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ON A GENERALIZATION OF LAGUERRE
POLYNOMIALS

Nota *) di S. K. CHATTERJEA (a Calcutta)

1. — In a recent paper [1], the writer has defined the poly-
nomials 7{®(x) by the Rodrigues’ formula

(1.1) T® (@) = % -6 Dr(z* rme~+¥)

where k is a natural number. The polynomials T®(x) are of

exactly degree kn (n = 0, 1, 2, ...). They satisfy the operational
formula

(1.2) 1‘[ (@D — ka* + a + §) = n! Z = T(“'),,(x)D’

The following are the consequences of the operational for-
mula (1.2):

(13) nT@(@) = @D — kot + @ + n) Ty (@)
min(m,n)
() (") T =" 375 R @D TR

The polynomials T®)(x) are generated by the function

(1.5) | (1 — t)-=-1 exp [z*u(t)] = f T (x)tr
. n=0

*) Pervenuta in redazione il 17 giugno 1963.

Indirizzo dell’A.: Department of mathematics. Bangabasi College
(Calcutta (India).
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where
u(t) =1 — (1 — t)-*.

In the same paper the writer has also proved the following
properties
k+1

k41
| rgo(— l)r( + ) 41— T, (@
(1.6) = (ax -+ 1) 2 (— l)r( ) (” ')(x) kw‘T(:.‘.’(:v)
r=0

(1.7) 2<~1)f( ) T‘:;l_,,(w)=k:v*-lr§(—n'(’:)T‘.:z_.,(x)

(1.8) i

This work of the writer generalizes some properties of the
Laguerre polynomials L®(z). Indeed, when k =1, T®() =
= L@(z). A similar generalization viz., T®(z), has been pre-
viously studied by Palas [2]. The purpose of this paper is to
discuss a more general class of Laguerre polynomials.

2. DEFINITION: We first make the definition

(2.1) T(‘_i)(x p) = _l_m-aenkDu(a«zi-n(, m:"f)

where k is a natural number.

We now show that the polynomial T®(z, p) is of exactly
degree kn (n =0,1,2,...). In this connection we know the
result [3], for which I must thank Prof. H. W. Gould: '

2.2)  Dife) = 2— 1’ prtee )2 (— 1)'( ) #-iDs

Thus we obtain from (2.1)
T‘ﬂ(fb‘y P) =

L ;1_ r-ere z (:)(Du—n#+u)(D;e—mz*) =

8=0
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1 L\ [a +n
= — ev** n — 8)! x*(Dre- =
w7 20 ) (0 D e

_Z(a—i-n)ig:wuz( 1);(1)(7:7)

n—s)i& il <o

=S5 se0()EGTN0)

i=0 1 =t\n — 8

Now we know that

Eeo(5)z 0200 o

Thus we finally obtain

a+n+k
n )’

2.3) T, p) = Z “’“i( 1)’( )(

which is the explicit formula for 7'(z, p).
In particular, when k¥ = 1, and p = 1, we derive

e ey =37 > - v ET) -

i=0 n

25 0G0

which is the explicit formula for the general Laguerre polynomials
L®(z). Thus T (x, 1) = LO(x).

3. — OPERATIONAL FORMULAE: Recently we [4] have derived
the general operational formula

”
(3.1) z2Dat+Y) = [[{=*'(z + a + kj)} Y,
j=1
k=1,23,..),
where z =z D and Y is any sufficiently differentiable function

of z. The operators on the right of (3.1) commute only when
k=1
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Thus we derive
n
(3.2)  rzerDn(z=tme~**Y) =[] («D — pka* + & + §)Y
j=1

Again we observe

n

Dn(a=ing=»y) = 3 ( . ) Dr-r(asne-»*)DrY =
r=0

= n!gre-v=* z T.f:‘_‘g(x, p)D'Y,

whence we obtain

1 ‘ roa .
B33)  — z=eer= Dr(g*+ne~Pe'Y) = 20 71 T3+ ), p)DrY

r=

It therefore follows from (3.2) and (3.3) that
» n xf
(3.4) II (@D — pka* + a + j)Y = 2!y = T8}, p)D'Y
j= r=o 1!
If we set Y = 1, we derive from (3.4)
n
(3.5) n! TRz, p) =iIIl($D—-pkw“+a +13)-1
Further if £k = 1, and p = 1, we obtain from (3.4)
n
(3.6) @D —=+a+3§)Y =n! z T"*')(w, 1)D'Y
j=1

which may be compared with the operational formula for the
general Laguerre polynomials, derived by Carlitz [5].

In a recent paper [6], Gould and Hopper have generahzed
the Hermite polynomials by the definition

3.7) H)(z, @, p) = (— 1)z —e** D*(z"e~"*")
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We remark that z"H}(z, a, p) yeilds a generalized class of
polynomials of exactly degree kn (n = 0,1, 2,...), provided k
is a natural number. Consequently if we write

o"H(z, a, p) = H(k:)(‘t'; P)
then

(3.8) H@(z, p) = (— 1)"a"-2e*=* Dn(z%e-»=*)
Thus the polynomials H(z, p) are related to our polynomials by
(3.9) H)(z, p) = (— 1)*n! TG"(z, p).
Now returning to the operational formula (3.5) we obtain
n
(3.10) (— 1)"HS)z, p) = ] (@D — pka* + @ — n +j)- 1
j=1
More generally we have from (3.4)
n
(3.11) Il @D — pka* + @« — n 4+ §)Y =
j=1

bl n
- Zo(— 1)"-'( , ) oHE _ \(x, p)DrY
r=

This operational formula viz., (3.11) seems to be of parti-
cular interest. Indeed, using ¥ = 2, p = 1, and a« = 0, we have

[ @D — 22* — n + )Y =

7=1

=3 (— 1 ?) om0V

r=0
Now noticing that
HY_,(2,1) = 2*~"H,_,(z),

where H,(z) denotes the ordinary Hermite polynomials defined
by
H,(z) = (= 1)%="Dre~*,
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we obtain

n

ﬁ (@D — 2202 —n + j)Y =2y (— 1)""( : ) H,_ (x)DrY
i=1 ,

r=0

Now we note that
n
(3.12) r ] @D — 22 — n + j) = (D — 2z)".
j=1
For, (3.12) is evidently true for n = 1. Next assume that

(3.12) is true for n = m. Then we have

m+1

PEUT H (rD — 20 —m—1+4j)=
-1

m
= o~ (xD — 20 — m) [] (eD — 222 — m +§)=
i=1

= r~m(zD — 222 — m)x™(D —2x)" =
= p=m+0) . pr(p]) — 202)(D — 2)™ =

= (D — 2z)m+1,

Hence by induction (3.12) is true for all positive integers n.
Thus we finally derive

(3.13) (D — 2z)" = go(_ 1)"-'( 'r') H,_ ()],

a formula which Burchnall [7] derived some years ago.
4. — SOME APPLICATIONS OF THE OPERATIONAL FORMULA:
From (3.5) we note that

(4.1) nT&(z, p) = (£D — pkr* + a + )T, _,\(x, p).
In particular, when k = 1, and p = 1, we derive
(4.2) nTO(@, 1) = (#D — x + « + n)T? (2, 1)

which is well-known for the Laguerre polynomials L®(r).
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Again in terms of the polynomials of Gould and Hopper,
(4.1) stands thus

(4.3) HQ(z, p) + (@D — pkr* 4+ a)H, &=}z, p) = 0.
Next we consider

(m + n)! T, (@, p) =

m

n
=[] @D — pkx* + « + n + j) II (@D — pka* +a +1)-1
j =1

j=1 T

m
=n!]__[l(wD—pkw*+a + n + j) - TE, p)
=
_ ' ] UL 11(a+u+ r) Drl‘(a) .
= m.n .rgo ﬁ E(m— ) (.’D, P) h($3 P)r
which implies that

wh (") T ) =

min(m,n) xr

= TEE 5@, P T, p).-

r=0

The formula (4.4) readily yields the corresponding formula
for the polynomials of Gould and Hopper:

(4.3) HE 3", p)

min(m,n) m
- rgo (= 1)'( r ) a‘rﬂ(;('::j)-)(m, p)DrHEH ) (x, p).

5. — GENERATING FUNCTION: We shall now show that the
polynomials T®(x, p) are generated by

B1) gl ) = (1 — )= oxp [prult)] = 3 T, Pt

where
u®) =1 — (1 — )~
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From the definition (2.1) we observe

(5.2) Tz, p) = e'.kz (_ P) (kr + a + n) e,

n

It may be noted that (2.3) is a consequence of (5.2).
Now we notice that

(53) T8, ) = 57 3 ot 0

Algo

64) [ (@ — 0=t oxp (parue)] _

= eret [a% {(1 — )"t exp (— p (1 - t).)}] =0

—n'cﬂ'z(—p) (kr—}-a-l—n)z”

r=() r. ! n

Thus a comparison of (5.3) and (5.4) with (5.2) eonfirms (5.1).
Now from the generating function (5.1) we easily derive the
following multiplication formula:

(5.5) TS (@m 2, p) = TE(x, mp) ,

which, in terms of the polynomials of Gould and Hopper, shapes
into

(5.6) HE(@m*, p) = HS(z, mp) ,

which may well be compared with (3.9) of [6, p. 54].
It is also interesting to note from (5.5) that

(5.7) T®(z, m) = L'*(mr).
Again we observe

(1 —t)=rexp [pril — (1 —1)74}]
=1 —1t) F1 — N)-Fvoxp [pe{l — (1 — )4}
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whence we obtain

S T, pit = (1 — t)-=-P) EOT‘.';’@, it
0 n=

Now comparing the coefficients of ¢» on both sides we get

(5.8) T, p) = 3 (“—E!ﬂ' T (@ ),

r=0

where « and f are arbitrary real numbers.
Next we notice that

3 10, p + g
=(1— t)_a-lenk{l—(l—c)-k} (1 - t)—ﬂ-len*{x-u—t)-*}

= i T, p) - EOT‘.‘;’(w, q)tr
m=0 n=

Thus we obtain the following ¢ doubly-additive’ addition
formula.

69)  TEPH@p + o) = 3 TEE )T ).
In particular, when p = ¢ =1, and k¥ = 1, we derive
(5.10) TP+ (g, 2) -——mgoLf:’(m)L,‘f_’_,(w) .
It follows therefore from (5.7) and (5.10) that
n

(5.11) L0 2) = Y L@ L . (x),
0

m=
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which is implied by the well-known formula of the Laguerre
polynomials

(5.12) L0 4 y) = 3 LE@IL.)
Again returning to (5.1) we obtain
(1 — tpr 259 (@ 1) — 0 — phetlgta §
whence we notice
1— t)ﬂlélmﬂ-lﬂ:’(w, p) = [(@+1)(1 —t)* — pka*] ',.SOT(“)‘””’ p)~.

Performing the indicated multiplication on both gides and
comparing coefficients of ¢* on both sides, we derive

k+1 k 1
(5.13) Y (—1y ( + )(n +1 =T, p).
r=0 r

k k
= (¢ +1) 20(— 1) ( r) T8 _ (x, p) — pka* T (2, p) -
r=
Lastly we observe
(1 — 0 280 prarsqa — o — 1960, 1)
whence we obtain in like manner
k k (a)
(5.14) 20(— 1) ( r) DTE_ »(=, p)
r=

k k
= pkars 3 (— 17 () Tl 2.

13
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