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A GENERAL CLASS OF GENERATING FUNCTIONS OF
LAGUERRE POLYNOMIALS

B. S. DESALE & G. A. QASHASH

ABSTRACT. In this paper we have obtained a new general class of generating
functions for the generalized modified Laguerre polynomials Lﬁ{”) (z) by group
theoretic method. Also, we introduce the bilateral generating function for
the generalized modified Laguerre and Jacobi polynomials with the help of
two linear partial differential operators. Consequently we recover the result
of Majumdar [1] and notice that the result of Das and Chatterjea [2] is the
particular case of our result.

1. INTRODUCTION

In a theoretical connection with the unification of generating functions has great
importance in the study of special functions. With the steps forward in this direc-
tions has been made by some researchers [3, 4, 5, 6]. Also, the special functions
has great deal with applications in pure and applied mathematics. They are ap-
pears in different frameworks. They are often used in combinatorial analysis [7],
and even in statistics [8]. Moreover, the Laguerre polynomials have been applied in
many other contexts, such as the Blissard problem (see [3]), the representation of
Lucas polynomials of the first and second kinds [9, 10], the representation formulas
of Newton sum rules for polynomials zeros [11, 12], the recurrence relations for
a class of Freud-type polynomials [13], the representation of symmetric functions
of a countable set of numbers, generalizing the classical algebraic Newton-Girard
formulas [14]. Consequently they were also used [15] in order to find reduction for-
mulas for the orthogonal invariants of a strictly positive compact operator, deriving
in a simple way so called Robert formulas [16]. In their study Darus and Ibrahim
[17] used deformed calculus to define generalized Laguerre polynomials and other
special functions. Moreover, they gave the explicit representation formulas for the
deformed Laguerre-type derivative of a composite function and illustration with ap-
plications. While Mukherjee [18] extend the bilateral generating function involving
Jacobi polynomials derived by Chongdar [19] is well presented by group-theoretic
method. Also, he had been proved the existence of quasi bilinear generating func-
tion implies the existence of a more general generating function. In their paper
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[20], Alam and Chongdar obtained some results on bilateral and trilateral gener-
ating functions of modified Laguerre polynomials. Furthermore, they made some
comments on the results of Laguerre polynomials obtained by Das and Chatterjea
[2]. Further, Banerji and Mohsen [21] established a result on generating relation
involving modified Bessel polynomials.

In this paper we have obtained new general class of generating functions for
the generalized modified Laguerre polynomials L%a)(x). Also, we have introduced
the bilateral generating function for the generalized modified Laguerre and Jacobi
polynomials, which has been established by two linear partial differential operators.
Consequently we recovered the results of Majumdar [1]. Furthermore, we notice
that result of Das and Chatterjea [2] is the particular case of our result.

This paper is organized in four sections. In the first section, we gave the intro-
duction to the problem. While in section two, we develop the new general class of
modified Laguerre and Jacobi polynomials. Also, there we have introduce bilateral
generating function. In the third section of this article, we gave the applications to
our results, and we conclude the results in section four.

2. GENERATING FUNCTIONS OF LAGUERRE POLYNOMIALS

In this section we develop the new general class of generating functions for mod-
ified Laguerre polynomials. Also, we introduce the bilateral generating function for
modified Laguerre and Jacobi polynomials.

In [2], Das and Chatterjea have claimed that the operator R, obtained by dou-
ble interpretations to both the index (n) and the parameter («) of the Laguerre
polynomial in Weisner’s group-theoretic method, also in [1], Majumdar has studied
the quasi bilinear generating function for the Laguerre polynomials.

While extending the generalized modified Laguerre polynomials Lgfy)(gn)7 we in-
troduce the bilateral generating function for the generalized modified Laguerre and
Jacobi polynomials by means of Theorem 2.1 and Theorem 2.2. The Laguerre
polynomials, as introduce by the later author [22], are defined as,

1+ a),

L () =
uz

1F1(—n;14+ a;2), Re(a) > —1.

Theorem 2.1. If there exists a generating function of the form

G(z,u,w) Zan YPB) (y), (2.1)

then

P l1—wt? 1—wt

exp(—wa)(1 = wt)~ (L4 w)oG (21 +w), 12, )
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n,p,q=0

(2.2)

Proof. Let us carry forward with the following linear partial differential operators,
which has been referred from [18, 20].

- 22 +r— —ay 'z, (2.3)
x
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and
o ., 0
Ry = (1+u)t8—+t&+(1+5+m) (2.4)
So that
@ n [e% a—1 a— n
Rily® =" L (2)] = (1+n)Lin 1) (2)y @D, (2.5)
and
Rolt" PP (u)] = (14 n + B+ m) I 0P (w)elm+), (2.6)
Also, we have
—wrz 1
exp(wR1)f(z,y,2) = exp fl@+wzy™ 2,y + wz, 2), (2.7)
and
_ _ 7(1+ﬁ+m) u + wt t
exp(wRa) f(u,) = (1 - w) (e (2.8

Now, we consider the following generating relation
G(z,u,w) Zanw L (z) P A) (w), (2.9)
replacing w by wtz and then multlplylng both sides by y*, we get

y Gz, u, wtz) = y* Z an (wtz)" L () P A (u). (2.10)
n=0
Operating exp(wR7), exp(wRy) on both sides of (2.10), we have

exp(wRy ) exp(wRy) [y*G(z, u, wtz)]
= exp(wRy) exp(wRs) Z an L (2)y® PP () (witz)™.
n=0
With the help of (2.7) and (2.8) the left hand side of (2.11) can be simplified as

exp (71”2) (1 — wt)~OHB+m) (y 4 w2)*G (:c + wry Ly, utwt  _wiz ) . (212)

?1—wt? 1—wt

(2.11)

Also, the right hand side of (2.11) with the help of (2.5) and (2.6) is simplified as

ntpte L+ n)p (@ aep(l+n+B+m)
Z anw +p+q pL;_H)P)( )y P ' q
pge0 p! q (2.13)
xP,Sanrq’ﬁ) (u)zntPgnta,

Therefore, the simplified form of (2.11) is

exp (222 (1 — wt) 0+ (y 4 w2 (o4 way )z, et i) =

Z anw”+p+q (1 + n) ( + Ti t6+ m)q Lgipp)( )P&n—&-q, ﬂ)(u)y“—l'z"ﬂlt"-&-Q.
plq!

n,p,q=0

(2.14)

Finally substituting z/y = 1 in (2.14), we obtain bilateral generating function (2.15)
for generalized modified Laguerre and Jacobi polynomials.

exp (—wz)(1 — wt)~ (1+B+m)(l—|—w)o‘G(x+wm utwt _w ) _

Y 1-wt’ 1—wt

(2.15)

(1 1 o
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This completes the proof of the theorem. ([

Theorem 2.2. If there exists bilateral generating relation of the form

G(z,v,w) Zan n Pl B) (1)L (v), (2.16)

1 ¢ 2
(1 _:_;Z)) exp (—wv) G(glc::__;um—&—www)

ntq (1 + 1) @ @
_ Z apwnta . qPT(Hpﬁ p)( )LEnJrg;( ).

then

(2.17)

n,p,q=0

Proof. Now we replace the variables x, y and z in the operator R; by v, s and ¢
respectively. With this replacement we can rewrite the operator R; as;

0 0
Ry =vs Ht— +t— —vs 't
L v + 9s  °
So that
R (s“t”Lgf“)(u)) = (1+n) L] (0)s@ DD, (2.18)
Let us define the operator R3
Ry = (1-—- x2)y*12£ —z(x — 1)2 —(1+ x)gflzz2

ox
- (1+a)(1+z)ytz

(One may concern [18] for more details about the operator R3.) Operating Rz on
8 ,n ple.B)
yP 2" Py (), we get

Rs (yﬁz"Péa’B)(:r)) = —2(1+ n) PSP ()Pt o, (2.20)

Ay 0z (2.19)

Also, we have

?@Jc)(ﬂg{’;)(:y 2wz yly+2wz)  yz ) (2.21)

Y+ 2wz y+2wz y+2wz y+2wz

and

exp(wt)f(0.5.8) = exp (T2 ) f(o+ ws s 4wty ). (2.22)

Now we consider the generating relation
G(z,v,w) Za w" P (2) LI (v). (2.23)

In above relation replacing w by wtz and then multiplying both sides by y°%s%, we
get
PGz, v, wtz) = yPs* i an (wtz)" P (2) L (v). (2.24)
Operating exp(wRy), exp(wR3) on bo:h:zides of (2.24), we have
exp(wRy ) exp(wR3) [yﬁsaG(J;, v, wtz)]
= exp(wRy) exp(wR3) i an (wtz)" PP (1) L) ()P s, (2.25)
n=0
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With the help of (2.18) and (2.20) the right hand side of (2.25) can be simplified as

> n (14+n), (14+n) o

D amut T e (2 P (@) L (0) 2.36)
n,p,q=0 ’ ’ )
ey =) gla=0) (49 (n+a).

Also, the left hand side of (2.25) with the help of (2.21) and (2.22) is simplified as

a+1
yP (s + wt)* exp (—L2L) <y+ng) G (:Zy_;%z’}zz L+ wusT1t, y:“_gyjz> .(2.27)

Therefore, the simplified form of (2.25) is

y(a+5+1) ( stwt ) exp( wvt) (y+2wz) IG (Iy+2wz U—i—wvs_lt wtyz )

y+2wz y+2wz ? ) yH2wz

n (I1+n), (14+n) o, B— o
Z anw +ptq o P g q(_2)pPT(L+pﬁ p)(m)L'Ez-&-qq)(U)

n,p,q=0
xyB=P) gla=a) y(n+p)y(nta)
(2.28)
Finally substituting s =y = z =t =1 in (2.28), we arrive at the proof of theorem.
O

3. APPLICATION

If we use m = 0, we notice from our theorem 2.1 that G(z, u, w) for pim 5)( )=1.
Hence, from theorem 2.1, we deduce that

(14 w)® exp (—wz)G(x + wz, w) Z a w"+p(—;n)pLEf+pp)( ). (3.1)

n,p=0

(1) If we put a, =1, in (3.1), we obtain

(14 w)® exp (—wz) L (z(1 4 w) Z <n + p) n‘ipp)(x). (3.2)

This result is as same as obtained by Das and Chatterjea in their paper [2].
(2) If we multiply both sides of (3.1) by ", we get

9] 1 N
(1 + w)a exp (—’LULL')G (:17 + wx, wr) — Z anwn-kp(—’—i'n)p nLSerpp) (:L‘),
p:
n,p=0
B S S R,
n=0 p=0 p

o0
= Z wop(z, 1),

n=0
where
= /n
on(er) =3 (s)aerL;a-“”(x).
s=0

Incidentally this happens to be the theorem 1 in the paper of Majumdar
(p:195 cf.[1]).
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4. CONCLUSION

In this article, we have introduced a new general class of generating functions in
the form of (2.1), for modified Laguerre and Jacobi’s polynomials. Whereas, (2.16)
is bilateral generating function for Laguerre and Jacobi’s polynomials. Also, we
have shown that Das and Chaterjea’s (one may refer [2]) result is a particular case
of theorem 2.1 for m = 0 and a,, = 1. Also by multiplying both sides of (3.1) by
r™, we have obtained the result of Majumdar [1] given by (3.3).
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