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L. INTRODUCTION

With the aid of group theory, Weisner [l10] derived the Bilinear generating
function for the ultraspherical polynomial:
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= {1 - 2¢ cos(z + y) + tz}'O‘zFl[o"O‘; 4¢ sin x sin y ]

203 1 = 2¢ cos(x + y) + #?

See [5] for definition and properties. (l.1) had also been proved by Meixner [6],
Ossicini [7], and Watson [8], and was recently investigated by Carlitz [2], [3].
(1.1) is seen to be a special case of Theorem 1 in this paper, as are the formulas
(1.2), (1.4), and (1.5), which appear to be new. Note that the expressions given
below are generating functions for the ultraspherical polynomial of type Cﬁ:z(x).
See Cohen [4] for the single Jacobi polynomial.
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where p = [(1 - 2ayt + t2)% - 422(1 - o) (1 - y) 1%, || <1, |xt/y| <1, L is a

nonnegative integer, and D is the Gegenbauer function defined by Watson [9,
p. 129] as
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(1.3) D¥(z) = F'GT2u + = zFl[u + 52, u+ 22 + 1].
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A special case of (1.2) is deduced for & = 0, y = cos ¢, and ¢ suitably modified:
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where ¢ = (1 - 2% cos(2¢) + tz)%, and ]tl < 1.
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(.5’ Crr1 (0)
= (cos ¢ - tcos B) 717241 - En)TE(1L - £)*rE(L -yl
where ]t cos O/cos ¢| <1, ]ﬁ[ <1,

£ ={1 - 2t cos 0 cos ¢ + 2
[(1 - 2¢ cos(B - ¢) + £2)(1 - 2¢ cos(® + ¢) + £2)1%}/2 sin%d, and

1

n=4{1- 2t cos 6 cos ¢ + 2
[(1 - 2¢ cos(8 - ¢) + £2) (L - 2¢ cos(® + ¢) + 2)1¥}/2£% sin?0.

Theorem 2 yields the new finite expansions
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where p is defined in equation (1.2).
Equation (1.6) may also be expressed as
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where p' = {(y'% - 1 + 2ay't’ + t'2)% + 4¢'2(1 - x2)},
A special case of (1.6) is the relation

©[R/2] £n

n=022%(2p), , (1 = & - V),n!

(1.8)
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where ¢ is defined in equation (1.4).

Equation (1.8) is deduced from (1.6) by putting x = 0, and rearranging the
parameters. Also, if y = 1 in (1.6), one obtains a known expression [5, p. 227,
last formula].
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SECTION II
Theonem 1: TFor y and p arbitrary complex numbers and £ a nonnegative integer,
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where |xt/y| < 1, |t| < 1, and F, denotes the fourth type of Appell's [l, p. 14]
hypergeometric function of two variables defined by
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Proof: The left-hand side of (2.1) may be expressed as
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From (2.2) to (2.3) we have used the Kummer transformation. Going from (2.3) to
(2.4) entails the use of the following:
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Hence, (2.4) reduces to
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By definition, (2.9) is the right-hand side of Theorem 1.

Theorem 2: For u and v arbitrary complex numbers and { a nonnegative integer,
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Proof: The left-hand side of (2.10) is put in the form
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Following a procedure analogous to that in the proof of Theorem 1, with appropri~

ate changes, (2.11) is simplified to yield the right-hand side of (2.10).
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