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ABSTRACT

Spectral analysis of a certain doubly infinite Jacobi operator leads to orthogonality relations for
confluent hypergeometric functions, which are called Laguerre functions. This doubly infinite Ja-
cobi operator corresponds to the action of a parabolic element of the Lie algebra su(1,1). The
Clebsch-Gordan coefficients for the tensor product representation of a positive and a negative dis-
crete series representation of su(1, 1) are determined for the parabolic bases. They turn out to be
multiples of Jacobi functions. From the interpretation of Laguerre polynomials and functions as
overlap coefficients, we obtain a product formula for the Laguerre polynomials, given by an integral
over Laguerre functions, Jacobi functions and continuous dual Hahn polynomials.

1. INTRODUCTION

Many special functions of hypergeometric type have an interpretation in rep-
resentation theory of Lie groups and Lie algebras, see for example Koornwin-
der’s paper [11] and the book by Vilenkin and Klimyk [17]. In this paper we
consider the three-dimensional Lie algebra su(1, 1), generated by H, B and C.
Elements of su(1, 1) are either elliptic, parabolic or hyperbolic elements, which
correspond to the three conjugacy classes of the Lie group SU(1,1). The self-
adjoint element X, = —aH + B — C, a € R, is an elliptic element for |a| > 1, a
parabolic element for |a| = 1, and a hyperbolic element for |a| < 1. In [10]
Koelink and Van der Jeugt consider the action of X, in tensor products of
positive discrete series representations. This leads to convolution identities for
several hypergeometric orthogonal polynomials. The action of X, in the tensor
product of a positive and a negative discrete series representation is considered
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in [6] for the elliptic case, and in [7] for the hyperbolic case. In this paper we
investigate the remaining, parabolic, case. In [5] the quantum version of X, is
studied. The Lie algebra su(1, 1) is replaced by the quantized universal envel-
oping algebra U, (su(l, 1)) and X, is replaced by a twisted primitive element. It
turns out that in U, (su(1, 1)) the three cases are all the same.

There are four classes of irreducible unitary representations of su(1, 1), the
positive and negative discrete series, the principal unitary series and the com-
plementary series. The tensor product of a positive and a negative discrete se-
ries representation decomposes into a direct integral over the principal unitary
series. Discrete terms can occur, and these terms correspond to one com-
plementary series, or a finite number of discrete series. The Clebsch-Gordan
coefficients for the standard bases are multiples of continuous dual Hahn
polynomials.

We consider the element X = —H + B — C, which is a parabolic element. In
the discrete series X acts on the standard (elliptic) basis as a Jacobi operator,
which corresponds to the three-term recurrence relation for Laguerre poly-
nomials. In the principal unitary series and the complementary series X acts on
the standard basis as a doubly infinity Jacobi operator, which corresponds to
the recurrence relation for Laguerre functions. So the Laguerre polynomials
and functions appear as overlap coeflicients between the (generalized) eigen-
vectors of X and the standard basis vectors. Using the differential equation for
the Laguerre polynomials, we realize the generators H, B and C in the discrete
series as differential operators. In these realizations the action of the Casimir
operator can be identified with the hypergeometric differential equation, which
leads to Jacobi functions as Clebsch-Gordan coefficients for parabolic basis
vectors. This leads to an identity for the overlap coefficients, which is a product
formula for the Laguerre polynomials,

This paper is organized as follows. In §2 we consider a certain doubly infinity
Jacobi operator, which corresponds to the action of X in the principal unitary
series. Spectral analysis leads to orthogonality relations for Laguerre func-
tions. This section is based on [14] by Masson and Repka.

In §3 we turn to representations of the Lie algebra su(1, 1). We introduce the
orthogonal polynomials and functions that we need in §3.1, and we give some of
their properties. In §3.2 we introduce the Lie algebra su(1,1) and give the irre-
ducible unitary representations. In §3.3 we diagonalize the element X in the
various representations, and we give generalized eigenvectors. In §3.4 the gen-
erators H, B and C are realized as differential operators. Then the Casimir op-
erator in the tensor product can be identified with the hypergeometric differ-
ential operator, and this leads to Jacobi functions as Clebsch-Gordan
coefficients. As a result we obtain a product formula for Laguerre polynomials,
which involves Jacobi functions, Laguerre functions and continuous dual Hahn
polynomials.

Notations. If du(x) is a positive measure, we use the notation dyu(x) for the
positive measure with the property
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d(p % 12)(x,x) = dp(x).
The hypergeometric series is defined by
ai, ..., 0p (), (ap), 2"
qu(bl,...,bq ?Z> :;ﬁﬂ’
where (@), denotes the Pochhammer symbol, defined by
_I'la+n)
I'(a)

For the confluent hypergeometric function we use the notation

1Fi(a;b;z) = FI(Z 32)7
and the second solution of the confluent hypergeometric differential equation is
defined by

(a), =ala+D(e+2)...(a+n-1), n € Z>y.

I(1-b)

rb-1)
I'la—b+1)

(1.1) Ula;b;z) = I'(a)

1Fi(a;b;z) + zl’blFl(a—b+l;2—b;z)7
see[16, (1.3.1}]. This is a many-valued functions of z, and we take as its principal
branch that which lies in the complex plane cut along the negative real axis
(—o0,0].

Acknowledgements. 1 thank the referee for making useful suggestions and
pointing out mistakes.

2. LAGUERRE FUNCTIONS

In this section we determine the spectral measure of a certain doubly infinite
Jacobi operator. This operator is obtained from the action of the self-adjoint
element X of the Lie algebra su(1, 1) in the principal unitary series representa-
tion, see §3.3. The eigenfunctions which are needed to describe the spectral
measure, are called Laguerre functions. See [14] or [9] for doubly infinite Jacobi
operators. The calculation of the eigenfunctions and the Wronskian is obtained
from [14], but we repeat the calculations here briefly.
The doubly infinite Jacobi operator L : £2(Z) — £*(Z) is defined by

(2.1) Ley = arex 11 + brer + ax_1ex 1,
where {er}; .7 is the standard orthonormal basis of £2(Z) and
1
@k = alpr) = (k45 +ip)],
br = bi(p, e) =2(k +¢),
where p > 0, ¢ € [0,1) and (p, &) # (0,5).

Remark 2.1. There exists a symmetry for the parameters of L. Let us denote
L= IL{p,e). The unitary operator U : ekn—>(—1)ke_k intertwines L(p,e) with
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—L(—p, —¢). Soif f(z;¢, p,k) is a solution to the eigenvalue equation Lf = zf,
then (—1)*f(—z; —¢, —p, —k) is another solution to the same eigenvalue equa-
tion.

Observe that L is an unbounded, symmetric operator. The domain D of L is
the dense subspace of finite linear combinations of the basis vectors e;. We de-
fine for a function f = Y32 __ frex € £2(2)

L'f = > (afirr +bif + ar—1fim1)er.

k=—00

on its domain
D ={fel@) | L'f € @)},

then (L*, D*) is the adjoint of (L, D). Note that L*|,, = L.
Solutions to Lv = —zv can be given in terms of confluent hypergeometric
functions (see [16]).

Proposition 2.2. The following functions are solutions to Lv = —zv:

W Dk +e+1+ip)|

I'(k+e+1—ip)
—k—c—ip)|
—k—e+ip)

1
1Filk+e+5+ip; 1+ 2ip;z),

su(zip,e) = (~1) 5

1F1(%—k—€—ip;1—2ip; —z),
1 1
uk(Z;p,E)=(—1)k|F(k+€+§+ip)lU(k+€+§+ip;1+2ip;2)7 z & (—o0,0]
1
Vk(Z;/?a E) = IF(E_k_E - lp)l U(%—k—i—:—- lp71 —2Zp7 '_Z)a z ¢ [0700)

Proof. The first solution s; follows from [16, (2.2.1)]
(b—a)1Fi(a—1;b;z) + (2a — b+ z) 1 Fi(a;b;z) — a1 Fi(a+ 1;b;2) = 0.

The second solution # follows from the first using the symmetry relation for the
parameters, cf. Remark 2.1. In the same way we find from [16, (2.2.8)]

Ula—1;b;z) — (2a— b+ 2)U(a;b;z) +ala— b+ 1) U(a+ 1;b;2) =0,

that u and v are solutions to Lv = —zv. [

The solution space to Ly = —zv is two-dimensional, since for afixedn € Z, v
is completely determined by the initial values v, _; and v,. So the eigenfunctions
given in Proposition 2.2 can be expanded in terms of each other.

Propesition 2.3 We have the connection formulas

uk(2) = A(2)s1(2) + B(2)t(2), 2 & (—o0,0]
vi(z) = C(2)si(2) + D(2)ir(2),  z € [0,00),

where
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A(z) = [(~2ip),
sinw(e + 5+ ip)
[sinm(e 41 —ip)]’

B(z) =z ¥°e* I (2ip)

sinm(e + 5+ ip)

2ip o~z i
) = (=2 e (= 2ip e e T o)

D(z) = I'(2ip).
Or equivalently, forz € C\ R,

se(2) = E(z)ur(z) + F(z)ve(2),
(2} = G(2)u(2) + H(z)we(2),

where

1 1 . .
E(z) = —sinn(e + 5 — ip)I(1 + 2ip)e™H0),
T
1 1 o :
F(z) = — = |sinm(e + 3 +ip)| (1 + 21',0)62272”’e”Tg(“%“p)7
w
i L, AP 2ip ir&(e+i+ip)
G(z) = — |sin7(e +§+1p)|l’(1 — 2ip)e (—z) P eI
s
1 1 . )
H(z) = ——sinn(e + 5 ip)Ir(1 - 2ip)em§(6+%+w)’
T

where £ = sgn(z).

Proof. The first connection formula follows from (1.1), the reflection
formula for the I'-function, and Kummer’s transformation: Fi(a;b;z) =
e’1Fi(b — a;b; —z). The second connection formula can be derived from the
first using the symmetry for the parameters, see Remark 2.1.

Proof. The other two connection formulas follow from [16, (1.9.1),(1.4.10)] or
they can be derived from the first two.

Definition 2.4. For two functions f(z) =3 . _ f(z)ex and g(z) =
S he o 8k(2)ek, the Wronskian is defined by

[£(2): 82 = ar(fi(2)gk+1(2) = fres1(2)gr(2)).
If f(z) and g(z) are solutions to the eigenvalue equation Ly = —zv, the Wron-
skian [f(z),g(z)], is is independent of k, so the Wronskian can be found by
taking the limit £ — Zoo. Moreover, f(z) and g(z) are linearly independent

solutions if and only if [f(z),g(z)] # 0.

Lemma 2.5. For0 < |arg(z)] < mandk — o
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e (z) = (—1)f ek Vi e (14 ok h),
_k(Z) = ﬁe_%z*\/m(_z>~%+ipk~%(l + O(k_%)>,

su(z) = (2} VAo _“"”F(1+2zp)k“(1-|—0(k ))

tx(e) = Wﬂﬂv (—z) 4+”’F(1—21p)k“( + Ok ))

Proof. This follows from the asymptotic behaviour for |y| — oo of the modified
Bessel functions

1 == (1+0(57) 8= Fe(1+0(5). larei<],

and the asymptotic expansions for the confluent hypergeometric functions in
terms of modified Bessel functions [16, (4.6.42),(4.6.43)]. [
For z € C\ R we introduce the spaces

= {f(Z) = i Si(z)er | L'f(z) = —2f () and Zlfk )|’ <OO}
(

o

k=-00
S;={f(2)= Y flz)en | Lf(2) = —2f(2) and Z fe(2) <oo}-
k=—c0

k=—cc

Then the deficiency space for L is S7 N S, . Note that dim S= < 2, and in case
dim S* =2, we have S} = S, since the solution space to Lf = —zf is two di-
mensional.

Next we put ¢, = z%°u(z), z & (—0,0], and &, = (—z) “v(z), z &[0, 00).
From the transformation U(a; b;z) = z'=%U(a — b +1;2 — b; z) it follows that

w(z) =7 u(z), z¢(-o0,0),

(@) = (—2"w(z), z¢10,00).

So we have (¢,), = (¢:), and (®,), = (&), and in particular (¢,), € R for x >
0 and (&), € Rfor x < 0. Note that (¢.), and (D), are even in p.

We calculate the Wronskian [¢,, $.]. From Lemma 2.5 and ax = k& + O(1), for
k — oo, we find for z & (—o0, 0]

(2.2)

Is(z),u(z)] = lim % Fgi i (1 +2i p)k% ( o fAlre+1)z—/A(+e)z _ e\/4(k+e)z—\/2(k+e+1)z)_
k—co
And since

(e\/4(k+6+1)z~\/4(k+s)z . e\/4(k+€)z—\/4(k+£+l)z) — 2\/%<1 + O(kﬁ%)), ks o0,

we obtain

[5(2),u(z)] = €z 20 Q2ip+1), ¢ (=00,0]
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Then we find from the connection formulas of Proposition 2.3
Is(2),u(z)] = F@b@ulz)],  zeC\R,

and this gives

)

23) 902 =2 (=0 WD) = e
T\E 5 1

0 < |arg(z)| < =.
So we find that ¢, and &, are linearly independent.

Proposition 2.6. For 0 <|arg(z)|<m we have S =span{¢,}, and
S = span{®.}, and L is essentially self-adjoint.

Proof. From Lemma 25 we see that ¢,=7z"u(z) e S5 and
@, = (—z2)""¥(z) € S, for 0 < |arg(z)| < w. Masson and Repka prove in [14,
Thm.2.1] that the deficiency indices of L are obtained by adding the deficiency
indices of the two Jacobi operators J* obtained by restricting L to £2(Zs)
(setting a_; =0) and to £2(—N) (setting ap =0). Since > o ,1/ar and
Z;L_w 1/ay are divergent, [3, Ch.VII, Thm.1.3] proves that J* have deficiency
indices (0,0), and hence so has L. So dim S =1, and the proposition
follows. [

We use the Stieltjes-Perron inversion formula, see [4, §X11.4], to calculate the
spectral measure;

b -1
Ere (@ b)) = timtim L+n<c;<x +i8)f ) — (Glx — i6)f g)edx.

In this case the resolvent G(z) can be calculated explicitly by

1

24 6@ 8 =g

S04 (6.) e + i) (1 - L),

k<l 2

Propesition 2.7 The spectral measure for the operator —L defined by (2.1), is
described by the following integral, for B C R a Borel set,

1

(BB 8 =5 | elsingle+ 3+ i) () () )

JBO(—OO,O)
1

S| e sinale + 5+ in) U ub0) (), )
T J Bn(0,00)

+

where f,g € (*(Z) and with the notation of Proposition 2.2

fee] o0

u(x) = Z ur(x)eg, v(x)= Z v (X)er.

k=—00 k=—0o0

Moreover, 0 is not contained in the point spectrum of L.

Proof. We define
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(2.5) A(x) = lim (Dxit)i(Puris)) (éx_ié)k(qsxﬁig)l’

810 [Dxris, Pxris] [x—is, Px—is]

then we have, using (2.3) and & = sgn<(z2),
N I . (e
Alx) =~ lélffol - |sinm(e + 5+ ip)| (6” Dy i5) (Dxis);
D (@, i5)(d-i),)-

For x < 0 we have lims|o(®Pxtis);, = lims;o(Px—is), = (Px);, and from the con-
nection formulas we find

laim eiﬁ(€+%)(¢x+i§)l — e D) (Gx—i5);

= 16%1 ( (D) (x + i8) A(x + 16)s1(x + i6) — e D (x — i6)° A(x — i6)s;(x — ié))

+g%@w%wx+wﬁ3u+¢&mx+wy-fwﬂwx—wWB&—Jamx—wﬁ

. i . . PN |
= 2isinn(e + -;— +ip)(—x)* T (=2ip)s;(x) + 2ie*(—x) " I'(2ip) | sin (e + 3+ ip)| t1(x)
= 2ie*(~x) | sin (e + % +ip)| vi(x).

Here we used

l1m(—y +i6)* =™yt 3> 0.

For x > 0 we use the symmetry for the parameters, cf. Remark 2.1. So we find

(2.6) Alx) = —%}e (- x)_z""|sin7r(6+%+l'p)l21/k()c)1zl(x)7 x <0,

——i—e x2”’|sm7r(€—|—;+zp)| we(X)ur(x), x>0.

Both expressions are clearly symmetric in k& and /, so the sum in (2.4) can be
antisymmetrized using (2.2). Now, if 0 is not contained in the point spectrum of
L, the result follows from the Stieltjes-Perron inversion formula and (2.2).

To show that 0 is not an element of the point spectrum of L, we show that
kerL = {0}. First we calculate the Wronskian [s(0), #(0)], using Definition 2.4
with k£ = 0. A straightforward calculation gives

sinm(e + 1 —ip)

MmJWH—zlbmW@+ 3+ ip)]

hence s{0) and #(0) are linearly independent. So if f € kerL, f # 0, then fis a
linear combination of s(0) and #(0). But 5(0), #(0) & £2(Z), since |s¢(0)| = 1 and
|t(0)| = 1, and therefore ker = {0}.

Remark 2.8. The result of Proposition 2.7 remains valid if ip is replaced by A +
I where A€ (—3,~¢) and e €[0,}), or e (=1, —1) and e € (},1). In this
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case the operator L is obtained from the action of the self-adjoint element X in
the complementary series representation of su(1, 1), see §3.3.
Let us define the Laguerre functions ¢,(x; p, €), n € Z, by

_  fe(x;p,), x<0,
Un(X; p,€) = {un(x;p,a), x>0,

and we define the weight function w(x; p, €) by

1 . 1
w(x; p,e) = —|sinw(e + 5 +ip)|e

x|
2

From Proposition 2.7 we find the following.

Theorem 2.9. For p >0, c € [0,1) and (p,e) # (0,), the Laguerre functions
Yn(x; p, €) form an orthonormal basis of L*(R, w(x; p, £)dx).

Proof. The orthonormality of the Laguerre functions follows from Proposition
2.7 by replacing f and g by standard orthonormal basis vectors e, and e,
n,m € Z, and using B = R. Completeness of the Laguerre functions follows
from the uniqueness of the spectral measure.

Remark 2.10. It would be nice to have a definition the Laguerre functions for
x = 0. In order to find the “natural” definition in x = 0 we calculate A(0), where
A(x) is defined by (2.5). We stress that the Laguerre functions are defined al-
most everywhere on R, so the calculation of the Laguerre functions in x = 0 is
only a formal calculation.

Using the connection coefficients from Proposition 2.3 we find
A©) =t L sina(e+ 5+ i0) (V@) (60), — ¢ "D @)y (-0
= 1,%{?} % [sin (e + % +ip)| (e""@%“m [C(i8)5c(i8) + D(i8)tx (i6)] [A(i8)5:(i8) + B(i6)1,(i6)]
— & 0 [C(—i8)5t(—i6) + D(—i6)tx(—i6)] [A(—i6)si(—i8) + B(—i6)t1(~ib)] )
To compute this limit, we use
%iirg se(ié) = %i}rol si(—i6) = 5 (0),
161% 1. (i6) = lglfrol tr(—i6) = 1(0),
1§iIrO1A(i<S)D(i<S) = %i}]gA(#é)D(«ié) = |I(2ip)|’,
ssinm(e +14ip)
sinn(e +1 - ip)

Lsinw(e +1 4 ip)
sinm(e + 5 — ip)

2

15%1 B(i8)C(i6) = e~ ¥*|'(2ip)|
151%1 B(—i8)C(—i6) = ™% |"(2ip)| ,
then we find
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A®0) = ~Zsina(e 15+ ip) sina(e + 3 + ip)ITQip) P ((0)9(0) + 5.(0)11(0)).

From Euler’s reflection formula for the I'-function we obtain

sinm(e +1 — ip)
1(0) = 2 0),
«(0) [sinn(e + 1+ ip)| 5(0)

and this gives

A(0) = —% |sin7(e + % + ip) F(Zip){z(tk(O)tl(O) + tk(O)l‘l(O))

-—§'7rali izm*m
= 7T|sm ( +2+ p)F(Zp)I‘ <[k(0)> <Z1(0)>'

Comparing this result with (2.6), we see that for x = 0 the Laguerre function
can be defined formally by

l0:.0) = il 40,

10

3. CLEBSCH-GORDAN COEFFICIENTS FOR PARABOLIC BASIS VECTORS OF
su(1,1)

3.1. Orthogonal polynomials and functions

The Wilson polynomials, see Wilson [18] or [1, §3.8], are polynomials on top of
the Askey-scheme of hypergeometric polynomials, see Koekoek and Swart-
touw [8]. The continuous dual Hahn polynomials are a three-parameter sub-
class of the Wilson polynomials, and are defined by

) _ —n,a+ix,a—ix >
(3.1) sn(y,a,b,c)—(a—l—b)n(a—f—c)nng( dtbate ,1>, x*=y.

For real parameters a, b, ¢, with a + b, a + ¢, b + ¢ positive, the continuous dual
Hahn polynomials are orthogonal with respect to a positive measure, sup-
ported on a subset of R, The orthonormal continuous dual Hahn polynomials
are defined by

. _ (_l)nsn(y§aab7c)
S0 = ) fat 0,6 5 0,

By Kummer’s transformation, see e.g. [1, Cor. 3.3.5], the polynomials s, and S,
are symmetric in a, b and ¢. Without loss of generality we assume that a is the
smallest of the real parameters a, b and ¢. Let du(-;a, b, ¢) be the measure de-
fined by
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[f(»)du(y;a,b,c) =

R
1 % |I(a+ ix) (b + ix)[(c + ix)|* £(x3)
27 J I'(2ix) Tla+b)(a+c)'(b+c)

('(a + k)2)7

I'(b—a)l'(c—a) ZK:H)" (2a),(a+ 1) (a+b)(a+c),

I(-2a)I'(b+c) =, (@)p(a—b+1)(a—c+ 1)kl

where K is the largest non-negative integer such that a + K < 0. In particular,

the measure dpu(-; a,b, ¢) is absolutely continuous if @ > 0. The measure is pos-

itive under the conditions a+5 >0, a+ ¢ >0 and b + ¢ > 0. Then the poly-

nomials S,(y;a, b, ¢) are orthonormal with respect to the measure du( y; a, b, ¢).
The Laguerre polynomials are defined by

(32)  L¥(x)= m—:lr'—lﬁlﬂ(—n;a +1;x).

The orthonormal Laguerre polynomials

n!
19 (x) = WL;S&) (x).

are orthonormal on [0, oo) with respect to the weight function

Xae—x

w (x) = —m .

They satisfy the three-term recurrence relation

() =/t D{a bt DI () + @+ o+ 1) (x)
— v/l + )1, (x),
and the differential equation
xy" () + (@ + 1= x)y/(x) +ny(x) =0,  y(x) = [V (x).
The Jacobi functions, see [12], are defined by

Ha+B+1-id)J(a+8+1+iN ._X>'

63 = A 23 ,

Here we use the unique analytic continuation to C\ [1,00) of the hypergeo-
metric function. The Jacobi functions are eigenfunctions of the hypergeometric
differential operator

x(1+x) @ —[a+ 14 +,3—i—2)x]i

dx? “ dx

for eigenvalue }1[(04 + 64+ 1)2 + A?]. Spectral analysis of the hypergeometric
differential operator leads to a unitary integral transform called the Jacobi-
function transform. The Jacobi-function transform is given by
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EDW) = || 70 () A ()

(3.4) |
110 = 5= [l )

where o > —1, 8 € R, Ag p(x) = 222728+1x2(1 + x), and du()) is the measure
given by

1 1 (* - . -
3 s0) = 5[ s leasOI FA =1 g0 Res castilenst-1)

2a+ﬂ+1—iAF(a+ I)F(l)\)
I(3la+B+1+N)I(3(a=B+1+i)’

D={i(lf—a—1-2) ] €Zs0, 18| —a—1-2 > 0}.

¢a,p(A) =

Observe that the measure dv()) is absolutely continuous if [8] < a4+ 1.

3.2. The Lie algebra su(1,1)

The Lie algebra su(1, 1) is a three dimensional Lie algebra, generated by H, B
and C satisfying the commutation relations

(3.5) [H,B|=2B, [H,C]=-2C, [B,C]=H.
There is a *-structure defined by H* = H and B* = —C. The Casimir operator
§2is a central element of U (su(1,1)), and {2 is given by
1
(3.6) 2= —Z(HZ + 2H +4CB).

There are four classes of irreducible unitary representations of su(1,1), see [17,
§6.4]: ’

The positive discrete series representations =} are representations labelled
by k > 0. The representation space is £2(Zxo) with orthonormal basis {ex},cz. -
The action is given by

7 (H) ey = 20k + 1) e,
i (B)en =/ (n+1)(2k +n)ens1,
5 (Clep = —/n(2k+n~1)e,—1,

m () ep =k(1 —k) ey,

(3.7)

The negative discrete series representations 7, are labelled by k& > 0. The rep-
resentation space is £2(Z»o) with orthonormal basis {es},.z - The action is
given by -

7p (H) e, = =2(k+n)e,,

T (B)en= —v/n(2k+n—1)e, 1,

T (Clen=/(n+1)(2k +n)en i1,

T (2) en = k(1 —k)ey.

(3.8)

Il
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The principal series representations «* are labelled by € € [0,1) and p > 0,
where (p, ) # (0,1). The representation space is ¢3(7) with orthonormal basis
{en},cz- The action is given by

7P (H)e, = 2(e +n) ey,

) 1
7TP-.°(B) e, = Kn +e +§+ lp)‘ €n+1,

B9 (= e -+ ilen,
7 (0) e, = (p* +é—1‘) en.

For (p,e) = (0,1) the representation 794 splits into a direct sum of a positive
and a negative discrete series representation: % = 7, @, . The representa-
tion space splits into two invariant subspaces: {e, | n <20} 692{en |n >0},

The complementary series representations 7 are labelled by £ and ), where
ee0,f)andx e (-1, —¢)ore € (§,1)and A € (—3,& — 1). The representation
space is £2(Z) with orthonormal basis {e, },.7. The action is given by

7 (H) ey = 2(g 4 1) en,
™EB)en=(n+e+1+A)(n+e— A e,

(3.10)
E(C)ey = —/(nte+ Nnte—A—1)e, 1,
Q) ey = =M1+ N ey
Note that formally for A = — % -+ ip the actions in the principal series and in the

complementary series are the same.

We remark that the operators (3.7)-(3.10) are unbounded, with domain the
set of finite linear combinations of the basis vectors. The representations are
x-representations in the sense of Schmiidgen {15, Ch.§].

The decomposition of the tensor product of a positive and a negative discrete
series representation of su(1, 1) is determined in [6, Thm.2.2], see also [17, §8.7.7]
for the group SU(1,1).

Theorem 3.1. For ky < kj the decomposition of the tensor product of positive and
negative discrete series representations of su(1,1) is

X

o 1 1
Wlil@ﬁ;z% w*dp, kl—k22—§>k1+k22§7
0
o
e 1
Wl: ® Ty, = mEdp B 7T>"€, ki +ky < 5
0
x
r&® 1
T @M, = | ™dp® @ Mgty —j? ki—ky < —5

j€z50
-k _%7j>o

341



where € =k —ko+ L L is the unique integer such that ¢€[0,1), and
A = —k| — ko. Further, under the identification above,

GAL) ey ®ep = (1) jR o3 = m2)em 1 did(yim — mo),

where n = min{ny,m}, S,(y;p) is an orthonormal continuous dual Hahn poly-
nomial,

1 1 1
Su(yiki —kay+ 5k + ko — 2 kr — —P+§)7 p <0,

2 2
S.(y;p) = 1 ) 1
Sn(y;k2~k1+§7k1+k2_§7kl_k2+p+§)7 PZO:
and
1 1 1
dp(y; ki —k2+§,k1 + ks —E,kz—kl “P+§)7 r <0,
du(y;p) = ) 1 ]
du(y;ks — ky +§,k1 + ks _Eykl — ko +P+§), p=0.

The inversion of (3.11) can be given explicitly, e.g. for an element

00 oo@
fQe_L= J f(x)e, rdx € [*(0,00) @ P(Z) = J E(Z)dx
0 0
in the representation space of the direct integral representation, we have
>0~ [ S| s <0,
p=0

(.12) foe1=1""
3 (-1 U 8,035 Y ()b (s r)} eer@ey 130,
p=0 R

For the discrete components in Theorem 3.1 we can replace f by a Dirac delta
function at the appropriate points of the discrete mass of du(-;r). In the fol-
lowing subsections we assume that discrete terms do not occur in the tensor
product decomposition. From the calculations it is clear how to extend the re-
sults to the general case.

3.3. Parabolic basisvectors

We consider the self-adjoint element
X=-H+B-Cesu(l,1),

which is a parabolic element. We determine the spectral decomposition of X in
the various representations. We also give (generalized) eigenvectors of X. This
is done in the same way as in [10], using (doubly infinite) Jacobi operators. First
we consider X in the discrete series. The action of X can be identified with the
three-term recurrence relation for the Laguerre polynomials.
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Proposition 3.2. The operators O defined by

OF : (T 5p) — L2([0,00), WD (x)dx)
(2~ 1)(_)

en’_>ln s

are unitary and intertwine wi (X)) with M.

Here M denotes the multiplication operator: Mrg(x) = f(x)g(x).
In terms of generalized eigenvectors, Proposition 3.2 states that

vE(x) = Zl(y‘ b x € [0,00),

is a generalized eigenvector of nf(X) for eigenvalue Fx. These eigenvectors can
be considered as parabolic basis vectors for su(l, 1).

Next we consider X in the principal unitary series. We find that 77¢(X) ex-
tends to a doubly infinite Jacobi operator which corresponds to the recurrence
relation for the Laguerre functions. The spectral analysis of (X)) is carried
out in §2.

Proposition 3.3. The operator ©°° defined by
07 H(Z) — L*(R,w(x; p, €)dx)
en’_“)(”“l)n@/)n(ﬁ ps€)

is unitary and intertwines 70 (X)) with M.

So, for x € R\ {0},

oQ

Vp’E(X) = Z (*1)11%(76;/075)%’

n=-o0

is a generalized eigenvector of 77f(X) for eigenvalue x. We exclude the point
x = 0 because the Laguerre functions are not defined at that point.

Next we consider the action of X in the tensor product. Recall that A(Y) =
19 Y+ Y®lfor ¥ esu(l,1). Then we find from Proposition 3.2 the follow-
ing result.

Proposition 3.4. The operator T defined by

T 1 (Zs0) ® £(Z50) — L*([0,00) x [0, 00), w171 (x1 )wZ2=1) (x;)dxy dx, )

en ® e,,ZHZ (2her = l)()q)l,(,sz_l)(xz)

3

is unitary and intertwines m; ® m, (A(X)) with My, y,.

So

o

) @v )= Y )R (n) e ® e,

ny =0

is a generalized eigenvector of w,: ® m, (A(X)) for eigenvalue x; — x;.
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3.4. Clebsch-Gordan coefficients

We want to determine the Clebsch-Gordan coefficients between the bases of
uncoupled eigenvectors v*(x1) ® v~ (x2) and coupled eigenvectors [© v?<(x; —
x1)dp of the operator 7} ® m;, (A(X)) for eigenvalue x; — x;. So we want to
find the Clebsch-Gordan coefficient g, a function of p depending on x;, x; (and
k1, k7), satisfying

[o9]

(B.13) v (x1) @ v (x2) = L (0" (x2 — x1)dp.

Note that this is an expression for generalized eigenvectors of the self-adjoint
operator mf. @, (A(X)) = [ n#°(X)dp. Because the self-adjoint operators
7r,Jg1 (X), 7, (X), 77 (X) have simple spectrum, cf. Propositions 3.2 and 3.3, we
see that g is uniquely determined by (3.13) (almost everywhere). The function
g can be determined from the above expression by taking inner products with
n, R e, = [ Sy enl_nz_Ldu%. This comes down to finding the function g, for
which the operator T, defined by

T, : L*(0,00) ® (Z) = ®J (Z)dx —>®J L2(R, w(t; p, €)dt)dp,
0 0

£ @ ewm(~1)" L TPV nlts 0, )dp,

is the same as 7". Note that it follows from (3.13) that the Clebsch-Gordan
coefficient g does not depend on n; and ;.

From Theorem 3.1 and (3.9) we know that the Clebsch-Gordan coefficient g
must be an eigenfunction of the Casimir operator (2 in the tensor product for
eigenvalue p? + 1 So first we determine the actions of the generators H, B and
C on parabolic basis vectors.

We start with a very simple lemma, which is based on the fact that s/(2, C) is
semi-simple, so [s/(2,C), sl(2,C)] = sl(2,C).

Lemma 3.5.

1 1 1 1 1 1
B=H X|+3X+5H, C=[HX]-5X-2H
Proof. From the definition of X and the commutation relations (3.5) we find
[H,X] = 2B+ 2C. This proves the lemma. [

This lemma shows that to find the action of the generators H, B and C, it is
enough to find the action of H, since the action of X is known.

Proposition 3.6. In the positive discrete series, the generators H, B, C have a
realization as densely defined differential operators acting on Lz([O,oo),

w1 (x)dx):
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+ & 2k — d k
71-k(fl): d2 ( x)dx+27
.\ & d
ys (B) = —xﬁ—Z(k—x)a-%—Qk—x),
d2 d

In the negative discrete series H, B, C have a realization as densely defined differ-
ential operators acting on L*([0, co), w1 (x)dx):

_ da’ d
Wk(H)—2xd2+2(2k—x)a—2k7
d? d
mi (B) = x—— + 2k,
_ a4’ d
T (C€) = —x 55 = 2k = x) -+ (2 — ).

Proof. We show that ©" intertwines the actions of H, B and C given by (3.7),
with the differential operators given in the proposition.

From the differential equation for the Laguerre polynomials, we find for the
action of H

et rf (H)e, = (2n + 2k) [PV (x)

d? d
= —ZX@I}SZIC*I)(X) — 2(2k — X) alr(fk_l)(x) -+ Zk Z}SZk_l)(x)
& d .
= ( - 2x3x—2— 2(2k - x)E—FZk)@ en.

So we have realized = (H) as a differential operator. By Proposition 3.2 7} (X)
is realized as the multiplication operator M_,. A direct calculation shows that

O 1 ([H, X])en = (4)% +2(2k— )0,
Then Lemma 3.5 proves the proposition for the positive discrete series. Note
that the differential operators are defined on the space consisting of poly-
nomials which is a dense subspace of L2([0, 00), w (2=1) (x)dx). We find the ac-
tion in the negative discrete series in the same way, or we use the Lie-algebra
isomorphism 1, given by

HH)=~-H, 9B)=C, ¥C)=

Then nf (¥(Y)) = m (Y) for Y € su(1,1).

A straightforward calculation shows that these operators indeed satisfy the
su(1,1) commutation relations. [

It is also possible to find the actions of H, Band C on the eigenvectors v#¢(x).
This is done using the differential equation for the Laguerre functions, which
follows from the confluent hypergeometric differential equation. We do not
need these actions here.
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Next we want to calculate 77,‘; ® (A(Q)) for these realizations. From (3.6)
we obtain

1
(.14) AQ)=1802+081-3HOH-(C®B+BSC).

Proposition 3.6 shows that 7rk ® m, (A((Z)) is a differential operator acting on
a dense subspace of L?([0, oo) x [0, 00), W=D (o )W =D (3 )dxydx;). Let
p(x1) and g(x;) be polynomials in x;, respectively x, then we find after a long
calculation in which many terms cancel,

i, 9, (A()p(n)gx2) =
— 3% (P (1)ge2) + 29/ (01)g (x2) + p(1 ) (x2))

(3.15) + (2x1x2 = 2k1x2 — 2kax1) (P'(xl)Q(m) +P(x1)6/(x2))
+ (2k1X2 + 2kox1 — 2k1ky — x1%2
+ ki (1 — k) + ka1 = k) p(x1)g(x2),

where p'(x;) = di p(x1) and ¢'(x2) = Z- % g(x2). For t >0 let H, be the space

consisting of polynomlals of the form p( Vq(x + ¢), and for ¢ < 0 let H, be the
space consisting of polynomials of the form p(x — t)g(x).

Proposition 3.7. For fixedt € R\ {0} we have

o m @y, (A(Q))IH o M
2

—x(x— );2 (2k1x~|—2k2(x—-t));

+ ((k1(1 = k1)
—'-kz(l — kz) — Zklkz), < O,

d? d
(x+t)d 5 (2k1(x+t)+2k2x)a

-+ ((k1(1 —k1) —I—kz(l - kz) — Zklkz), t>0.

Proof. First we assume ¢ > 0. Put x = x1, 1 = xp — x and e*¢(x; 1) = p(x)g(x +
t) in (3.15), then
T ® T, (A(2))e“p(x;1) =
d*p dy
e [— x(x 4 1) o = (2 (x + 1) + Zeo)
+ (a1 = k) + (1 — k) — 2k1k2)gp].
This proofs the proposition for ¢ > 0. The case ¢t < 0is proved similarly. [
For >0 the differential operator in Proposition 3.7 has the Jacobi
functions <p<2k‘ ~L%271 (/1) as eigenfunctions for eigenvalue p? + 4, and acts

on the space L*(R, Ao, 1,-1(x/t)dx/1), since wi—(x + w~1(x) =
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Ce‘z"A2kl,172k2_1(x/ t) where C is a factor independent of x. A similar ob-
servation can be made for ¢ < 0. So the spectral analysis of the self-adjoint op-
erator A(£2), = 7}, ® 7, (A(£2))]; leads to the Jacobi function transform, and
we can identify the spectrum of A(f2), with the support of the measure dv(2p).
We find that the support is exactly the same as the support of the ortho-
normality measure for the continuous dual Hahn polynomials given in Theo-
rem 3.1. In particular the spectrum of A(£2), is simple, so the Clebsch-Gordan
coefficients are determined up to a factor independent of x. Now the
Clebsch-Gordan coefficients are given by C+exg0(2k‘ 12k:=1) (x/ ) and
C_e’p;, ey 1,2k 1) (—x/1), for t >0, respectively 7 <0, Where C. and C_ are
factors 1ndependent of x which need to be determined.

Theorem 3.8. The Clebsch-Gordan coefficients for the parabolic bases are given

by
2k2 1,2k, -1) X2
(p)e — ], X2—X1 < 07
g(p) = o
o (2k1—12kr—1 X1
C+(p)€1g0§p1 : )<)_Cz——xl>’ x3—x1 >0,
where
C(p) = (-n* (xy — ap-taamin, [L2K1) Tk + ko — 5+ ip)
V27 I'(2ky) I'lki — k» +%—|— ip)I'(2ip) ’
1 L I'(2ky) I'ky + ko — Lt ip)
C — Xy — X 1—K2tip 2 )
+e) = m e ) T(2k0)|T(ky — k1 + 1+ ip) T(2ip)

Proof. Recall from the beginning of this subsection that the Clebsch-Gordan
coefficients are the unique functions g such that 7" =7, or equivalently, the
functions g determined by

(o8]

04 ) @ (e @ m) = { | el 2 =500, | Silo)enn-100) )
Here dp is the orthogonality measure for the continuous dual Hahn poly-
nomials as in Theorem 3.1. Put x = xy, ¢ = x3 — x; and assume ¢ > 0. Since g 18
independent of n; and ny, it is enough to verify that the function g in the theo-
rem satisfies the above identity in case n; = n; = 0. Explicitly, we must verify
the following identity

_DE e 12—
1= " e (Dot e~k 1)

Ci(p)

Il +ha— 3t ip) (ks — ks + 3 ip) D — ko + 3+ ip)]
T k) (2k2)

I'(2ip)

We use an integral representation for the second solution of the confluent hy-
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pergeometric differential equation, see [16, (3.2.55)] (note that there is a mis-
print in the exponent of z in [16]),

ZC—LI

Ula; b;2) = %)

J ey HLF <a, +Ca : —y) dy, Re>0,%z>0,
0

with parameters given by

1
azkl—kz—i—z—l—ip, b=1+2p, c=2k, y:);c, z=1.

By the definition of the Laguerre function ,(¢) for ¢ > 0, see §2, the definition
of a Jacobi function (3.3) funct and Euler’s transformation [1, (2.2.7)], we have

Yor(t;pk —ky+ L) =

Nk —ky+ 141 o0
(_1)L23—4k1—4k2tk1+kr%—zp| (k1 2+z+’P)|J e—xso(le“lez’I)()_;) Azkl_mkz_l(x)@

I'(2k;) 20 t)

Taking the inverse Jacobi transform, which is allowed since
e™ € L*([0,00), Aok, —1,26,—2(x/1)dx /1), we find

g—ki—ky poo )
1= (_I)LLJ ex§0(2k1_172k2_1)<—);> l—lp’lﬁwL(t;p,kl —ky +L)
0

27 20
(ks = kp ++ ip)| [T (K1 + ks =+ ip)|
I'(2k,) I'(2ip)

This is the desired identity. Note that it follows from the unitarity of the Jacobi
transform, that the factor C, (p) is unique. For ¢ = x; — x; < 0 the theorem is
proved similarly. [

Remark 3.9. The explicit expressions for the Clebsch-Gordan coefficients as
»Fi-series can also be found in Basu and Wolf [2]. The method used in [2] to
compute the Clebsch-Gordan coefficients is different from the method used
here.

Theorem 3.8 gives the following Clebsch-Gordan decomposition for the
parabolic basis vectors

o0
C (et (X2 N oo g
Jo (p)e?p;, x| — X2 Ve Ge = x1)dp,

X2—X1<0,

oo}
ki1—1,2ky— X1

vHx) ® v (x) =

. Xy —x1 >0,

and the inversion of this can be found using the Jacobi transform.
From Theorem 3.8 we obtain a product formula for Laguerre polynomials.
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Theorem 3.10. Let |k| — k| < %and ki +ky > % then the Laguerre polynomials
satisfy the following product formula: for xy > x,,

(2k1 ()C ) (2k2—1)(x2)

1 (= 1 1 1
:%JO d( )Snl(p kz—k1+n2—n1+2,k1+k2~§,k1—k2+§)
10k — 1
Xexzsp(zikz 1,2k -1) (x1mx2) U(n24n1+k2—k1+§—ip;1—2ip;x1 ~*Xz)dp,

| B 1 1 1
:E%meD(P)Snl(Pz;kz—h + 1y —ng +§,k1 +k2—§,k1 — ks +§)

12k — 1
X ech,ogjkz b (L>1F1 (ny —my +ky —ky +5+ip; 1+ 2ip; x1 — x2)dp,
X1 — X2 2

for x1 = x3 = X,

~1)(x)L(2k2—1)(x)
1

1 l
:EL Sm(p kz—k1+n2~—}’l1+ k4 ky — k sz-‘rz)

x ¢ (Do(p) 177 1 Dy(—p) xf*“'-"z*’ﬂ)dp

1= 1 1 1 1 ;
_ D, - R - _ - _ _ 2N X 5k —ka—ip
=3 J_ o(p)sl(p,kz ki +mn n1+2,k1+k2 2,k1 k2+2)e X2 dp,

where

(x1 — 2R Ty ey — L+ ip) Ty — by + 13—y + L+ ip) [

ni!m! I'(2ky) T(2ip) ;
ki—tprip (k1 Ak _%'*‘ iP)iZF(nz —nm +ky— ki +4+ip)
m!n! F(2k2)r(21p) ’

dip) =

D(p) = (x1 — x2)’
1

! ay!

1 1
D()(p) (kl +ky — = — lp) (kZ ki+ 5 + ip)nz—nl :

The case x; < x; follows from the case x; > x; using the substitutions
(khxlunl) g (k27x27n2)'

Proof. For x; > x, the first equality in the theorem follows from writing out
explicitly Y(en, ® €n,) = (j Su(p; 1 — ma)en, an_Ldu%), n=min{n,n},
where g is given in Theorem 3.8 and using [6, (3.13)]

) 1 1 1
2.7 L ek —ki—pl) =
snlp"3 Ky k2+27k1+k2 2,162 ki P+2)
| 1 1 1
(=17 |(ky — k2 +§+lp)p|zsn—p(P2;k2 -k +§,k1 +k> ~§,k1 —ky +P+§)-

Using (1.1) we have

pha-ko- ‘pU(p+k2ﬁk1+; ip;1 —2ip; 1) =

frk=katip P(_2jp)
I'p+ky — Ky —l—%—ip)

1 .
F1(p + ke =k + 5+ i 1+ 2ip; t) +idem(p < —p),
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and the first integral for the case x; > x;, splits according to this into two in-
tegrals. Substituting p— — p in the second integral and using that the con-
tinuous dual Hahn polynomial and the Jacobi function are even in p, we obtain
the second equality.

The case x; = x; can be obtained from the case x; > x, by letting x; — x.
We use the c-functions expansion of the Jacobi function

(‘D(Zkz—llkl nf x _
2 X| — X2

I(2k)I'(2ip) (m Y%%W

F(kz—-kl—F%—l—l'p)F(kl-l-k —%-I—ip) X] — X2
k]‘l—kz—%—ip,kl —kz—%*l'p. X2 — X1

XZE( 1-2ip CTx

) +idem(p < ~p),

which can be obtained from [1, (2.3.12)]. Using this expression in the second
integral for x; > x; and letting x; — x, then gives the second equality for
x1 = xy. The first equality for x; = x; is obtained directly from the second. [

Remark 3.11. (i) The confluent hypergeometric U-function can be considered
as a Whittaker function of the second kind, see [16, (1.9.6)];

1
Wiem(x) = e FxX" U (m — k—§—§;2m +1; x).

These Whittaker functions are the kernel in the Whittaker function transform,
given by

(WF)(N) = J:Of(X) Wi (x)x -,

1) ij°°(Wf><A) W)

:27T0

I'(2iN)

2
— T dA
rG—k+i)

where k < % Using the Whittaker function transform we see that Theorem 3.10
is a generalization of Koornwinder’s formula [13, (5.14)], stating that Laguerre
polynomials are mapped onto continuous dual Hahn polynomials by the
Whittaker function transform.

(ii) For general k1, k, > 0 discrete mass points must be added to the integral
in the theorem. In case the discrete mass points corresponds to discrete series in
the tensor product decomposition, cf. Theorem 3.1, the confluent hypergeo-
metric U-function can be written as a terminating ; F;-series, which is a La-
guerre polynomial.

(iii) Theorem 3.10 can be obtained as a limit case of a bilinear summation
formula for Meixner-Pollaczek polynomials, see [7, Rem.3.2(ii)].

(iv) The first case of the product formula for x; = x, corresponds to the
formal definition of the Laguerre function v,{(0; p, £) given in Remark 2.10 as
follows. The Clebsch-Gordan coefficient for the case x = x; = x, is the (C2—
valued) function g, such that
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1200 2 ) =

L)

(—1mtt f S (95 m — m)g* (p)| 1(2ip))| tny—n-1(0)

1
dp(p; ny — mp).
tnl 41’12*L 0

Here g* denotes the Hermitian transpose of g. Using the explicit expression for
1,(0), see Proposition 2.2, the Clebsch-Gordan coefficients can now be com-
puted from Theorem 3.10, and this gives

? exx%—klﬁkz—ﬂ'p
&= Cexxé—klAkzﬂ‘p ’

where Cis a factor independent of x. The function g should be an eigenfunction
of mf ®@m (A(2)) in the realizations of Proposition 3.6. Indeed, setting
e“po(x) = p(x)g(x) in (3.15), it follows from Theorem 3.1 that the function ¢(x)
must a solution to the following Euler differential equation:

1
—xy" = (2ky + 2k2)xy + (k1 + ) (1 —ky — ka)y = (0> + Z)y'

The  general  solutions to  this  equation are given Dby
y = Clx%vkl—kfrip + sz%‘klsz—ip'
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