 + )" w2 + 3200 + w2

+6(w2+w+ 1"+ (3w)" + (302"

As in the previous case,
st ) =0 (n#0 (mod3)),

while
2783 (30 = 3357 + 302002 + 170w + 3120+ 1137w72 4 320+ 1)71072 # 3(200° + 1)77
£3(200+ 13002 + 302002 + 1) + 6102 + w+ 1)
- 33{7*/‘7 +9(\/:?)3nwn2+9(_\/_'3)3nw—7 +5(w2+0)+ 7)3!7
it follows that

st 6n-2 3n-1
=3
(2.6) ,(6‘n) ~(-1)"3 (n > 0)

) (6n+3) = 367t 41330t 5 p).
777
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Check.

3 26f  _ _ _ o4 3,
S¥6) = B, = 365 =90 = 3%+32 s =

s¥i9) = 28+ S8~ 3.89+3.9.70 = 3%26 = 37 - 3%,

=§=3+3,

We find also that

2.7) 2{‘2}2 (6n) = 35M2 _(~q133m1 (> 0)
' SEh(6n +3) = 3571 _(—1)733* T (0 > 0).
Check.
(3) = = 4 2 (3} 3.9/ _ a4 _ 4
222(6} 2,2,2, 90 =3 +3%, 222{-9) 512127 37.28 = 37+3 .
Note that it follows from (2.6) and (2.7) that
(2.8) st (6n) = 553y (6n)
and from (2.5}, (2.6}, (2.7),
(2.9) S150 (60 +3)+ S53h(6n + 3) = 2552 (6n +3).
3. Since

(s, t)={(r—=1st)+{r,s~1t)+(r st~ 1)
it follows from (2.1) that

(3.1) simlin) = s o= 1)+ 8P o — 1)+ 8Lt 1)
where
SiTn) = SE) o)
when
i=i [=j k=k (modm)
In particular
(3.2) STy = 3507 tn - 1).

For example, when m = 2, we have
st ian) = 35220 - 1)
12 (2n+1) = 382 (2n)
S ton+ 1) = SZh2n) + 2512} (2n)
%2 (an) = $2) (an— 1)+ 2812 (20 - 1)

in agreement with previous results.
The case m = 3 is more interesting as well as more involved. We have, to begin with,

s§htan) = 3882 (3n - 1)
s (3n) = 35 (30 - 1)

2(3;)2 (3n) = 2(‘2), {3n—1).

It therefore follows from (2.5), (2.6), and (2.7) that
{ Sopl6n +5) = 3673 — 2 1)n 3301

(3.3)
S5 t6n +2) = 357

(n > 0)
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;3;}0(5""5) = 36n+3 , (_q)nz3nt1
{3.4) { gﬁ’o(ﬁn +2) = 360 4 (_qyngn (>0
;g}ﬂb‘” +5) = 36073 4 (_qyng3nti
(3.5) { S8 (6n +2) = 367 _ (—7)n3%n (> 0.
Check.

53 _ 51 250 _ =97 = 23

g3 o) _ 81 2.81 2.81 8l
520018) = grorei * 5iaier * Fi6ier T 27aIE

= 1+7112+56+560 = 729 = 3% ;

() = T 75./!31 * 4!21..;5(';! = 20410 =30 = 37+3,

5(3) 2.81 8! 281 8 _ I S
511008 = 371701 * qraror * Tiara * yriier C 16 #70+560+56 = 702 = 37~ 37,
§f3) 1) = 51 _ _ 3p_ 33
227(5) 32171 30 = 3°+3,

§f3) gy . _ 28! 8l _ _ 26,43
$22118) 572117 * 2r2i4n = 27.28 = 37437,

In the next place, it follows from
s80t3n) = $13) (30 - 1)+ 88 (30— 1)+ 5530 - 1)
that
s (6n) = 13 (60— 1)+ 5 6n - 1)+ 85,60 - 1)

- (36’7—3_ (_ 7}[133!7—2) + (36[7—3+2(_ 7}[733’1—2) + (36!1-3__ (_ 7).'73317—.2):36/7—2 (” >0}

It

si3)

S5 160 +3) = S (60 +2)+ S50 (60 +2) + S5, (6n + 2)
= (36'n+(_”n33n)+36n+(36n_ (_”ngi?n) - 36/l+7 (I'l > 0) 7
that is,
§53)(6n) = 35772 (n > 0)
8.8) sEhten+3) = 37 (0 > 0).
Check.
§13) 1) - 6! 6 . - o4
$210(6) 2/7131 * 5rrior T zraior 60+6+15 =37,
sf3) -
210(3) 21 7/0/ =3,
s3) 1g) - _ 9! 9! 9! 91 91 9!
$2100) = zr7rer * 577iar * 2raraT * ariior * 5Tarol * 207100

= 94.7+9.87+97.20+9+972+94 = 9243 = 37.
Next it follows in like manner from

S5 (30 +1) = $1,(3n) + 25535 (3n)
sE)3n+1) = s (3n)+ 2853, (3n)
SU3 30+ 1) = S5 (3n) + 2853, (3n)
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- that (3) 6n-1 3n-1
(6n+1) =3°"""—(-1)73°""
(3.7) { 211 " > 0)
56;)7{6‘”‘/‘4) — 36'n+2+( 7}[73”"’7
(3) _ a6n-1 noa3n-1
(38) { 220(6/1"‘ 1) =23 ( 7) 3 (n > 0)
52}0(5,7_’_4} - 36ﬂ+2 ( 7}/733/7‘/‘7
(3) _ o6n-1 na3n-1
(3.9) ;go(ﬁn'* 1)=23 +2(-1)"3 (n > 0).
St% (60 +4) = 3672
Check
(3) 7 27, _ 25,02 o3 4 _ a2
5217(7) 5!7/7[ +2I4Ijl =42+210 = 252 = 3 +3, 3277(4) 2,'7’—7/—"‘ 12 =3 +3
(3) _ 10! 2.100 | 107 210!
52710100 = grirsr * 5iarti * 314141 * 37010
= 9.10+9.280+9-350+9-80 = 3%.80 = 35 3%,
(3) - 2.71 2 5 2
220(7} 2,213, +5,2,0, =3<.28 = 3°+3
4 _ .2
20(4) = Stargl =§=3-3
gf3) _ 1ot 2.101 10! 2:100 _ 02 gy _ 28, o4
$220010) = 55767 * giziai * sisior * gisror ~ 9 82 =3°+3%.
§&) o 7 2.71 71 2.71 _ 22 op _ 25 2
S100(7) = 7rgror * Fizior * Trarar *owierer - | T707 M0 14 = 3725 = 37~ 2.37,
(3 2.41  _ _ .2
S100%) = arorer * ister ~ 1187 3%
$(3) 101 2.101 101 2.101 |, 2-101 2.101
$700010) = 5576707 * 773707 * 77357 * ai6ior © 719767 T 716730

= 1+240+4200 +420 + 20+ 1680 = 3%.

This completes the evaluation of the ten functions Sﬁ)(n)
4, The five functions SUkQ(n) can be evaluated without much computation. To begin with, we have
2B o2n) = (14 1+ 1+ 12"+ 4(1+1+1= 1) +6(1+1—1-1)"
FUTI =T =1 1) (=1 =1 1-1)7",
which reduces to

(.1) sBhin) = 243422771 (n s ).
Since
sk o(2n) = 482 (an - 1),
we get
(4.2) S o2n+1) = 2414221y s ),
Next, since

S ot2n +1) = S§2hot2n) + 38 F0(2n),
it follows that

(4.3) s ol2n) = 2475 (n > 0).
Similarly, from

;27)00(217’) = 7000(2/7 - 7) +ZS7770(2/I - 7)
we get

(4.4) §12 ot +1) = 291 21 o ),
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Finally, it follows from

that

(4.5) S an) = 24322071 (h 5y,
For example

(2) - _ 461 _ _ = 99 _ 55

Note that it follows from the above results that

k
k

) (k)" .

433

(4.8) 55)}00(2"/ +S§27}17(2”) = 25?1}00(2”)
and
(@.7) st2) o2n+1)+52 2n+1) = 8582 (2n).

5. The results of §4 suggest that it would be of interest to evaluate
(5.1) fietn) = @0 o),

Syt S
/oK

where j k are arbitrary non-negative integers and the right-hand side of {5.1) has the obvious meaning. Clearly
(5.2) fikin) = 0 (n #j (mod2)).

To begin with, we have

2Xfpln) = (14 1++1)"+ < . Yitsi— 1"
+ ( ’; ){7+,..+ R LI (i )(_7_ J—T
(Y5 e
Thus
k k
_ ok _opn
(5.3) foxln) = 275 3 <!. )(k 2"
=0

Since

(5.4) fglk(n) = kf;lk_7(n - 1)

it follows at once that Sy -7 can be evaluated explicitly by means of {5.3). Next, since

Frh-1ln~ 1) = fouin —2)+ (k= 1)fg g_2(n -2},

we get
(5.5) kik— 1)fg g-2in = 2) = fgxin) = kigyln—2).
Similarly it follows from

fok-2(n—2) = 2f1 g_qln - 3) +(k ~ 2)f3 k-3(n—3)

that

(5.6) kfk — 1k — 2)fz j_3(n — 3) = fo in) — (3k — 2)fg rln — 2).

We also find that

(6.7} kik— 1)k~ 2)k — 3)ig -qfln —4) = foln)~ 2(3k 4ifg uln — 2)+ 3klk — 2)fg g (n ~ 4],

(5.8) kik— 1Nk —2)(k — 4)fg -5(n — 5) = fg(n)—2(5k — 10)fg i (n ~ 2)

+(15k2 — 50k + 24)f 5 4 (n — 4).

These results suggest the following general formula:

k!

(5.9) "=

2s<f
where £; (k) denotes a polynomial in k of degree s, Since

Fomiln =) = 2 (=1)Pi (ko uln —2s) (0 <] < Kk,
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it follows that

L —1)'

Hence we take
(5.10)

SOME SUMS OF MULTINOMIAL COEFFICIENTS [DEC.

fik=jln = j) = it k=100 = j = 1) # (k= i1, k-j-10n — [~ 1),

2 (~1FPsthlfortn = 25) = | E=LEIL N (-1 f Py ofkfoln — 25— 2)

25<f

2s<§

(k) BT S (1P s (K kln ~ 25)
' 25<+1

Pj'+7,3(k) = P/,s(k) +ilk—j+ 1)P; 1’5._1(/().

Pjslk)
. : :
\ 0 7 2 3
/
] 1
7 7
2 1 k
3 1 3k-2
4 7 6k—8 3k(k - 2)
5 7 10k — 20 15k2 — 50k + 24
6 1 15k — 40 45k2 — 210k + 184 15k(k — 2)(k — 4)
7 7 21k - 70 10542 — 630k + 784 105k° — 840k + 1764k — 720
It is evident that
(5.11) Piolk) = 1 (>0 .
Also it follows easily from (5.10) that
(5.12) Poj (k) = 1:3:5+ (2 = 1)kik = 2)(k — 4) (k — 2j + 2) (> 0).
Since
Pirg 1(k) = Pj q(k) +jlk —j+ 1) j=1)
we get
j
Prer,alk) = 3 tk—t+1).
t=1
This gives
(5.13) Pralk) = Ljti— k=L jti— 1) - 2) (= 0.

Similarly, since
Pis1,2lk) = Py olk)+jlk—j+ 1IP; _ 1 1(k) = Pjo(k)+ %ilj — 1)(f — 2)k? - { g/‘(/— G-2)G-3)
# 7= 10G=20 } k+ Lt 106 - 206 - 30 - 4) + G~ 1) = 200 - 3)
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we find that

6.8 Ptk - 3 ( ) [ (/)+5-(j)]k+ [40( )+24( )J

i~ 1= 20~ 3k? - L /(/ — i~ 2)0j~ 32 — 5)K?

DOIN

* o 1(/ = i =20j = 3)j - 4)5/ - 7).
For example
Pealk) = 3: 15k2 — (20-6 +6-15)k + (40 + 24.6) = 45k% — 210k + 184,
We also find that

(6.15) P slk) = 75(/') 3 [270(;’ )+90(é' )] %
+[ 7720( )+924/ i )+720( J )] k- [2240<9/>+2533(§>+720<;>]
For example

Py 3(k) = 15-7k% = (210 +90-7)k? + (924 + 120-7) - 720 = 105k” — 840k? + 1764k — 720.

We have noted above that P; (k) is a polynomial in & of degrees. In addition we can assert that P; ¢(k) i
polynomial in/j of degree 3s. More precisely, if we put

s
(5.16) Pislk) = D (=10, (k7T
t=0

then ¢s (/) is a polynomial inj of degree 25 + «. |f we substitute from (4.7) in (4.1) we get

s—1
Z (~1)les,eli + 1) = o, i K5 = jlk—=j+1) 3 (=1)'cgg,eli— KT
t=0 =0
This gives
(5.17) Cs,eli + 1) = Cs5,¢lj) = jes-1,¢0/ = 1)+ (i = Thes-g, =101 1).

The table of values of ; (k) suggests that
j .
D (=17 P lk) = 1-3:5 (2 = 1)k = )k = 3) (k= 2 + 1)
s=0
(5.18) j
Z - 7}/_SP2j+7,s(/(} = J.3:5 2 — N2+ 1)o(k— 1)k —3) - (k—2{+ 1)
s=0
These formulas are easity proved by means of (5.10).
The explicit results (5.13), (5.14), (5.15) also suggest that

{5.19) Pislk) = 0 i=201-,2~1)
This can be proved inductively using (5.10) in the form
(6.20) Pislk) = Pirqslk) = jlk —j+ 1)Pi—1,5-1(k).

Thus, to begin with,
P25—7’s(k) = PZS,S(k)_ (25 - 7){k - 25 +2)P25—2’5—7(k) = 0,

by (5.12). In the next place, taking j = 25 — 2, we get
Pos-2slk) = Pog g s(k) — (25~ 2k — 25+ 3)Posg5-11k) = 0.

Cuntinuing in this way, we get
Pistkl = 0 (1 <j<2-1).
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Finally, taking/ = 7 and replacing s by ¢ + 7 in (5.10), we have

P2,3+7(k) = P7,s+7(k)+kP0.s(k),
which gives Pg (k) = 0.

6. We now put
(6.1) Pitkx) = 9 (~1)Po(kix/™25,  Po =1 Py=x
25
and
= j
6.2) Fle) = Flkx,2) = 25 Pifk) & .
=0
By (5.10),

Pierlhx) = 3 (=~1)Pyslki ™2 4 jtk—j+ 1) D (=1)Piyg s plhIT 27T
2s<j+1 25<j+1
so that
(6.3) Pisglhx) = xPilkx) = jlk =+ 1)Pi_q(kx).

It follows from (6.2} and (6.3) that

o ; w ; o ;
Flz) = 3 Pirslhx) T=x 3 Pilka) B =2 3 (k= iIPykx)
=0 j=0 j=0
= xF(z) - kzF(z) + 22F(z).

Hence
Flz) _ x—kz
Flz) 4_,2
which gives
(6.4) Flk, x, z) = (1+2)%0*) g _ )~ %xk)
[t follows from the recurrence (6.3) that the polynomials
(6.5) Pulkx) n=2012-)

constitute a set of orthogonal polynomials in x. The polynomials have been discussed in [1, § 9] ; in that paper
the relationship with Euler numbers of higher order is stressed. If we put

(142051 =2 = S Aplx) &

nl’
n=0
so that A, {x} = P,(0.x), then, by (6.4),
(6.6) Patir) = 3 =L < ik ) An-2slx)

2s<n

Returning to (5.9) and using (5.3), we have

k
/-’<,/-( )fj,k—if") = 2. (1PPs0-27F ( « >(k—2t}"‘2s

2s<yf =0
k .
AP ( . )fk —20" 3 (=1 P stk k- 2t/

=0 2s<yf
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s0 that

k
(6.7) it < f )f,-,k_,-(n) =27k ( o )(k~2t/"Pj(k, k- 2t) 0 <j<kh
t=0

We shall show that (6.7) holds for all j that is, the right-hand side vanishes indentically forj > & To prave
this, consider the sum

oo . oo k k oo oo .
(g™ 7/ y" k n _ ok k n z!
AP ;r:Z( t)(k-Zt} Pifk k-2t)=2 Z( ‘t>§: Lo lk-20" 37 2 Pitk k- 20
j=0 n=0 =0 =0

t=0 n=0
k
=7k Z( §>e’k'2f’yu+z)k'f(7—z)f = 27K (14 208 + 1 2)
=0

= 21+ 208 +(1— 267 ) = (coshy +z sinh y )X .
Since this is a polynomial of degree  in z it follows that the right-hand side of {6.7) does indeed vanish for
/> kand all n. For example, for k= 7, we get
Pi11)+(—1)"Pi(1,—1) = 0 i > 1)
Since this holds for all n, we have
(6.8) Pj(l, 1) = Pj(7,—7) =0 i > 1)
Indeed, by (6.4),

L P,-(7,7)f_7/: 1+z, ) P,-(I,,—I)/.ZTI =1-z,
/=0 i=0
in agreement with (6.8).
For k=2 we get
2"Pi(2,2) + 48, oP;(2,0) + (-2)"Pi(2,-2) = 0 > 2).
This implies
Pi(2,2) = Pi(2,0) = Pi(2,-2) =0 (i > 2.
Indeed, by (6.4),
> Ptz 2);’7/: (1+2%, . A2, —2)7.—_,/ =(1-27 3 A2 0)/.271 =1-22.
j=0 j=0 j=0
Since the determinant
I k=20 #0 (on=01-4),

the identical vanishing of the right-hand side of (6.7} implies
(6.9) Pilk, k—2t) =0 (f>k 0<t <Kkl

This is indeed implied by (6.4), since
Flh k-2t z) = (1+2)741 - 2)°.
It follows from (6.9) and (6.1) that

(6.10) S ~1PPlkNk=20"% =0 (> k 0 <t <k)

25<f

it evidently suffices to take t < k/2. In particular, forj =k + 7, (6.10) becomes
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(6.11) S (~10Psli— 120 - 1/7F =g (2t <)

2s<f

For / even we consider

J
3 (~1) Py (2 - 2~ 26— 1) = g 0<t<j.
§=0
Since P; gfk) = 1 this may be written in the form

/
(6.12) 3o =17y l2 — 2= 1) = - )P (1 <1<

s=1
By Cramer's rule the system (6.12) has the solution
(6.13) Pojsl2j~ 1) = %ﬁ (1<s<j
where

D = det(2r—1%2)  frs=12-j

and Ny is obtained from D bv raplacing the s column by (2r - 1% Making use of a familiar theorem on the
quotient of two alternants [4, Ch. 11], we get
(6.14) Poisl2i— 1) = c512,32 52, .., (27— 1/?) (1<s<j)

where cs(x7, X2, -+, x;) denotes the st elementary symmetric function of the x;.
For oddj in (6.11) we consider

i
Y (=1 P s(2i02 - 2077 =g (0 <t < ).
s=0

This may be written in the form

i
(6.15) 3~ 1 g (2201 < (2T (1< r <)
s=1
Exactly as in the case of {6.12), the solution of the system (6.16) is aiven by
(6.16) Pojr1s(2) = ¢s(22, 42, 6% -, 2)?) (1 <s <)
where again ¢ denotes the st symmetric function of the indicated arguments.
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