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The aim of this paper is to study on the Genocchi polynomials of higher order on P, the
algebra of polynomials in the single variable x over the field C of characteristic zero and
P�, the vector spaces of all linear functional on P. By using the action of a linear functional
L on a polynomial pðxÞ Sheffer sequences and Appell sequences, we obtain some fundamen-
tal properties of the Genocchi polynomials. Furthermore, we give relations between, the
first and second kind Stirling numbers, Euler polynomials of higher order and Genocchi
polynomials of higher order.
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1. Introduction

Throughout of this paper, we can use the following notations and definitions, which are given by Roman [3, pp. 1–125].
Let P be the algebra of polynomials in the single variable x over the field of complex numbers. Let P� be the vector space of

all linear functionals on P. Let LjpðxÞh i be the action of a linear functional L on a polynomial pðxÞ. Let F denote the algebra of
formal power series
f tð Þ ¼
X1
k¼0

ak

k!
tk: ð1:1Þ
Such algebra is called Umbral algebra. Each f 2 F defines a linear functional on P and
ak ¼ f tð Þjxk
� �

ð1:2Þ
for all k P 0.
The order o f tð Þð Þ of a power series f tð Þ is the smallest integer k for which the coefficient of tk does not vanish. A series f tð Þ

for which o f tð Þð Þ ¼ 1 will be called a delta series. When we are considering a delta series f tð Þ in F as a linear functional we
will refer to it as a delta functional.

It is well-known that tkjxn
� �

¼ n!dn;k where d denotes Kronecker symbol. For all f tð Þ in F
f tð Þ ¼
X1
k¼0

f tð Þjxk
� �

k!
tk:
Let f ðtÞ, gðtÞ be in F , then we have
f ðtÞgðtÞjp xð Þh i ¼ f ðtÞjgðtÞp xð Þh i: ð1:3Þ
. All rights reserved.
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For y 2 C the evaluation functional is defined to be the power series eyt . By (1.2), we have
eytjp xð Þ
� �

¼ p yð Þ; ð1:4Þ
for all p xð Þ in P. The forward difference functional is the delta functional eyt � 1 and
eyt � 1jp xð Þ
� �

¼ p yð Þ � p 0ð Þ: ð1:5Þ
The Abel functional is the delta functional teyt . We have
teytjp xð Þ
� �

¼ p0 yð Þ:
The Sheffer polynomials are defined by means of the following generating function
X1
k¼0

sk xð Þ
k!

tk ¼ 1
gðtÞ e

xt:
cf. [3] see also [1,2]).
Roman [3] proved the following theorem which is represented by the Sheffer polynomials (or Sheffer sequences)

explicitly:

Theorem 1. Let f tð Þ be a delta series and let g tð Þ be an invertible series. Then there exist a unique sequence sn xð Þ of polynomials
satisfying the orthogonality conditions
gðtÞf ðtÞkjsnðxÞ
D E

¼ n!dn;k ð1:6Þ
for all n; k P 0.

The sequence snðxÞ in (1.6) is the Sheffer polynomials for pair ðgðtÞ; f ðtÞÞ, where gðtÞ must be invertible and f ðtÞ must be
delta series. The Sheffer polynomials for pair ðgðtÞ; tÞ is the Appell polynomials or the Appell sequences for gðtÞ.

The Appell polynomials, the Bernoulli polynomials, the Euler polynomials and the Genocchi polynomials belong to the
family of the Sheffer polynomials cf. [1–4].

The Sheffer polynomials satisfy the following relations:
sn xð Þ ¼ gðtÞ�1xn; ð1:7Þ
derivative formula
tsn xð Þ ¼ s0n xð Þ ¼ nsn�1 xð Þ; ð1:8Þ
recurrence formula
snþ1 xð Þ ¼ x� g0 tð Þ
g tð Þ

� �
sn xð Þ; ð1:9Þ
expansion theorem
h tð Þ ¼
X1
k¼0

h tð Þjsk xð Þh i
k!

g tð Þtk; ð1:10Þ
multiplication theorem, for a – 0
sn axð Þ ¼ an g tð Þ
g t

a

� � sn xð Þ; ð1:11Þ
and
h tð Þjp axð Þh i ¼ h atð Þjp xð Þh i: ð1:12Þ
2. Genocchi Polynomials of higher order on F

In this section, by using properties of the Sheffer sequences and also the Appell sequences, we prove many fundamental
properties of the Genocchi polynomials of higher order GðbÞn ðxÞ, which are defined by means of the following generating
function:
2t
et þ 1

� �a

ext ¼
X1
n¼0

GðaÞn ðxÞ
tn

n!
; ð2:1Þ
where tj j < p. Gð1Þn ðxÞ ¼ GnðxÞ denotes the Genocchi polynomials.
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By using (1.7) and (2.1), we arrive at the following Lemma:

Lemma 1
GðbÞn ðxÞ ¼
2t

et þ 1

� �b

xn:
Theorem 2
ðet þ 1ÞkjGnðxÞ
D E

¼ 2nðk� 1Þ!
Xk�1

j¼0

2k�j�1 Sðn� 1; jÞ
ðk� j� 1Þ! ;
where GnðxÞ and Sðu;vÞ denote the Genocchi polynomials and the Stirling numbers of the second kind, respectively.

By Lemma 1, we obtain
et þ 1
� �kjGnðxÞ
D E

¼ et þ 1
� �kj 2t

et þ 1
xn

� 	
:

By using (1.3) and (1.8), we get
et þ 1
� �kjGnðxÞ
D E

¼ 2n
Xk�1

j¼0

ðk� 1Þ!
ðk� j� 1Þ! 2k�j�1 et � 1ð Þj

j!
jxn�1

* +
: ð2:2Þ
Setting
Sðn� 1; jÞ ¼ 1
j!

et � 1
� �jjxn�1
D E

;

where Sðn� 1; jÞ denotes the Stirling numbers of second kind cf [3, pp. 59], [5], in (2.2), we arrive at the desired result.
By using (1.8), we arrive at the following lemma:

Lemma 2
tG að Þ
n xð Þ ¼ nG að Þ

n�1 xð Þ
Remark 1. A second proof of Lemma 2 is also obtained from (2.1) by using derivative with respect to x. By Lemma 2, one can
see that
1
t

G að Þ
n xð Þ ¼ 1

nþ 1
G að Þ

nþ1 xð Þ:
Lemma 3
1
et þ 1

� �
G að Þ

n xð Þ ¼ 1
2 nþ 1ð ÞG

ðaþ1Þ
nþ1 ðxÞ
Proof. By (2.1) and Lemma 1, we obtain
1
et þ 1

� �
G að Þ

n xð Þ ¼ 1
et þ 1

2t
et þ 1

� �a

xn:
After some calculations in the above equation, we get
1
et þ 1

� �
G að Þ

n xð Þ ¼ 1
2t

2t
et þ 1

� �aþ1

xn:
Using Lemma 2, we obtain the desired result. h

An integral representation of eta�1
2t jG

ðbÞ
n ðxÞ

D E
is given by the following theorem.

Theorem 3
eta � 1
2t

jGðbÞn ðxÞ
� 	

¼ 1
2

Z a

0
GðbÞn ðxÞdx:
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Proof. By using Lemma 2, we have
eta � 1
2t

jGðbÞn ðxÞ
� 	

¼ eta � 1
2t

j 1
nþ 1

tGðbÞnþ1ðxÞ
� 	

:

By (1.3), we obtain
eta � 1
2t

jGðbÞn ðxÞ
� 	

¼ 1
nþ 1

eat � 1jGðbÞnþ1ðxÞ
D E

:

The desired result follows now from (1.5). h

A recurrence formula for GðaÞn ðxÞ is given by the next theorem.

Theorem 4 (Recurrence formula).
Gðaþ1Þ
nþ1 ðxÞ ¼

2
a

n� aþ 1ð ÞGðaÞnþ1ðxÞ þ ða� xÞðnþ 1ÞGðaÞn ðxÞ

 �

:

Proof. Setting
g tð Þ ¼ et þ 1
2t

� �a

ð2:3Þ
in (1.9), one can obtain
GðaÞnþ1ðxÞ ¼ x� a
ett � et þ 1ð Þ

t et þ 1ð Þ

� �
GðaÞn ðxÞ

¼xGðaÞn ðxÞ � a
et

et þ 1ð Þ �
1
t

� �
GðaÞn ðxÞ

¼xGðaÞn ðxÞ þ
a

2ðnþ 1ÞG
ðaþ1Þ
nþ1 ðxÞ:
Consequently, in the above equations using Lemma 3, Remark 1 and etG að Þ
n xð Þ ¼ 2nG a�1ð Þ

n�1 xð Þ � G að Þ
n xð Þ, we arrive at the desired

result. h

We now ready to prove multiplication formula for the Genocchi polynomials as follows:

Theorem 5 (Multiplication formula). For every positive odd integer a,
GnðaxÞ ¼ an�1
Xa�1

j¼0

ð�1ÞnGn xþ j
a

� �
:

Proof. If we substitute (2.3) into (1.11) and let a ¼ 1, then we obtain
GnðaxÞ ¼ an et þ 1
2t

� � 2t
a

� �
et

a þ 1
GnðxÞ ¼ an�1 et þ 1

et
a þ 1

GnðxÞ:
From the above equation, we get
GnðaxÞ ¼ an�1
Xa�1

j¼0

ð�1Þne
tj
aGnðxÞ:
By (1.4), we arrive at the desired result. h

Recall that the Euler polynomials E að Þ
n xð Þof higher order a are defined by the generating series
2
et þ 1

� �a

ext ¼
X1
n¼0

EðaÞn ðxÞ
tn

n!
:

Lemma 4
E að Þ
n xð Þ ¼ 2

et þ 1

� �a

xn:
Proof of Lemma 4 was given by Roman [3, pp. 101].
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The next theorem expresses the Genocchi polynomials in terms of the Euler polynomials and the Stirling numbers of the
first kind.

Theorem 6
GðaÞn xð Þ ¼
Xa

j¼0

Xj

k¼0

Xk

m¼0

a

j

� �
j

k

� �
2k�a �1ð Þj�ks k;mð ÞnmEðaÞn�k xð Þ:
Proof. From Lemma 1 we find
GðaÞn xð Þ ¼ 1
et þ 1

þ 2t � 1
et þ 1

� �a

xn

¼
Xa

j¼0

a

j

� �
1

et þ 1ð Þa
Xj

k¼0

j

k

� �
2k �1ð Þj�ktkxn:
Using
tkxn ¼ ðnÞkxn�k;
where ðnÞk ¼ nðn� 1Þ � � � ðn� kþ 1Þ in the above, we have
GðaÞn xð Þ ¼
Xa

j¼0

a

j

� �
1
2a

Xj

k¼0

j
k

� �
2k �1ð Þj�k nð Þk

2
et þ 1ð Þ

� �a

xn�k:
By using Lemma 4 and
yð Þk ¼
Xk

m¼0

s k;mð Þym;
where s k;mð Þ denotes the Stirling numbers of the first kind, in the above, we obtain the desired result. h
Theorem 7
ðet þ 1ÞG að Þ
n xð Þ ¼ 2nG a�1ð Þ

n�1 xð Þ:
Proof. By using (1.7), we obtain
ðet þ 1ÞG að Þ
n xð Þ ¼ 2tð Þ 2t

ðet þ 1Þ

� �a�1

xn:
By using Lemma 1 and Lemma 2, we obtain the desired result. h

By substituting a ¼ 1 into Theorem 7, we arrive at the following corollary:

Corollary 1
Gn xþ 1ð Þ þ Gn xð Þ ¼ 2nxn�1: ð2:4Þ
Remark 2. If we set a ¼ 1 in (2.1), then one can arrive at the proof of the above Corollary 1 as follows:
2text ¼
X1
n¼0

Gn xþ 1ð Þ þ Gn xð Þð Þ tn

n!
From the above we arrive at (2.4) cf. ([1,2]).
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