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Abstract. We characterize, under some technical assumptions and up
to a conjecture, probability distributions of finite all order moments with
ultraspherical type generating functions for orthogonal polynomials. Our
method is based on differential equations and the obtained measures are
particular beta distributions. We actually recover the free Meixner family
of probability distributions so that our method gives a new approach to the
characterization of free Meixner distributions.
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1. MOTIVATION: MEIXNER FAMILIES

There is a one-to-one correspondence between probability distributions on the
real line and polynomials of one variable satisfying a three-term recurrence relation
subject to some positivity conditions (see [9]). That is why in most of the cases, if
not all, one tries to characterize probability distributions using generating functions
for orthogonal polynomials. Among the famous generating functions are the ones
of exponential type, that is, if 1 is a probability distribution with a finite exponential
moment in a neighborhood of zero:

[ ¥ pu(dx) < oo,
R
then

(1.1) P(z,x) = 3 Py(a)" =

n>0 E(eXH()’

etH(2)

where H is analytic around z = 0 such that H(0) = 0, H'(0) = 1, X is a random
variable in some probability space (£2,.%,P) with law = P o X! and (P,,),>0
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is the set of orthogonal polynomials with respect to p. Up to translations and di-
lations, there are six probability distributions which form the so-called Meixner
family referring to its first appearance with Meixner [14]. It consists of Gaussian,
Poisson, gamma, negative binomial, Meixner and binomial distributions. This fam-
ily appeared many times under different guises ([16], [13], [1], [15], [11]).

Another well-known example was first suggested and studied in [2] and is
given by a Cauchy-Stieltjes type kernel. Namely, if y is a probability distribution
of finite all order moments, then

SN S
12 VD= e PO e

where u and z — zf(z) are analytic functions around zero such that

This family, known as the free Meixner family due to its intimate relation to free
probability theory, covers also six compactly-supported probability measures. We
refer the reader to [4], [5], [8], [12] for more characterizations and more interpreta-
tions. The natural g-deformation that interpolates the aforementioned families for
arbitrary |g| < 1 was defined and studied in [3] and is up to affine transformations
the so-called Al-Salam and Chihara family of orthogonal polynomials (see [1]).
Their generating functions are given by an infinite product and are somehow sim-
ilar to the g-exponential function. Another characterization of the last family was
recently given in [7].

After this sketchy overview, we suggest another type of generating functions
which may be viewed as a generalization of the free Meixner family. It is inspired
from the case of Gegenbauer or ultraspherical polynomials for which (see [9])

1
(1 —2zx + 22)N’

AMn n
(n)‘ CHM(z)2" =

13 S

n>=0

lz] < 1,A >0,

where (A), = (A+mn—1)...(A+ 1)\ and for complex z such that the right-hand
side makes sense and the series on the left-hand side converges. We adopted here
the monic normalization for (C})),,, and henceforth all the polynomials are monic
so that they satisfy the normalized recurrence relation

(1.4) zP,(z) = Poy1(z) + anPp(z) + wpPr—1(x), n >0, P_1:=0, wy = 1.

The sequences (v, )n>0 and (wy)n>0 are known as the Jacobi—Szegd parameters
and w, > 0 for all n unless x has a finite support (see [9]). Moreover, we shall
always use that notation for the different families of orthogonal polynomials we
shall cross through this paper.
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It is then natural to formulate the problem of characterizing the probability
measures of finite all order moments, say ), so that

(1.5) Ua(z, 1) =Y Mn

A n
nso Ptz

n

1
= A >0,

uA(z)(fA(z) — x)w

is valid for x € supp(u,) and z belongs to a complex open region S near z = 0
cut from z = 0 along the negative real axis where u), f) are analytic with

@ mepe) =1 m PO oy () £0zes

By the last assumption, (f(z) — {E)/\ is well defined for all = € supp(u),z € S
and A > 0 (the principal determination of the logarithm is adopted). Moreover,
the above limiting conditions imply that 1)) (2, z) tends to 1 as z tends to 0 in S
for all x € supp(uy). We shall say that vy is a generating function for orthogonal
polynomials of ultraspherical type referring to ultraspherical polynomials. Without
loss of generality, we may assume that p is standard, that is, has a zero mean and
a unit variance. Equivalently, if (a;)),>0 and (w;)),>0 denote the Jacobi-Szegd
parameters of y, then ozé =0 and wf = 1. Our strategy is based on the following
general claim that was stated without proof in [6] and proved below for the reader’s
convenience:

CLAIM. Fora given generating function for orthogonal polynomials (z, x)
¥ (z,x) associated with a (standard) probability measure p satisfying some inte-
grability conditions (to be precise later), the measures {P. } defined by

P(dx) := (2, z)u(dz)

are probability measures such that the mean and the variance of P, are polynomi-
als in z of degree one and two, respectively.

{P,} is then referred to as the t)-family of p with an at most quadratic vari-
ance, referring to both the exponential and the Cauchy—Stieltjes families ([8], [15]).
When 1 is handable enough so that one can perform computations of the first and
of the second moments of P, independently of the infinite series, one recovers two
equations that may be used to solve the problem of characterization of probabil-
ity measures whose generating function for orthogonal polynomials is given by 1)
(or of v-type). In the case of the Meixner and the free Meixner families, this was
noticed in [6]. In the case in hands, if the assumptions in (*) are valid for z € S
together with the assumption (x*) (see below), we obtain
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PROPOSITION 1.1. 1. The function f) satisfies for z € S

(1.6) Q2(2)fA(2) = fi(2) — Q1(2) fr(z) + Ra(2),

where QQo, Ry are polynomials of degree two while Q1 is a polynomial of degree

one. Moreover, the coefficients of these polynomials depend only on \, a{‘, wé\.

2. The function uy is related to f by

uh (2) Y 1— fi(2)
ux(z) h(z) = Az

Once we did, we show that if

(1.7) 9(2) = (z) - A = B,

where F) is assumed to be a polynomial, then deg(E)) < 2, and this follows
from the fact that (J2, @)1, Ry are polynomials (terminating series). Next, we in-
vestigate under the last assumption the case of symmetric measures. We show
that there exist two families of probability measures corresponding to (C;),, for
A >0 and (C)7Y), for A > 1/2,\ # 1. We warn the reader of the fact that,
though these two families differ from each other by a parameter’s translation,
their generating functions given by (1.5) are totally different since a;\ depends
on A and is fixed for both families. Under the same assumption, there is only one
family of non-symmetric probability measures corresponding to shifted monic Ja-
cobi polynomials P,i‘_l/27/\_3/2, P$—3/2,)\—1/2 for A > 1/2, X # 1. The discard of
the value A = 1 is needed for the computations since we need to remove factors
like 1 — A\, 1 — A2, Thus, one deals with this case separately and recovers the free
Meixner family for which deg(E)) < 1 too.

PROBLEMS. We do not know if there exists a solution f) for which F) is an
entire infinite series. Note that such a solution does not exist when A = 1 as we
already know (see [4]) and as we shall prove. Moreover, we already know that
the free Meixner family covers six families of probability distributions [4] while
there are three families for A # 1 when F) is a polynomial. Is there any intuitive
explanation for this difference between both cases or for the degeneracy of the
case A = 1?7

2. VALIDITY AND PROOF OF THE CLAIM

Write 1 as
U(z,x) = 3. anPo(x)z"

n=0

for some fixed sequence (ay)n,x € supp(u) and z in a suitable complex domain
D near z = 0 so that the infinite series converge. The integrability conditions we
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need for the claim to be valid are the finiteness of all order moments of i and

) [ an (2" Po(2))2"u(dz) = Y an f:ciPn(a:)u(da:)zn, i€ {0,1,2},

n=0 n=0

for z € D. In fact, for ¢ = 0, the orthogonality of P, shows that P, is a probability
measure for all z € D (remember that Py = 1) and together with ag = 0, w1 =1
imply

> aannH u(dr)z" =0, n>0,

n=0
> anay f Pp(x)p(dz)z" = agag = 0,
n>=0
> anwann,l(x)u(d:E)z” =qw] = a12.
n>0

Thus, one gets for ¢ = 1 after using (1.4)

2.1 J Z;O an (2P (2)) 2" u(dz) = a1z = [ 2P, (dx).

For ¢ = 2, one uses twice (1.4) to get

(2.2) f > ap (xQPn(a:))z”u(dx) = aswez’ +ajaqz 4+ 1= fx2Pz(dx)
n>0

and the claim is proved.

REMARK 2.1. In the case in hands, if u) is compactly supported, then the
Jacobi—Szegd parameters are bounded, thereby one can exchange the infinite sum
and integral signs. Indeed, by the Cauchy—Schwarz inequality

nf’ ZP ‘:U’A dCC |Z (f|x|2z )1/2 Z (j\l)'n

n>0 n! n>0

1, =wp...wn_1 < c" for some ¢ > 0 so that
Fubini’s theorem applies for |z| < 1/4/c. As the reader can see, the exchange of
the order of integration depends on the sequence (a,,), and the growth conditions
satisfied by u. As a matter of fact, if (a,), is fixed, they solely depend on p (or in
1Pl

3. PROOF OF PROPOSITION 1.1

3.1. First and second moments. On the one hand, the integration of both sides
of (1.5) with respect to ) gives

5 (f)\(z) B x)AMA(dx)
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On the other hand, one gets from (2.1), (2.2) and a,, = (\),,/n!

mi(z) = [ 2a(z 2)u(de) = Az,

m(z) = [ 22 (z, wpu(dz) = 22D

5 wy2® + Xayz + 1.

Then, using the elementary operation z = (z — f(z)) + f(2), it follows that

A ux1(2) 1

mi(2) = f(2) — =7 wni(2) = [ ————pa(da).
' ux(2) {gj (f(z) = x))‘ !
Differentiating with respect to z € S under the integral sign' defining uy,1, One
gets (1 — \)f'(2)ur(z) = (ux1)(2). Thus the right-hand side of m7(z) trans-
forms to

uh (2) _ ) 1— fi(z)

G- RO ACEYS

which can be written as

(3.2) (ur(2)[fa(2) = Az]) = (1 = Nua(2) £ (2)-

For the second moment, use 22 = z(z — f(z)) + zf(z) to get

f & —1 :u)\(dl‘)

(33) ma(2) = Aefa(2) = e (Fr(2) — )
az) —x

Using

_F(de ,: 1= NG [ — 2 (de
(é(fA(z)_x)A_luA< ) = AR | (ot tas)

we can write (3.3) as

(3.4) ([)\zf)\(z) — m%(z)]u,\(z))/ = M1 — N)zux(2) fr(2).

"This is justified by the analyticity of fx in S and general properties of generalized Cauchy—
Stieltjes transforms; see [17] and references therein.
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3.2. A non-linear differential equation. In virtue of (3.2), (3.4) implies

/

([Mzfr(2) = m3(2)]ua(2))" = Az (ur(2)[fa(2) = A2]),

which gives

efa(z) = m ()i (2) + (=) + Az (2) = (m)) (2)]un (=)
— A2[fa(2) = A2 (2) + A2l (2) — Alua(2).

Therefore

[A22% —m3 (2)]u (2) = [(m3)'(2) — Afa(2) = A2]un(2).

If Az — m%‘ (z) # 0, after comparison of the last equality with (3.1) one gets

(m3)'(2) = AMa(2) = A2 _ | 1= fi(2)
222 — mj(z) Inz) — Az’

which shows after elementary computations that fy satisfies the following non-
linear first order differential equation:

(3.5) Q2(2) fi(2) = f3(2) — Q1(2) fa(2) + Ri(2),
where
Qa(z) = A [A A 1@} 2 dadeo 1,
Q1(2) = A+ Dwdz + a7,
Ri(z) = )\(/\;1)015‘22 -1

Setting gx(2) := fa(2) — [@Q1(2)/2], the equation (3.5) transforms into

(3.6) Q2(2)95(2) = g3 (2) + Qa(2),
where
Gaf) = Ba(2) — @)~ 25 el Qal)
= [(A+ 1wy — 2] X - 1w2’\22 + X 10z?w§\z+ M -1- w.

4 2 4

Finally, once g, is given, one deduces f by adding @)1 /2. Then we use (3.1) to
derive u).
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4. SOME SOLUTIONS OF (1.6)

From now on, we shall look for solutions of (1.6) of the form

) =28 gy =,

z

for a second degree polynomial F. In fact, since z — zg,(z) is analytic around
zero, one may always assume that g, (z) has the above form for an entire function
E). Butif E) is a polynomial of degree > 3, then all the terms of degree > 3 will
vanish only by equating both sides of (3.6). For instance, let

E\(2) = apz® + a12° + asz + a3
and write (3.6) as
4.1) Q2(2)[2E4(2) — Bx(2)] = ER(2) = 2°Qa(2).

Then by equating terms of degree 6 in this equation, one easily gets ag = 0 so that
FE, has degree 2. For E\ a polynomial of degree 4, start with equating terms of
degree 8, and so on. However, this way of thinking fails or rather become cumber-
some when F is an entire function and the existence of such a solution is open.

4.1. A new approach to the free Meixner family. Recall that the free Meixner
family corresponds to A = 1 and that it covers six compactly-supported probability
distributions given by their Jacobi—Szego parameters (see [4])

al =aaeRn>1, w =0+b,b>-1,n>2,

where we used the fact that u; has a mean zero (a(l) = () and a unit variance
(w} = 1). Moreover, we have (see [5])

1+az+ (1+0b)z2 a/2)z+1 a 1
Z z 2z

f1(z2)
But Qg reduces to a constant for A\ = 1 so that (3.6) transforms into

[(1—w2)2® —atz = 1gh(2) = 63 (2) + (w3 — 1) — (a7)?/4.
It is then an easy exercise to check that g; satisfies (3.6), which reads in this case
4.2) —[b2% 4+ az + 1]g}(2) = g3 (2) + b — a? /4.

We can even prove that g; as written above is the unique solution of the last differ-
ential equation subject to the condition zg;(z) — 1 when z — 0. In fact, writing
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91(2) = h1(2) 4+ 1/z in some punctured neighborhood of zero where h; is analytic
around zero, by simple manipulations we see that s satisfies

a2 a
b2 4 az + () = hA(e) — &+ Z(hl(z) - 2).

Taking the limit as z — 0, from the singularity at z = 0 on the right-hand side we
obtain h1(0) = a/2. Thus, we get

b2 +az+1] 3 ne,2" =Y 2" [ Y et al +2 ) cp 21
n>1 n>1 n>1 nz1

for some sequence (c;,)n>1, Which makes sense for z = 0, therefore ¢; = 0. Re-
moving z from both sides of the obtained equation, then setting z = 0 will give
¢z = 0; removing 22 and taking z = 0 gives c3 = 0, and so on. As aresult, hy(z) =
a/2 and our method gives a new (geometrical) approach to the characterization of
free Meixner distributions.

5. SYMMETRIC MEASURES: ULTRASPHERICAL POLYNOMIALS

In the sequel, we shall focus on the case a;) = 0 for all n. This is equivalent
to the fact that u) is symmetric, that is, the image of p) by the map = — —x is
still 125. In this case, we get by taking a% =0

A

= 5[2)\ — (A4 Dwyl2? — 1,

Q2(2)

— 1.

M —1 A+ Dws
w2+ (A + Dwy

2
Writing E(2) = aoz? + a1z + ap and equating both sides in (3.6), we obtain

Q2(2) = [(A + Dw) — 2]

as =1,
a1:0,
A A+ 1)w)
—~3a0 — 520 — (A + 1)uy)] = H2)°"2 _1,

A2 -1
I w.

A
—a§ +ao S 20 — (A + Dwz] = [(A+ Dy — 2]
The third equation gives

(1= )2 —wp)
ap = .
6
Hence, it remains to check when the above ag satisfies the fourth equation. Since
the case A = 1is known, we assume A # 1 so that one removes the term (1 — \?) in

the above equalities. Substituting ag in the fourth equation, we see that w3 satisfies

—AF DA +2) ()2 + (4X2 + 6\ — Dwy + (1 —41?) = 0.
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What is quite interesting and even surprising, that though this polynomial looks
complicated, its discriminant is equal to 9 so that there are two solutions:
A\ 22 +1 A\ 22 —1
Wo 1 = L2’ W2 = BUNE
where for the second value we consider A > 1/2 in order to avoid finitely-supported
probability measures and signed measures. As a result, we get
1— N2 1-A  1-2)

0= >0

ov+2) T o0+ 2

Thus 14X 1 A1
I(z) = 5 Z+;7 f,\(z):§z+;,

and from (3.1) we obtain
uh(z) A uh(z) )\zQ +1—(\/2)22

)

ua(2) 2 ua(z) T 2(1-(A/2)22)

Finally,

A

A
= A>0,A#1 =—— = A>1/2 A #1
UA(Z) Z7, A >0, 7& ) UA(Z) 1_()\/2)225 > / ) 7é )
for z € S. Note that S is easily described: in fact, f) is not real outside the real
line and the circle |z| < 2/(1 4+ A) or |z| < 2/, respectively. Moreover, the 1)
is compactly supported as we shall see below, so that (xx) is satisfied in a ball

centered at the origin (see Remark 2.1).

5.1. Ultraspherical polynomials: symmetric beta distributions. The value w%:l
corresponds to the ultraspherical polynomials. However, in order to fit into our set-

ting, we have to consider the monic Gegenbauer polynomials, say C\, which are
orthogonal with respect to the standard beta distribution

ex(1—22/20+ )P, e (2201 + )],

for some normalizing constant cy. They are given by

C:;l\x = 2(1+ A "C’\<x )
Now, it is easy to see from (1.3) that

> Craws = © (o

n>0 v n>0

f+ /\)> (\/1}72)”
1

(1—zz+(1+ )\)22/2)’\
:ZA[1+(1+>\)Z2/2_:C]_’\: .
2 ur(2) (fa(z) — 2)*
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For wé\’z, ) 1s written as:

1222 1 (V)2
Uiz, @) = AN2/2+1/z—2)r  (A22/2+1— zx)A

and we claim that P} = C~n)\_1 forall mand all A > 1/2, X\ # 1. In fact,

(M) 52-1 n_ A4n—1A—1n 511 n
EO r On (@)= EO o1 o O @2
1 A=1)p ~a-1 _
= 0 Oy ()2 A
(A —1)zA2 go n! (z)

B 1 5 z Al
S (A=1)zA 27" [1 —zx+ )\22/2]
1—(A\/2)22
(1 —zz + X\22/2)A

as the reader may easily check. =

6. NON-SYMMETRIC PROBABILITY MEASURES: JACOBI POLYNOMIALS

Henceforth, we suppose that o} # 0, A # 1, and we will show that there is
only one family of probability measures subject to

apz® + a1z + as

g(z) = .
Then, we get the following equations:
as =1,
Ao
a) = Tl # O,
A A+ 1wy 1)?
—3ag — Z[2A — (A + Dwy] —af = w—l— @,
2 2 4
-1
—agai A — 2apa1 = 5 ows,
2 A A A -1,
—a0+a0§[2)\—()\+1)w2] =[(A+ 1wy — 2} 1 we

From the second, third and fourth equations, it follows that

17}\2 A\2 17}\2
i [(a;) +2—w§‘] = 2.

ao
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Actually, this gives a constraint on \, ', w3

(@) _ 3\ A

Substituting ag by (1 — A?)wy/(4)\) and removing (1 — A?), we obtain the fifth
equation in the form

1— A2 W) w)
In the non-degenerate case w% # 0,
N 403
Wy = 75—
203 + 302 -1
But —1 is a double root of the polynomial in the denominator so that
N 2)\3
CUQ = 3
A+1)2(A—1/2)
which is positive for A > 1/2. Finally, one deduces from (6.1) that
e (2 + 3)A? 2
(a3) O+ 1D2(A—1/2) O+ 12 —1/2) "
e (1 —A2)\2 o (1=X)A?
OT o2+ 120 —1/2)  (A+D(2A—1)
It follows that
2 A A
+ + 1+ A +
fa(2) = a2 tmztay ( Jwi z + ag
z 2
1{/1-AX 14+X A4+1
== 1 R 1
z[(2A+> 2w2z+ 2041—1-]
L[ A2 1
== + 1
2[2)\—12 \/2)\—12—’_ ]
and
’ —1)? 1- 1 -
UA(Z):é 1_(/\ )22 A( /\)z2j: s+1| .
ux(z) z 22 —1 2X —1 Vor—1

The discriminant of the polynomial

AL =N 1

1
m—1° i
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is easily seen to be

1 AN1 = \)

1 o1 A 1>0

It follows that, when o > 0, the roots are given by

V2X—1 V2X—1
ATTTUON O RTTTIo

Writing
- A=1)2 5 (A=1)p N V2A -1 V22 -1
5) N R ) Wi T L B D Wl I A R W
we get
u’/\(z)_)\—l[z_i_\/%\—l] [z+\/2>\—1}1_)\_ 1
ur(z) oz A—1 A oz 4+ V2A— 1N
As a result we obtain
() V2A -1 2
ur(z) =
A Az V2A— 1)
and the generating function is written as
(6.2)
VoA —1 1 2
Ua(z,z) = A [z+ A ][1—z<x— >—i— A z2] .
V2A—1 A V22 -1 22 —1
In the case a% < 0, similar computations yield
" (Z>__\/2)\—1 2*
M A VA 1/A
and
Ya(2, )
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6.1. Orthogonality measures: special Jacobi polynomials. We will show that
P is a shifted monic Jacobi polynomial with parameters depending on \. To pro-
ceed, recall that (see [10]) the monic Jacobi polynomials p%’ﬁ are orthogonal with

respect to the beta distribution with density function given by
Cap(1 — ) (1 + 53)61[—1,1} (), a,B>-1,

for some normalizing constant ¢, g and that the non-monic Jacobi polynomials
PP are related to pi” as
(Oé + ﬁ + 1)2n

() = (a+ B+ 1)n2nn!pgﬂ(x)'

(n+ta+B+1n 45

We will show that

1) " 2\

R = |

when a7 > 0 and

PMa) = 2 np/\—3/2,,\71/2 @
" Voaa—1] " N

when oq\ < 0. Before proceeding, note that both cases are related using Py 0 (z) =
(=1)" P2 (—2) (see [9]):

PA-3/2A-1/2 (\/2)\7—11’ + 1)  (—1yrpAl2A-8) (VQ)\ —1(-2) — 1)

2\ 2\

so that their generating functions are the same up to the transformation (z, z) —
(—z, —x). Moreover, the orthogonality measures are given by

— o\ M1/2 — I\ A3/2
1a(d) = e <1_\/2/\ 1x 1> <1+\/2)\ 1z 1) dr,

2 2
, VA 1z + 1\ VA T+ 1\ 2

for some normalizing constants ¢y, ¢, and for
Ay €\

6{1—2)\ 1—|—2)\] E[ 142X 2)\—1]
€ 9 3 - 3 )
V2A—1" V22 -1 V22—1 V22 -1

respectively.
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Now, we proceed to the proof of our claim and we consider the case oz{‘ > 0.
To this end, we need (see [10])

(1+t)a+/3+12 1 2 A11 2 T(141)2

(a+B+1)n (a+ B+ 1) t\"
— PawB Y tn — paug Y —

e, W= 2 e W g
for |t| < 1,|y| < 1, where 2F} is the Gauss hypergeometric function (see [9]).
Substituting (o, 3) by (A —1/2,A —3/2), then (a + 5+ 1)/2 =X —1/2 =
0+ 1, we have

a+B+1 a+p+2
2F1< ot ‘2(y+1)t>:1FO<A;2((13/:$¥>

2 ) 2
B+1 141
2y + 1)t
= (122
(141)2
where we used the equality 1 Fp(\,y) = (1 — )~ for |y| < 1 (see [9]). Thus

(14 t)atprizi! 254 2 e [+ — 2ty

Now use the Gauss duplication formula (cf. [9])

VaT(2a) = 2227 (a)(a + 1/2), a >0,

to see that
1 _
(B+1), (A=1/2),
As a result,
R A )= —— .
= e =

It finally remains to substitute in the last equality

Vo -le -1 A

2\ : NoEw

for small z to see that it is nothing but (6.2) and the claim follows. =
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