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Abstract Big g-Jacobi functions are eigenfunctions of a second-order g-difference
operator L. We study L as an unbounded self-adjoint operator on an L2-space of
functions on R with a discrete measure. We describe explicitly the spectral decom-
position of L using an integral transform F with two different big g-Jacobi functions
as a kernel, and we construct the inverse of F.
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1 Introduction

Integral transforms with a hypergeometric function as a kernel have been the sub-
ject of many papers in the literature. A famous example is the Jacobi transform, first
studied by Weyl [18], which is an integral transform with a certain , Fj-function,
the Jacobi function, as a kernel. The inverse of the Jacobi transform can be obtained
from spectral analysis of the hypergeometric differential operator D, which is an un-
bounded self-adjoint operator on a weighted L?-space of functions on [0, o). We
refer to [14] for a survey on Jacobi functions. In a recent paper [16] Neretin studied
the hypergeometric differential operator D as a self-adjoint operator on a weighted
L2-space of functions on R. In this setting the spectral analysis of D leads to an in-
tegral transform with two different Jacobi functions (vector-valued Jacobi functions)
as a kernel, corresponding to the multiplicity two of the continuous spectrum.
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In this paper we obtain a g-analogue of Neretin’s vector-valued Jacobi transform
(or double index hypergeometric transform). There exist several g-analogues of Ja-
cobi functions, namely the little and big g-Jacobi functions and the Askey—Wilson
functions, see [9, 10, 12, 13]. Here we consider the big ¢g-Jacobi function, which is
a basic hypergeometric 3¢, -function that is the kernel in the big g-Jacobi transform
by Koelink and Stokman [13]. The big g-Jacobi transform and its inverse arise from
spectral analysis of a second-order g-difference operator L that is an unbounded self-
adjoint operator on an L2-space consisting of square integrable functions with respect
to a discrete measure on [—1, 00). In this paper we study the same g-difference oper-
ator L as an unbounded self-adjoint operator on a different Hilbert space, namely an
L2-space of functions on R with a discrete measure. The continuous spectrum of L
has multiplicity two, thus leading to an integral transform pair with two different big
g-Jacobi functions as a kernel. We call this the vector-valued big g-Jacobi transform.

The vector-valued Jacobi transform has an interpretation in the representation the-
ory of the Lie algebra su(1, 1) (or equivalently s[(2, R)) as follows, see [16, Sect. 4].
The hypergeometric differential operator D arises from a suitable restriction of the
Casimir operator in the tensor product of two principal unitary series. The spectral
analysis of D now gives the decomposition into irreducible representations, and the
vector-valued Jacobi transform can be used to construct explicitly the intertwiner for
these representations. The multiplicity two of the continuous spectrum corresponds
to the multiplicity of the principal unitary series occurring in the decomposition (see
[15, 17] for the precise decomposition). There is a similar interpretation of the vector-
valued big g-Jacobi transform in the representation theory of the quantized universal
enveloping algebra U, (su(1, 1)). However, the corresponding representation is no
longer a tensor product representation, but a sum of two tensor products of principal
unitary series. This will be the subject of a future paper.

The big g-Jacobi functions are nonpolynomial extensions of the big ¢-Jacobi poly-
nomials [1], but they can also be considered as extensions of the continuous dual
g~ '-Hahn polynomials (see [13]). In this light, the vector-valued big g-Jacobi trans-
form may also be considered as a g-analogue of the integral transform corresponding
to the 3 F»-functions (E,gl) , 5,52)) from [16, Thm. 1.3], and of the continuous Hahn
transform from [7]. In both transforms the kernel consists of two 3 F»-functions that
are extensions of the continuous dual Hahn polynomials.

The organization of this paper is as follows. In Sect. 2 we introduce the second-
order g-difference operator L and a weighted L>-space of functions on Ry, a g-
analogue of the real line. The difference operator L is an unbounded operator on this
L2-space. We define the Casorati determinant, a difference analogue of the Wron-
skian, and with the Casorati determinant we determine a dense domain on which L is
self-adjoint. In Sect. 3 we introduce the big ¢-Jacobi functions as eigenfunctions of L
given by a specific 3¢, -series. We also give the asymptotic solutions, which are 3¢;-
series with nice asymptotic behavior at 400 or —oo. A crucial point here is the fact
that all eigenfunctions we consider can uniquely be extended to functions on R,. In
Sect. 4 we define the Green kernel using the asymptotic solutions, and we determine
the spectral decomposition for L. In Sect. 5 we define the vector-valued big g-Jacobi
transform F, and we determine its inverse. A left inverse G of F follows immediately
from the spectral analysis done in Sect. 4. To show that G is also a right inverse, we
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use a classical method that essentially comes down to approximating with the Fourier
transform. Finally, in the Appendix two lemmas are proved which involve rather long
computations.

Notations We use standard notations for ¢g-shifted factorials, 6-functions and basic
hypergeometric series [5]. We fix a number g € (0, 1). The g-shifted factorials are
defined by

. _°° ok L 9o
(x,q)oo—g(l xq ), (x,q)n—i(an;q)oo, nez.

The (normalized) Jacobi 6-function is defined by

0(x) = (x,q/%; @)oos X €q°.

From this definition it follows that the 6-function satisfies
0(x) =0(q/x) = —x0(qx) = —x0(1/x).

We often use these identities without mentioning them. For products of g-shifted
factorials and products of 6-functions we use the shorthand notations

(1, %2, X Qn = X5 n (X2 Q- Xk @), 1€ ZU {00},
O(x1,x2, ..., xk) =0(x1)0(x2) - -0 (xp),

and

(75 9) o = Y X/ Doos O(xyF) =0(xy, x/).

An identity for 6-functions that we frequently use is
O(xv,x/v, yw,y/w) —0(xw,x/w, yv,y/v) = X@(xy,x/y, vw,v/w)  (L.1)
v

(see [5, Exer. 2.16(1)]). The basic hypergeometric function ,¢; is defined by

o

X1y X2y eens X (X1, X2, -, Xr3 @k _ 1s—

r¢s< T ;CI,Z)IZ r . ((—l)qu(k 1)/2) s er.
VI Y25 -es Vs =@V Vs @k

2 The Second-Order g-Difference Operator

In this section we introduce an unbounded second-order g-difference operator L act-
ing on functions on a g-analogue of the real line, and we determine a dense domain
on which L is self-adjoint.
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2.1 The Difference Operator
We fix two real numbers z4 > 0 and z_ < 0. Let R;r and R~ be the two sets

RS ={z1q" |neZ}, R;={zq"Inel},

and define
R, =R, UR,

which we consider as a g-analogue of the real line. For x € R, we sometimes write
X = zqk, which means that z = z_ or z =z, and k € Z. We denote by F(R,) the
linear space of complex-valued functions on R,.

The second-order difference operator L we are going to study depends on four
parameters. Let P, ;_ ., be the set consisting of pairs of parameters («, B) € C? such
that o, B & Z;IQZ, and one of the following conditions is satisfied:

o =R
e «, B € R and there exists a ko € Z such that 7, g% < =1 <o~
e «, B € R and there exists a ky € Z such that z_qko_1

1 1

< zyqhol
<al< ﬂ_l < ko
z-q"0.

In particular, this implies that ¢ < |o/8| < 1, and @ and B have the same sign in case
they are real. We define the parameter domain P to be the following set:

P={(a,b,c,d)eC*|(a,b)e Py, .,, (c,d)€ Py, ,,,a#b).

From here on we assume that (a, b, ¢, d) € P, unless explicitly stated otherwise.
We define a linear operator L = Ly p ¢.q : F(Ry) — F(Ry) by

L=AC)T,~ + BT, + C()id,

where Ty is the shift operator (7, f)(x) = f(ax) for & € C, id denotes the identity

operator, and
Ax) =5~ (1 - i) (1 - i),
ax bx

B =s(1-—)(1-L
w=(=2)0-7)

Cx)=s""+5—A(x) — B(x),

where s = /cdq/ab. Here we use the usual branch of /- that is positive on R.
Note that the conditions on the parameters ensure that A(x) # 0 and B(x) # 0 for all
x eRy.

Remark 2.1 (a) There is an obvious symmetry in the parameters;
La,b,c,d = Lb,a,c,d = La,b,d,c-

This will be useful when we study eigenfunctions of L later on.
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(b) Leta = zllql_m, m € Z fixed (so (a, b, c,d) ¢ P). Then the coefficient A(x)
vanishes at the point x = z4¢™. In this case certain restrictions of the difference
operator L are well-known in the literature. Let L_ (respectively L) denote the
operator L restricted to functions on {z4q" | k € Z>m} (respectively {z4q" | k €
Z<m—1}). Then L is equivalent to the Jacobi operator for the continuous dual qﬂtl -
Hahn polynomials, which are Askey—Wilson polynomials with one of the parameters
equal to zero (see [2, 11]). Moreover, the operator L restricted to functions on R~ U
{z1qF | k € Z>m} is equivalent to the difference operator studied by Koelink and
Stokman [13] to obtain the big g-Jacobi function transform.

If we also set ¢ = z:lq_”, n € 7 fixed, then the coefficient B(x) vanishes at the
point x = z_g". In this case the operator L restricted to functions on {z_g* | k €
Ly} U (z4q* | k € Z>m} is equivalent to the difference operator for big g-Jacobi
polynomials (see [13, Sect. 10]), where the orthogonality relations for the big ¢g-
Jacobi polynomials are obtained from spectral analysis of L. See also [1] and [11]
for the big g-Jacobi polynomials.

2.2 The Casorati Determinant

The Jackson g-integral is defined by

[ f(x)dqx—(l—q)Zf aqt)aq",

/f(x)dX—/ f(X)dx—/ fx)dyx,

oco(a)
/0 f)dgx =(1—q) Z f(eq")aq",

k=—00

for o, B € C*, and f is a function such that the sums converge absolutely. We will

denote
00(z4) 00(z-)
/ f(x)dqxzf f(x)dqx—f fx)dgx.
R, 0 0

We define a weight function w on R, by

,bx;
wx)=wk;a,b,c,d;q)= M. 2.1
(ex,dx; @)oo

Note that for (a, b, ¢, d) € P the weight function w is positive on R,, and w is con-
tinuous at the origin. Let £2=r2 (Ry, w(x)d,x) be the Hilbert space consisting of
functions f € F(R,) that have finite norm with respect to the inner product

(f.8)r2 =/R g w(x)dyx.
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For k,1, m,n € Z we define a truncated inner product by

quH»l erqn

(f, @)k fsmn = / ) F)g)wx)dyx + / F)g)wx)dyx.
i-q

Z+qrn+1
If f,ge L2, we have

Lim  (f, &)k imn = {f> &) r2-

l,m—00
k,n——o00

We define a function u# on R, closely related to the weight function w, by

(ax, bx; q)oo

_ N2 2 _ N2/ It L
@) =1 - Berw = = a Valabed e Dos’

Definition 2.2 For f,g € F(R;) we define the Casorati determinant D(f, g) €
F(R,) by

D(f.9)) = (f@)g(qx) — f(qx)g(x)) %

= ((Dg [H(x)g(x) = f(x)(Dgg)(x))u(x).
Here D, : F(R;) — F(R,) is the g-difference operator given by

S = flgx)

(Dy ) == =5

Proposition 2.3 For f, g € F(R,) we have
(Lf, g>k,l;m,n —{fs Lg)k,l;m,n
=D(£.3)(z-4") = D(£.®)(2-¢"") + D(£. ) (z+¢""") = D(f. B (z+4™)-
Proof For f, g € F(Ry),
((LNHx)gx) — f)(Lg)(x))xw(x)
=AW (f (x/q)gx) — f(x)g(x/q))xw(x)
+ B(X)(f (xq)g(x) — f(x)g(xq))xw(x)

(ax/q.bx/q: @)oo q*
(cx,dx;q)o0  xsab

= (f(&/@)g) = f(N)g(x/q))

(ax,bx;q)oc S

+(f gl — fg)

Note that abs/q = /abcd/q = cd /s, so we obtain

(LHX)gE) = fF)L ) (1 — g)xw(x) = D(f, §)(x/q) — D(f, &) (x).
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Now the sums of the truncated inner products in the lemma become telescoping, and
the result follows. g

In order to determine a suitable domain on which L is self-adjoint, we need to find
the limit behavior of Casorati determinants. First, to find the asymptotic behavior of
D(f, g)(x) for large x, we need the behavior of u(x) for large x.

Lemma 2.4 Letx =zq * ¢ Ry. Then for k — oo

xw(x) =(1—g) ' Ks7*(14+0(¢Y)),

1~ (1 - g Kas (14 0(¢"),

where

O(az, bz)

K.,=K.(a,b,c,d;q)=2(1 —q)————.
z ((a,b,c,d;q)=z( q)e(mdz)

k

Proof Let x = zq™" € R,. Using the identity

(g5 q@)n _ (q/o;q)n (a )"

Ba™ @ (@/B:)n \B

and the definition (2.1) of the weight function w we obtain

w(zg™) = (q/az,q/bz; Qr(az, bz; @)oo <@)"
(q/cz,q/dz; Qi(cz,dz; @)oo \ cd

and

k
kY — (1 — V2 SaTabeq (4142 /b2 )i(az, bz g)oo ( ab ) '
M(Zq ) ( C]) q/abcd(l/CZ7 1/dZ, q)k(ch’ qu’ q)oo quz

From this the asymptotic behavior of xw(x) and u(x)/x for large x follows. g
Lemma 2.5 Ler f, g € £2. Then

Aim  D(f,8)(x)=0.

Proof Let f,g € L. Using the asymptotic behavior of xw(x) for large x (see
Lemma 2.4), we find that f and g satisfy

i ) = e ) =0

From Definition 2.2 and the asymptotic behavior of u(x)/x from Lemma 2.4 we now
see that limg_, o D(f, g)(zg %) = 0. O
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2.3 Self-Adjointness
For f € F(R,) we denote

FO7) = lim f(z-q"). £(0) = Jim_f(z1q"),

F1O7) = lim (Dg f)(z-¢"),  f'(07) = lim (Dy (214",
provided that all these limits exist.
Definition 2.6 We define the subspace D C £ by

D={feLl’|LfeL? f(O0)=f(07), fO)=s(0%)}.

The domain D contains the finitely supported functions in £2; hence D is dense in £2.
Proposition 2.7 The operator (L, D) is self-adjoint.

The proposition is proved in the same way as [13, Prop. 2.7]. For convenience we
repeat the proof here.

Proof First we need to show that (L, D) is symmetric. Let f, g € D. Using the second
expression in Definition 2.2 we find

D(£.3)(07) =u(0)((Dy /)07)807) = f(07)(Dyg)(07))
= u(0)((Dg ))(07)5(0%) = f(07)(Dg8)(0%))
= D(£.®)(0).

By Proposition 2.3 and Lemma 2.5 this leads to

(Lf.8) 2 =S L8l =  lim ((Lf.&ksmn = (F. L&)ktmn)

k,n——o00
=D(f,2)(0%) — D(f,2)(07) =0;

hence (L, D) is symmetric with respect to (-, -) q2.
Now we know that (L, D) C (L*, D*), where (L*, D*) is the adjoint of the oper-
ator (L, D). Observe that

L* = L|p-.

Indeed, let f be a nonzero function with support at only one point x € R, and let
g € F(Ry). Then

(Lf. 82 =(f. L&) 2.

In particular, for g € D* we then have (f, Lg),> = (f, L*g) 2, so (Lg)(x) =
(L*g)(x). This holds for all x € R,; hence L* = L|p+.
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Finally we show that D* C D. Let f € D and let g € D*. Using Proposition 2.3
and Lemma 2.5,

D(f’ g)(oi) - D(f» g)(0+) = (Lf1 g)ﬁz - <f’ L*g>£,2 =0.

Since this holds for all f € D, we find that the limits g(07), g(0"), g’(07) and g’ (0")
exist, and

g(07) =g(07), g'(07)=¢'(0%);
hence g € D, which proves the proposition. O

Remark 2.8 Let f € D and let « be a complex number with |o| = 1. We define

Fao— {f(x), x eRy,

Tf(x), xeR],

and then it is easy to verify that f(07) = af(0%) and f/(07) = af’(0T). So we
have a family of dense domains

Do={feL?|Lf €L’ fO)=af(0%), fO)=af(0%)},

such that (L, Dy) is self-adjoint. Without loss of generality we may work with the
dense domain D = D;.

3 Eigenfunctions
In this section we study eigenfunctions of the second-order difference operator L.
3.1 Spaces of Eigenfunctions

For 1 € C we introduce the spaces

Ve ={f:R, > C|Lf =uf},

Vi ={f:Rf > C|Lf=nf},

Vi={f:Rg—>CILf =pf, f(O07)=[(07), f/©07)=f"(07)}.
Lemma 3.1 Let u € C.

(a) For f,g € V;it the Casorati determinant D(f, g) is constant on Rzlt.
(b) For f, g €V, the Casorati determinant D(f, g) is constant on R.
(¢) dimV;F=2.

(d) dimV, <2.
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Proof For (a) let f, g € F(R,). From the proof of Proposition 2.3 we have

(LHX)gX) = fFE)LY ) (1 = g)xw(x) = D(f, §)(x/q) — D(f, &) (x).

Now if f and g satisfy (Lf)(x) = uf(x) and (Lg)(x) = ug(x), we find
D(f,g)(x/q) = D(f, g)(x); hence D(f, g) is constant on R;‘ and R;.

Let f, g € V. Statement (b) follows from (a) and the fact that D(f, g)(07) =
D(f, &)(0").

For (c) we write f(zg¥) = fi, and we see that Lf = jf gives a recurrence relation
of the form ok fi+1+ Bk fx + vk fi—1 = wfi, with o, yx 7~ O for all k € Z. Solutions of
such a recurrence relation are uniquely determined by specifying fi at two different
points k = and k = m. So there are two independent solutions, which means that
dimVFE =2.

Finally, suppose that f1, f> € V,, are such that the restrictions f** = f; |Rq+ are lin-
early independent in VJ . By (a) the Casorati determinant D( f**, f,°*)(x) is nonzero
and constant on ]R;“; hence D(f1, f2) is nonzero and constant on R,. Therefore f
and f> are linearly independent. Now choose a function f3 € V),. Since dim Vj =2,
we have f3% = af[® + Bf,° for some constants , 8 € C. This shows that

D(f3,f1)=D(freS, ll’es):ﬂD( 21‘68’ 1I‘CS)ZﬂD(f'z’ fl)a
D(f3, /) = D(£5%, /) =aD(f{®, /) =aD(f1, f);
hence f3 =afi + Bf2. SodimV, <2. d

3.2 Big g-Jacobi Functions
Let Pgen be the dense subset of P given by
Poen = {(a,b,c,d) € P |c#d, c/a,c/b,d/a,d/b,cd/ab & q"}.

From here on we assume that (a, b, ¢, d) € Pgen, unless stated otherwise.
The difference operator L is equivalent to the difference operator studied in [13].
To see this, set
ax qc qd
X=——, A=y, B=—, C=—, 3.1
q sa sa
where the capitals stand for the parameters in [13]. We have the following eigenfunc-
tion, which is called a big g-Jacobi function,

qlax,sy,s/y

= 5 7b7 1d =
oy (x) =@, (x;a,b,c,dl|q) 3¢2< cq/a.dq)a

1
;q,bx), x]<—. ((3.2)
D]

If |x| < |q/b|, the function ¢, is a solution of the eigenvalue equation
LH@ =pu) ). w)=y+y", (3.3)
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where y € C* and x € R,. This can be obtained from [13], or directly from the con-
tiguous relation [8, (2.10)]. For a function f depending on the parameters a, b, c, d,
f=f(C;a,b,c,d), we write

ff=fTCa,b,c,dy=f(;b,a,c,d).

Clearly, we have (f7)" = f. Since Lyp.c.a =Lp,a.ca (cf. Remark 2.1(a)), it is im-
mediately clear that goj, is also a solution for the eigenvalue equation (3.3). If a = b,
we have goy x) =gy (x). The symmetry Ly p.c.a = La.b.d4.c does not give rise to dif-
ferent eigenfunctions.

So far, the functions ¢, (x) and gpi (x) are defined for small x € R,. Using the
eigenvalue equation (3.3), the functions ¢,, and (p;ﬂ can uniquely be extended to func-
tions on whole R, (that we also denote by ¢,, and (p;ﬂ) that also satisfy (3.3). Later on
we give explicit expressions for the functions ¢,, (x) and @y ¥ (x) for |x| > q/|b|.

First we establish the g-differentiability at the origin of the functions ¢,, and goJ,

Proposition 3.2 The functions ¢, and go;: are continuous q-differentiable at the ori-
gin. At x =0 we have

cdq/ab, \/cdq]ab b
wy(O;a,b,c,d|q)=2¢2(V\/ q/ab, Jedq/ably _11)’

cq/a,dq/a " a
b(1—sy)(1—s/y)
(I—q) (1 —cq/a)(1—dqja)”

q);/(O;a,b,c,d|q)= @y (0; aq_f,bq_%,cq%,dq%k]).

Proof The expression for ¢, (0) follows from letting x — 0 in (3.2). If |x]| is small
enough, we find from the explicit expression (3.2) for ¢,,,

0y () — gy (qu) = 3 — LD 507 s g3, — (1 fax; ag”]

= (q,cq/a,dq/a; q)n

_ i 5Y.8/v:1@n
1(q,cq/a,dq/a;q)n

_bx(d =sy)( =s/y) <q/ax,sq%sq/y. bx)
(1 —cq/ay(1 —dgq/a)’ cq®/a,dg?/a ")

(bx)"(q/ax; @)n—1(1 —q")

Now it follows that the g-derivative of ¢,, is given by

b(1—sy)(1 —s/y) oy (x a4 aq

(Dggy)(x) = (1—=g)(1 —cq/a)(1 —dq/a) oy

2.bg "2 cq,dg?g).
Letting x — 0 gives the result. O
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3.3 Asymptotic Solutions
We define the set of regular spectral values
Sreg =C*\ {£q7* | ke Z).
For y € Sreg U {£1} another solution for the eigenvalue equation (3.3) is the function

Dy (x) =Dy(x;a,b,c,dlq)

= (sy)* (q/bx,q*y [asx; @)oo é (qy/s,cqy/sa,dqy/sa » i)
(q/cx,q/dx; @)oo g%y /asx, qy? bx )
q
> (3.4)
|b]
Where X = Zq_k (See [13]) For X —> :l:oo we have
®, (27" = s 1+ 0(¢"), k— oc. 3.5)

Clearly, 05),71, 05;: and Q)I_, are also solutions to (3.3). We remark that it follows
from applying the transformation [5, (II1.9)] for 3¢, -series, that

y)k(q/ax,qzy/bsx;q)oo (qy/s,cqy/sb,dqy/sb_ i)

Py =G (q/cx,q/dx; @)oo ’

q%y /bsx, qy? " ax
xX=zq

So we see that @, = dﬁ;f, and if y € R, we see that @, is real-valued. Using the
eigenvalue equation L®, = u(y)®,, we can extend @, to single-valued functions
@ onRf and @, on R,". We call @,/ and &, the asymptotic solutions of Lf =

w(y)f on R{']“ and R, respectively. The following lemma shows that 413'3E and (D;E—l

are linear independent; hence they form linear bases for the eigenspaces Vui(y)‘

Lemma 3.3 For y € Sz we have
+ —
D(¢,. 0, )(zq ") = (v = 1/¥)Ko,.
Proof Since (b;L lies in V:(y), the Casorati determinant D(QD;r , chJ“/y) is constant
on R;“, so we can find the Casorati determinant by taking the limit x — oco. From
Lemma 2.4 we find
2k—1 —k
s u
im (z+¢77) _ P
k=00 24.47F(1 —¢q)

and then it follows from the first expression in Definition 2.2 and (3.5) that

Jim D(@F, @) ) (24q7") = (v = 1/1)K-, .

40

The proof for @, is similar. U
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: f +
Now we can expand the functions ¢, and ¢, on VM(V)

expansion of ¢, in terms of Cb;ril (respectively cb;il) gives an explicit expression

in terms of @;1. The

for ¢, for x > q/|b| (respectively x < —q/|b|). For y € Sz we define a function

cz(y) by

(s/y.cq/asy.dq/asy; q)oot (bszy)
(cq/a,dq/a,1/y?; q)cb(b2)

The desired expansion uses the c-function (see [13, Prop. 4.4]), with parameters as

in (3.1) and Z = za/q, or use the three-term transformation for 3¢;-functions [5,
(I11.33)].

c;(y)=cz(y;a,b,c,d|q) =

Proposition 3.4 For y € Syep and x = ziqk eR,,
oy () = co (NP ) + e (TP (),

o) =cl, (NP +cl ()T ().

The spaces V; and V_i2 are 2-dimensional by Lemma 3.1, but they are clearly not
spanned by qﬁ;—L and (Dljjy, since y = %1 here. In the following lemma we give linear
bases for the spaces V2i and V:—Lz that will be useful later on.

L aed .
Lemma 3.5 Fory =1 or y = —1, the functions ®, and d—y,ly/:y form a linear
basis for the spaces V2jE and V_iz, respectively.

Proof Differentiating the equation Lqﬁ;r = u(y)@;f with respect to y and setting

do+
y = %1 shows that ‘;iyy |, =+1 is an eigenfunction of L for eigenvalue 3-2. From the
asymptotic behavior (3.5) of @; we find

dor

d—yy(zq_k) = sk(sy)k_l(l + (’)(qk)), k — o0,

and then using Lemma 2.4 it follows that
+

do
+ 4 _1,2k=2 +
D(¢y,w)(x)—}/ KZ+5 )CERq.

d +
For y = £1 we see that D(QDII, i}j’ly:il) = K., # 0. This proves the lemma

for dﬁ;r . For @ the proof is the same. g
3.4 A Basis for V,,

We are going to show that, under certain conditions on y, the solutions ¢, and <pf,
form a linear basis for V(). We do this by computing the Casorati determinant

D(gy, 9)).
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Lemma 3.6 For x e R, and y € C* we have

(I—q)q (sy,5/v; @) (a/b)
as  (cq/a,cq/b,dq/a,dq/b;q)ec

D(py. 0))(x) =

Proof Let y € Sreg. From Proposition 3.2 we know that ¢,,, (pf, € Vyu(y); hence by
Lemma 3.1 the Casorati determinant D (¢, gz);:) is constant on R, . In order to calcu-
late D(g,, <pf,)(x) we use the c-function expansions from Proposition 3.4,

D(gy. o)) )= > e (v)cl, (v")D(D). @) (x), x=2z4q7F.
e,ne{—1,1}

We apply Lemma 3.3. Then
D(py.0))(z+q7") = (v = 1/y)K:, (co. )], (1)) — o (A/v)el, ().
Using c¢q/as = bs/d and dq/as = bs/c, we find

oy el (1/y) — e (1))l ()

_ (5Y:5/V5 @)oo
(y2,1/v% @)c(cq/a, cq/b,dq/a,dq/b; q)ocb(azy, bzy)

x (0(q/bsz1y.qy/aszy,cqy [bs.cq/asy)

—0(qy /bsz+,q/asziy, cq/bsy, cqy [as)).
Now we use the -product identity (1.1) with

1.
Sk

e c 1
x=1 lel v=ye2""/Ic|z+,

bS 4 ’

qe%i" lc| 1 1
y= —_, w= yg_i”( ,
as \ z4 lclz+

where ¢ = |c|e’*. We then obtain

ez, el (/) — e, (179l ()

_ q (sv,8/V;@ocb(a/b, czy,dzy)
asz+(y —1/y) (cq/a,cq/b,dq/a,dq/b; @)ecb(az, bzs)

With the explicit expression for K, we find the desired result for y € Sieo. By con-
tinuity in y the result holds for all y € C*. g

Let Spo1 be the set of zeros of y — D(¢,,, goj,), ie.,

Spol = {qu | ke Z30} U {S_lq_k | k € ZZO}-
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Proposition 3.7 Let y € C* \ Spol. Then dim V() = 2 and the set {g,, ¢}} is a
linear basis of Vi (y).

Proof From Lemma 3.6 it follows that ¢,, and (p;ﬂ are linearly independent if y & So1.
Since both functions are continuously g-differentiable at the origin (see Proposi-
tion 3.2), and since dim V),(,) <2 by Lemma 3.1, we have dim V() = 2, and ¢,
and (p; form a linear basis for V(). g

Corollary 3.8 For y € C* \ Sy every function in vt ) (and V_ () respectively)
has a unique extension to V().

Proof Fix a y € C* \ Spo1 and denote p = u(y). We consider the restriction map
res: V, — V+ defined by f™ = f |R+ Let f and g be llnearly independent in V.
As in the proof of Lemma 3.1, it follows that /™ and g™ are linearly independent
in Vlj' . Since dim V,; = dim VJ =2, the map res is a linear isomorphism. In a similar
way, a linear isomorphism between V, and V= can be constructed. g

For y € Spo1 the big g-Jacobi functions ¢, and (p; are actually multiples of big g-
Jacobi polynomials (see [13, Prop. 5.3]). The big g-Jacobi polynomials (see [1, 11])
are defined by

—k k+1

,aBq

q
Pr(x;a, B,6;9) = 3¢2<
aq, 6q

, X
;qaq)a kEZZO-

Lemma 3.9 Let y, =sqF e Spol OF Yk = s~lg7k e Spol- Then

o, () = /b da/b: (g)k * o)
a (cq/a.dq/a: q)x ’
and
k
(cq/a; @)k
(pyk(x)—q 2k(k+l)< —) mPk(cx;c/b,d/a,c/a;q),
forx eR,.

Proof Let k € Z>o and yx = sqk. From Lemma 3.6 we see that the Casorati deter-

minant D(gy,, <p;jk)(x), x € Ry, is equal to zero, hence ¢y, (x) = Ckgo;ﬂk (x), for some

constant Cy independent of x. To find the constant Cy we use Proposition 3.4. We

have c¢;(yx) =0 and c'z{'(yk) = 0; hence

Czy (1/vx) T
"

Using 0(¢*x) = (—x)~*g~2*®=Dg(x) we find

cz.(1/v0) _ (cq/b.dq/b:q) (g)k
() (cq/a.dq/a;q)i '

op ) =2, (1/70}), () = (1), x=z:q" Ry

Ci =

Since ¢, = @1y, the result also holds for y; = sTlg7* ke Zsyp.
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Finally, writing out (pj,’k (x) explicitly as a 3¢;-series using (3.2) and then applying
the transformation formula [5, (III.13)] shows that <pf,k (x) is a multiple of a big g-
Jacobi polynomial in the variable cx. g

3.5 Extensions of the Asymptotic Solutions

By Corollary 3.8 the asymptotic solutions QD“' € V:(V) and @, € Vu(y) have unique

extensions to V), provided that y € C* \ Sp01 We denote these extensions again
by d5+ and @, . Propositions 3.7 and 3.4 enable us to expand ot S in terms of the

basis {¢,, <py} of Vi)-
Proposition 3.10 For x € R, and y € Seeg \ {s¢* | k € Z>0},

O (x) =d., (¥)gy (x) +d], (¥)g] (),
O (x) =d;_(¥)g, () +d ()g]x),
where

d.(y)=d,(y;a,b,c,d|q)

_ (cq/a,dq/a; q)ocb(b2) (cqy/sb,dqy/sb; q)ooé(asz/qy)
O(a/b,cz,dz) (qv%.s/7: Do

Proof Let y € Sreg \ Spol- By Proposition 3.7 we may expand

7 (x) =d.. (¥)gy (X) + e, ()P} (), x €Ry,

for some coefficients d;(y) and e,(y) independent of x. In order to compute the
coefficients d, (y) and e, (y), we observe that it follows from QDfT = <15;—L thate,(y) =

dg(y). To compute d,(y) we use
D@5, ¢))(x)
D(py, (py)(x)

From the c-function expansion, Proposition 3.4, we find

dZ:t (y) =

D(®5,¢))(x)=cl, (1/y)D(®), @), ) (x), x€Ry,

and then it follows from Lemmas 3.3 and 3.6 that

—1/Y)K, el
() = (y—1/y) cTz( /v)
D((p)/a (p)/)
_ asz(cq/a,dq/a; q)ocb(b2) (v —1/y)(cqy/bs,dqy /bs; q)ooe(aSZ/y)
q0(a/b,cz,dz) 2,5/ @oo

Here we also used the explicit expression for K, from Lemma 2.4. This is the desired
result for ¥ € Sreg \ Spol- By continuity in y it holds also for y € {s~'¢ =% |k € Z}.O
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Fory =s"1¢7% ke Z>, the Casorati determinant D (g, , (p;,) is equal to zero;
hence ¢, is a multiple of go}:. In this case Proposition 3.10 states that CD; is also a

multiple of go;,.

Corollary 3.11 For yy =s~'q¢7%, k € Z>o,

Lot { =1\ (cq/b,dq/b; q)
DE (1) = g3kk=D > ; ¥ .
n()=4 azs Lo )

Proof Using Proposition 3.10 and Lemma 3.9, we find

b( b )kl (cq/b,dq/b; @) F,,

& (x)=—
n =0 \Gedsr ) @F5T a0 ba g denssD)

¢, (x),
with

F. =0(cq/a,dq/a,q/bz,cdqzy/b) —0(cq/b,dq/b,q/az4, cdqzi/a).

Applying the 0-product identity (1.1) with
qe' D Jled] qe' D Jlcd]
X=——", y = >

b a
—i(k+8
= e l(lc-i-), w = el =9 < ,
244/ cd]| d

where ¢ = |c|e’® and d = |d|e'®, we obtain
d
F., = “%0(cdg? jab,a/b, 1/dzy . 1 czy).
a

Applying (¢'%/y: q)x = (—y)’kq’%k(k’l)(y; q)k, identities for #-functions, and
s> = cdq/ab, the result follows for dﬁ;;. Replacing z4 by z_ gives the result
for @, . d

In the expansion of (Df in Proposition 3.10 we have assumed that y & {sq* | k €
Zso}. At first sight, it seems that the functions dﬁf(x), considered as functions of

v and with x € R, fixed, have simple poles at the points y = sqk, ke Z>0, which
are the poles of the function d,(y). It turns out that the functions @;(x) are actually
analytic at these points.

Proposition 3.12 For a given x € R, the functions y dﬁf(x) are analytic on Seg.
In particular, for v = sq*, k € Z>o,

L (x) = Res (dy, (1)) igo (x) + Res (d]_ () iqﬂ x)

Yk y=ve s ot dy’” yep YV dy "o

+do, (m)e), (x),

@ Springer



102 Constr Approx (2009) 29: 85-127

where

- ((cq/b.dg/b;q) (b ;
d:(vi) = ylLH)I/k((CQ/av dq/a; q)k (a) dr)+d; (y))'

Proof The expansion from Proposition 3.10 shows that the functions y — @f(x),
for a given x € R, are analytic functions on Seg \ {sqk | k € Z>¢}. So we only have
to consider the functions dﬁf (x) at the points y; = sq¥, k € Z>p.

Fix ak € Z>o and a x € R,;. The function y > d,(y) has a simple pole at y = y;
coming from the zero of the infinite product (s/y; ¢) oo, and the functions y > ¢, (x)
and y — (p; (x) are analytic at y = y,. From Proposition 3.10 and Lemma 3.9 it
follows that
) (1) — ¢ ()

Py (X) = ¢y (x)
- Y~ Vk

F(x) = (y — y)de, (v) +(r = vd], ()

(cq/b,dq/b; Qi (b \F : .
(m(;) 4 (r) +dz+<y>>¢>yk ().

We see that the limit lim,, , ,, q§;r (x) exists if c?z + (Yx), as defined in the proposition,
exists. Let us define

d-(y) = 5/ @)ood: (¥).
Then y +— ﬁz (y) is regular at y = y;. By a straightforward computation we obtain

(cq/b,dq/b; q)k

b\* . .
- dZ dT :07
(cq/a,dq/a; q)k (a) (vi) +d; (i)

and then it follows that c?z(yk) exists. Il

We now have the following properties of the functions @f.

Theorem 3.13 For y € Syey the functions dﬁ satisfy the following properties:

(@) &F € Vugy).
(b) For|y| < 1 we have

0 2 00(z+) 5
/ ‘q);(x)‘ w(x) dyx < 00, /0 ‘@;(x)‘ w(x)dyx < 00.

00(z-)

(c) The Casorati determinant v(y) = D(®F, &) is constant on Ry, and

v(y) =v(y;a,b,c,d;z—,241q)
_ (0 -9)0G-/z4)
O(cz—,dz—,cz4,dzy)
y (cqy/as,dqy/as,cqy/bs,dw/bs,sy,qy/s;q)ooé’(abszfu/qy).
vy 9k
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Proof Properties (a) and (b) follow directly from Proposition 3.10 and the asymp-
totic behavior of ch(x) for |x| — oo, so we only need to check the third prop-
erty.

Let y € Speg \ {sq* | k Zso}. Since @j € Vyu(y), the Casorati determinant
D(Cb; , dﬁ;r ) is constant on R, by Lemma 3.1. To calculate the determinant we use
Proposition 3.10. Then

D(®).@,) =d:_ (1)D(®]. 9,) +d_ (1)D(®} . ¢}).
We find from Proposition 3.4 and Lemma 3.3:

D(@),¢y) =c., (1/V)D(@), @) = (v = 1/¥)cz, (1/¥)Ko,,

D(®f,¢f)=cl A/y)D(@), @} )= —1/v)cl, (1/n)K-,,
so we have
D(®), @) = (v — 1/¥)Ke, (d:(¥)ee, (1/y) +d]_(y)cl, (/7).

From the explicit expression for d,_(y) and c,, (y) we obtain

d._(y)e., (1/y)+d] ()l (1/y)

_ bsz_(cqy/as,dqy/as, cqy [bs,dqy /bs,sy; @)oo
qy (2. qv2,s/v; Qocb(cz—,dz_,b/a, az4, bzy)

x [0(bz—.,azy.asz_/y.bszi/y) —6(az_.bzy. bsz_[y.aszy/y)].

Using the 0-product identity (1.1) with

ise!@tB/2 Mabzrz_ i
_ Viabzz | y =i @D Jlabzz ],
2

X

az— bz_

az4+

v = i@ , w = iel B=)/2

)

bZ+
where a = |ale'® and b = |b|e'P, the term between square bracket equals

bz10(z—/z4,a/b,s/y,absz_z4 /7).

Using the explicit expression for K, , we now find the Casorati determinant given in
the theorem. By continuity in y, the result holds for all y € Speg. |
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4 The Spectral Measure

In this section we calculate explicitly the spectral measure E for the self-adjoint op-
erator (L, D) using the formula (see [4, Thm. XI1.2.10])

1 Ap—4§
1
4.1

for A1 < Ay and f, g € £2. Here R(n) = (L — )~ ', u € C\ R, denotes the resolvent
operator. Our first goal is to find a useful description for the resolvent R(u).

4.1 The Resolvent

Let A € C\ R, and let y, be the unique complex number such that |y, | < 1 and
A= (y). Note that y) R, 50 y; € Sreg. Let V denote the set of zeros of v(y), i.e.,

V=< U {Lk keZzo}U{z_uqk\/cWMeZ}).

cq dg cq dg . q oq
{4 4

as’as’bs>bs’

If v(y) = D(®), @) # 0, the functions @ and @, are linearly independent;
hence for y € Sreg \ V they form a basis for the solution space V().
For A € C\ (RU u(V)), we define the operator R, : D — F(R,) by

(Rif)) = (f. KnCo0)) o fED, yeRy,

where K; : R; x R, — C is the Green kernel defined by

O ()P (y) ,

. v(yn) ’ -
K= o (et ()

V() e

Observe that by Theorem 3.13 we have K, (x,-) € D as well as K, (-,y) € D for
x,y € R;. So Ry is well-defined as an operator mapping from D to F'(R;). From
Propositions 3.10 and 3.12 we know that the functions q)f(x), considered as func-
tions in y, are analytic on Se. Now we see that, for x,y € R,, the Green ker-
nel K;,,)(x, y) is a meromorphic function in y, with poles coming from the zeros

of v(y).

Proposition 4.1 For A € C\ (RU u(V)), the operator R, is the resolvent of (L, D).
Proof The operator (L, D) is self-adjoint; hence the spectrum is contained in R. So
for » € C \ R the resolvent R(A) is a bounded linear operator mapping from £>

to D, and therefore for a given y € Ry, the assignment f — (R(A) f)(y) defines a
bounded linear functional on £2. By the Riesz representation theorem there exists a
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kernel K)’L(~, y) € £? such that (R H) ={f, K;\(-, ¥)) 2. So it suffices to show
that (L — AR, f = f for f € D.
Suppose that y > 0. Then

(L=MRpf(y) = /R FE (AWK, y/q) + BOK(x, yq)

+(C() = 1)Ko (x, y))w(x) dgx
1 ¥q

_ _ N .
= L e, (x)(A(y)ch (/@) + B;) D, (vq)

+(C) =) @5 (M) w(x)dyx

1 00(z+)

@) () (AP, B(y)®;
+v(n) » F)@) () (AWM, (v/9) + B, (vq)

+(C) =)@, () w(x)dyx
+ %ﬂw(mmm)@; (v/q)
+ B3P, )P, () + (C) — 1)@, (NP} ()
_ -9yBw)
v(yn)
= fy.

FO(@), P, (vq) — D), (y)@,, ()

Here we used that cb]i are solutions of Lf = Af, v(y) = D(®, @;), and Defini-
tion 2.2 of the Casorati determinant. The proof for y < 0 runs along the same lines. [

4.2 The Continuous Spectrum

We are going to investigate the integrand in (4.1). Using the definition of the Green
kernel we have

(R f, g)m://R N F@ g Ky (x, »yw)w(y) dgx dyy

- +
_ // @, ()@, (y)
)eR, xR
(x y)XES;X q v(yu)

— — 1
x (f()g() + f(y)g(X))<1 - §3xy>W(X)w(y)dqx dgy. (4.2)

The Kronecker-delta function dyy is needed here to prevent the terms on the diagonal
x =y from being counted twice.
We define two functions v; and v, that we need to describe the spectral measure E;
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(cq/a,dq/a; q)2.0(bz4,bz-)
(1 - q)abz2z36(z— /21,24 /2, a/b,b/a)

vi(y) =

y 2 @)oo
(sy*l, cqy*jas, dqy*' jas; @)ool (syE!, absz_z4y*))

X (279(aZ+, cZ4,dzy, bz, aszf)/il)
—z40(az—, cz—,dz_, bz, asz4y™")),

(cq/a,dq/a,cq/b,dq/b; q)ecb(az4,az_, bz, bz_,cdz_z4)
abz® 7. (1 — q)0(z4/z—_,a/b,b/a)

n(y) =

y r*2 @)oo
(syE @)ocb (syE!, absz_ziy*)

Note that vy and v, are both invariant under y <> 1/y. Let Dg, C D be the subspace
consisting of finitely supported functions in £2. To a function f € Dy, we associate
two functions F. f and f,jf on the unit circle T = {z € C | |z] = 1} defined by

(J”:cf)()/)=/]R J @)y (w(x)dgx,
q

(F) ) = fR FOOG] ) dgx,

where y € T.

We are now almost ready to describe the spectral measure E((A1,X2)) for
(A1, A2) C (—2,2). First we give a preliminary result. The proof is an easy but rather
tedious computation that we carry out in the Appendix.

Lemmad4.2 Forx,y e R, and y, yle Sreg \ V we have

Py 00,0 2, (0] ()
v(1/y) v(y)

= m[vl )y )@y () + v2(0) (9, )] () + @5 )@y (1))
+v] ()e) (e) ()]

Proposition 4.3 Let (a,b, ¢, d) € Pyen, let 0 < Y1 < Y2 < 7, and let 1y = w(evz)
and Ay = u(e'V1). Then for f, g € Dgn,

1 V2 . . .
(G f 8l = 5 [ (FRE) EDE)

va(etV) vI(ei‘/f)>((-7cf)(eiw)>
X(m(e“”) va(e) ) \(FL f)eiv) -
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Proof Let A € (—2,2). Then A = u(e“/’) for a unique ¥ € (0, 7). In this case we
have
limyyaie = eV
el0

Now we obtain

1im<¢)7)u+ie (x)(p;;H»iE (y) _ ¢V_}»7is (x)é)-’tnfis (y)>
el0 V(Yotie) V(Va—ie)
PR, () Py )P, ()
T we ) vy

which is symmetric in x and y by Lemma 4.2. Symmetrizing the double g-integral
from (4.2) then gives

lim((Rycsic /. 8) 22 = (Riic £ ) 22)

1 . .
_ / /R . 17 P10y 00y () + 120 (6 (6] ) + 6] (0 ()
+0] (M) ) ] F©) W) w(y) dygx dyy,

where y = ¢'¥. Rewriting this expression in vector notation and using formula (4.1),
we obtain the desired result. 0

The previous proposition implies that (—2, 2) is contained in the spectrum o (L)
of L. Since ¢, (p;ﬂ & L? for y € T, (—2,2) is part of the continuous spectrum. Ob-
serve that the spectral projection is on a 2-dimensional space of eigenvectors, so
(—2, 2) has multiplicity two. Because the spectrum is a closed set, the points —2 and
2 must be elements of the spectrum o (L).

Lemma 4.4 The points —2 and 2 are elements of the continuous spectrum of L.

Proof Since the residual spectrum of a self-adjoint operator is empty, u(—1) = —2
and © (1) = 2 must either be elements of the point spectrum or the continuous spec-
trum. We show that 2 is not in the point spectrum of L. The proof for —2 is the
same.

Suppose that there exists a function f € £? that satisfies Lf =2 f. Then the re-
striction f™ of f to Rf[ is an element of V2+. From Lemma 3.5 it follows that

do} . .
fres = otq)f' + ,Bd—yyh/:l for some coefficients o and 8. But neither of the func-

. dof .. .
tions @fr and d—yy|y=1 is integrable with respect to w(x) on R; (see (3.5) and
Lemma 2.4), which contradicts the fact that f € £2. g
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4.3 The Point Spectrum

Let u € R\ [—2, 2]. Then
Ej% Viukie = Yy

From (4.1) and (4.2) we see that in this case the only contribution to the spectral
measure E comes from the real poles of the Green kernel K,y (x,y), x,y € Ry,
considered as a function of y. Let I" C V denote the set of poles of the Green ker-
nel inside the interval (—1, 1). We now have the following property for the spectral
measure.

Proposition 4.5 For real numbers 11 < o satisfying (1, u2) N (u(IN)U[-2,2]) =
?, we have E((j11, n2)) = 0.

The set I" of real poles of the Green kernel inside the unit disc is given by
fi fi fi inf
FZFYHUFq/I;Uqun/aSUFIH,

1

fin _ ) _ *

fa” = {aq"

it ={z_z,q"\/abcd/q | k € Z, —z_z4q"\/abed/q < 1}.

k € Z>o, agt > 1},

The superscripts “fin’ and ‘inf” refer to the finite or infinite cardinality of the sets.
Recall that for a, b, ¢, d € R we have assumed that ¢ <a/b <1 and g <c/d < 1;
therefore

acq bcq adgq

i it M A S N |

bdg 1
) ) <—<
bd  ad bc ac q

So the factor (cqy/as,dqy/as,cqy/bs,dqy/bs;q)co of the function v(y) has at
most one zero inside the interval (—1, 1), and this zero only occurs when a, b, c,d €
R. This shows that the set Ff;/ 45 has at most one element. We remark that for
(a,b, c,d) € Pgey the real poles of the Green kernel are simple.

Next we need to find the spectral measure on the set w(I”). For this the following

lemma is useful.

Lemma 4.6 Fory € I" we have

DS (x) =b(y)®, (x), x€Ry,
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where b(y) =b(y;a,b,c,d; 72—, z+; q) is given by

k1
O(cz—,dz_ .
(Z—+> blez—,dz-) y =z_z4q"Jabed]q € I'™,

7- 0(cz4,dzy)’
k
(i__> 7 y=slg~* e rfin,
by)=4 "

(z__>k9(aZ+,bZ+,cz_,dz—) — e [fin

4 0(&179 bzf,CZJndZJr)’ v q a/s’
0(bz4,cz-) as fi

i A Vz_epd;/as'
O(bz_,cz4) dq

Proof If y € I', then v(y) = D(®,, ®,5) = 0; hence & = b(y)®, for some
nonzero factor b(y). For y, = s’lq’ FAﬁ“ the value of b(yy) follows from
Corollary 3.11. For the other cases it is enough by Proposition 3.10 to show that
d,, (y) =b(y)d;_(y) and d (y) = b(y)d (y). This is verified by a straightfor-

ward calculation. Note that for y =as/dq € qu“/m we have dZ+ )= d;, (y)=0.0

We are now ready to calculate the spectral measure E of (L, D) for the dis-
crete part of the spectrum o (L). We will write E({it(y)}) for the spectral measure
E((a, b)) if (a, b) is an interval such that (a,b) N u(I") = {u(y)}. For f € L% we
define a function ¥, f on I" by

FpHW)=(f. @) )p2e v ET

Note that Theorem 3.13(b) and Lemma 4.6 imply that qﬁ;r € L? for y € I', so the
inner product above exists for all f € £2.

Proposition 4.7 Let (a,b,c,d) € Pyen. For f,g € L? and y € I, the spectral mea-
sure E({u(y)}) is given by

(E{u))) ]2 8) e = Fr H(Fp@) WIN(v),

where

N(y) = N( b,c,d: Y =b(y)~ (1/)\—/\>
(y via,b,c,d;z—,24|q () :e o)

and b(y) is given in Lemma 4.6.
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Proof Let y € I', and f, g € £>. We use (4.1) and (4.2) to calculate the spectral
measure E({u(y)}). By the residue theorem we find

(E({n)}) f 82 (RS 802 dn

~27i
B 2 25 WP ()
B /../(.“')fiR;XRq _535«1 — /%) v(A) )
_ — 1
x (f)gy) + f(y)g(X))<1 - 55x,y)w(x)w(y) dgx dgy.

Here C is a clockwise oriented contour encircling ©(y) once, and C does not encircle
any other points in I". The factor 1 — 1/A? comes from changing the integration vari-
able 4 = (i) to A. By Lemma 4.6 we have @j =b(y)®, , so we may symmetrize
the double g-integral, and then

(E{R@INS 8l = b @) 2@ 8] 2 Res (liﬁ&)k)

This proves the proposition. O

It is an easy exercise to calculate the weight N(y), y € I', explicitly. The result is
as follows. For y = as/dq € I' dq/as we have

0(bz—,czy,cz4,dz—,dzy)(ac/bdq; q)so

N(y)= : ,
z2+(1 —q)0(bz4,bdz—z4,72-/74+)(q,a/b,a/d,c/b,c/d; q)x

fory =s~ g% e rfin

0(cz—,czy,dz_,dzy)(ab/cdq; q)oo

N(y)=
2+(1 —q)0(z—/z4,cdz—z4)(q,a/c,a/d,b/c,b]/d; q)x
(¢%cd/ab, gcd ab; q) (_ abz? )"q%k(k_l)
(q,cq/a,cq/b,dq/a,dq/b,qcd/ab; q)k q ’
fory =sq ke Fqﬁ/“s
0(az—, bz, cz4,c24,dzy,dzy)(cd/abg; ) o
N(y)=

z+(1 = q)0(az4,bzy,z-/z4,abz_z4)(q,c/a,c/b,d/a,d/b; q)

(gab/cd,ab/cd; q)a _11514 qzk(k D,
(q,aq/c,aq/d,bq/d,bq/d,abq/cd; q)i cd
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and finally for y = absz_z.¢*~! € '™ we have

0(cz+,dz4)*(abedz? 23 /q, abedz* 2% @)oo

N =
) 24+(1 = q)0(z-/z24)(q,q,abz_z4,acz_z4,adz_z4,bcz_z4,bdz_z4,cdz_74;q)o

o (abz—zy,acz—zy,adz—z4,bcz—z4,bdz_z4,cdz—74; @)k

(abedz* 7% /q, abedz? 225 @)k
k1
« (7_—> (_l)kq%k(k-o—l)'
i+

As a result of Proposition 4.7 we obtain orthogonality relations for QD;' ,yverl.
Corollary 4.8 Let y,y’ € I'. Then

8yy

+ o+
-8yl = Ny

v 14

Proof Eigenfunctions corresponding to different eigenvalues of a self-adjoint opera-
tor are pairwise orthogonal. Since for y, y’ € I', y # ¥/, the functions @; and 05;,

are eigenfunctions of (L, D) with distinct eigenvalues 1 (y) and u(y’), orthogonality
follows.
Let y € I". By Proposition 4.7,

(@7, 97 ) 2 = (E(n) D)) &) 0o = N[ 2o,

from which the squared norm of @; follows. U

Remark 4.9 For y,y’ €T Yﬁ“ Corollary 4.8 gives orthogonality relations for a finite
number of big g-Jacobi polynomials (see Proposition 3.12 and Lemma 3.9).

Since (thl (x) =1, Corollary 4.8 gives an evaluation of the integral (1, 1) 2 in
case Fsﬁ“ is not empty, i.e., if s > 1.

Corollary 4.10 For \/ab/cdq < 1 we have
1 (ax,bx; q)oo
1—q Jg, (cx,dx; q)o

(az4,bz4: @)oo <CZ+,dZ+ )
T 0, iq.q
(cz4,dz4; q)oo azy, bz

_. (az—,bz—; ¢) oo " <cz_,dz__ )
" de et P\az b 11

(g,a/c,a/d,b/c,b/d; q)oc0(z— /24, cdz_24)
(ab/cdq; @) oob(cz—,dz—, cz4,d74+; Qoo

q

= Z+
Here >, denotes the usual bilateral series as defined in [5].

@ Springer



112 Constr Approx (2009) 29: 85-127

Remark 4.11 This is the summation formula from [5, Exer. 5.10], and it is actually
valid without the restrictions on a, b, ¢, d as long as the denominator of the integrand
is nonzero for all x € R,. Note that there is a misprint in [5, Exer. 5.10]: the factors
(e/ab, g*f/e; q)oo on the left hand side must be replaced by (¢/qf, g% f/¢; @)oo-

Corollary 4.12 Let (a,b,c,d) € Pgen. The spectrum of the self-adjoint operator
(L, D) consists of the continuous spectrum o.(L) = [—2, 2], with multiplicity two,
and the point spectrum o, (L) = w(I"), with multiplicity one.

Proof This follows from Propositions 4.3, 4.5, 4.7 and Lemma 4.4. O

5 The Vector-Valued Big ¢g-Jacobi Function Transform

In this section we define the vector-valued big g-Jacobi function transform F, which
is closely related to the maps F, ]—": and F,. We show that JF is an isometric
isomorphism mapping from £? into a certain Hilbert space 7, and we also de-
termine F~!. The vector-valued big g-Jacobi function transform diagonalizes the
second-order difference operator L; let M be the multiplication operator defined by

Mf)(y) = pnly) f(y) forall u(y) € o (L), then
(FoLoF ') f=Mf.

for all f € H such that Mf € H.
We still assume that (a, b, ¢, d) € Pgen, and we distinguish between the cases a #

b and a = b. For a vector y = (;;) € C? we denote

r_|Giy. ita=b,
G270, ifa#b.

With this convention we have for y e RUT and x € R,

‘py(x))T_ +
(d&) = (e, @),

since ¢y (x) = goj, (x)ifa=b,and ¢, (x) = ¢, (x) if a #b.
5.1 The Vector-Valued Big g-Jacobi Function Transform F

Let F(T U I') be the linear space consisting of functions that are complex-valued on
I'" and C2-valued on T. With the maps F, ]-'CT and ), we define an integral transform
F :Dsn— F(TUT).

Definition 5.1 For f € Dg, we define the vector-valued big g-Jacobi function F by

(Fe HH¥) )

(FHy) = (Uﬂﬁ@)
(Fp /), yerl.

’
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We define a kernel ¥ (x,y),x e R,y € TUT, by

<‘P};(x)>’ yeT,
Y(x,y)=1 \gyx) (5.1
q>y+(x), yel.

We may write F as an integral transform with kernel ¥,
FEN0I= [ F@UE eI f € Din v €TUT.
R’i

We are going to show that F extends to a continuous operator mapping from £ into
a Hilbert space H, which we now define.
We define a matrix-valued function v on T by

_ (v vI(V))
vy <v1<y> ny))

We remark that v(y), y € T, is positive-definite. Let H/C be the Hilbert space con-
sisting of C2-valued functions on T that have finite norm with respect to the inner
product

1 T dy
(gl,gzmg,:r/gz(y) viy)gi(y)—,
L Jr )4

where the unit circle T is oriented in the counter-clockwise direction. Let r denote
the reflection operator defined by (rg)(y) = g(y ). We define the Hilbert space H,
to be the subspace of H. consisting of functions g that satisfy rg = g in H.. We
denote the inner product on H, by (-, -)3¢, . Furthermore, let H,, be the Hilbert space
consisting of complex-valued functions on I” that have finite norm with respect to the
inner product

(g1, )1, =) aiNRGIN@).
yel

We define the Hilbert space H C F(TUTI") by H="H. ® H,.

Proposition 5.2 The map F extends uniquely to an operator F : L* — H, satisfying

(Fr.Fn=1{f, P fi. rel?

Hence, F is an isometric isomorphism onto its range R(F) C H.
Proof Let f1, f> € Dgn. Combining Propositions 4.3 and 4.7 we find
(f1. )2 =(ER) 1, f2) oo = (F f1. F ).

Here we used

(Fi f)(y))T

TF F —
(e Fpen =00
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Since Dy, is dense in £2, the map F extends uniquely to a continuous operator, also
denoted by F, mapping isometrically into R(F) C H. O

Lemma 5.3 Lety € R, and let fy(x) =8,y /w(y) € L2. Then Ffy=¥(,)eH.
Proof We have

‘/’y(Y))’ €T,

(Fry) = (d )
®S(). yerl,

so F fy =¥ (y, ). By Proposition 5.2 this lies in H. 0

We define an integral transform G : H — F(R,) by
G8)(x) =(8. ¥(x. )y gEM. xRy,

By Lemma 5.3 this inner product exists for all g € H. We denote by G, and G, the
integral transform G restricted to . and H ,, respectively.

Proposition 5.4 GF =id ».

Proof Let f € £? and let fy e L£? be defined as in Lemma 5.3. Then it follows from
Proposition 5.2 that

FO=f )2 = FLF = (GFN). O

We showed that G is a left inverse of F. Next we are going show that G is
also a right inverse. We do this for the transforms G. and G, separately. First a
preliminary result: we denote by (f, g)r., the limit of the truncated inner product
limy 00 (fs &)k 1:m.n, provided that this limit exists.

Lemma 5.5 Let y1, y2 € C* such that u(y1) # iu(y2). Then for ¢ € V) and €
Vitra)»

- D n—1y _ D - k—1
((pvw)k;n = @ ¥)(z1q ) (P, V) (z—q )
w(yr) — n(y2)

Proof Functions in V,,, u € C, are continuously g-differentiable at the origin; there-
fore

Jim D(g, ¥)(z29') =0.

Since ¢ and ¢ are eigenfunctions of L for eigenvalue w1 (y;) and w(y»), respectively,
we obtain from Proposition 2.3

(1) = w@)(@ Dhicn = D@ V) (e+4"") = D@, ) (eg* ). O
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We are going to apply the previous lemma to the functions ¢,,, <p;§ and @f, which
are functions in V() by Propositions 3.7 and 3.10. The following lemma will be
useful.

Lemma 5.6 For k — oo,
D(@}, 05) (224 7%) = (1 — )K= 1) (14 0(gY)).
Proof This follows from the definition of the Casorati determinant (2.2) and from the
asymptotic behavior of Q)f(x) and u(x)/x for large |x| (see (3.5) and Lemma 2.4).
See also the proof of Lemma 3.3. 0
As a consequence we obtain the following orthogonality relation.
Lemma 5.7 Lety € Tandy’' € I'. Then

[0y, @) 2 =0, % @)} =0.

Proof From Lemmas 5.5, 5.6 and the c-function expansions from Proposition 3.4 we
find

(2% d’;)y = k,,,li?loo(cﬂ(y)(@;’ d);’>k;n + CZ+(1/V)((D1+/)/’ ¢;r’>k;n) =0,
since |y’| < 1. In the same way it follows that (ga;ﬂ, @;,)ﬁz =0. O
We are now ready to show that G, is a partial right inverse of the map F.
Proposition 5.8 The map G, : H, — F(R,) satisfies

(Gp81,9p82) e, = (81, 82)H,. 81,82 € Hp.

Moreover, for g € H, we have F(G,g) =0+ g in 'H, where 0 denotes the zero
function in H..

Proof Let g, h be finitely supported functions in H,. Then we find from Corol-
lary 4.8,

(Gpg. Gph) o2 = / (Z g(y)aﬁ;(x)zv(y)) ( 3 h(y’)@j,(x)N(y’))w(x) dyx

4 ‘yel y'ell
= Y (@) 2F) e MR IN NG
y,y'el
=Y gWROING) = (8. 1),
yel’
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In order to prove the identity F(G,g) = 0 + g, we split this identity into three differ-
ent cases:

FpGpe) =g  Fe(Gpg)=0 and F.(Gpg)=0.

The identity F,(Gpg) = g is proved in a similar way as in the proof of Proposi-
tion 5.4, and the other two identities follow from Lemma 5.7. Since the set of finitely
supported functions is dense in H ,, the proposition follows. |

Next we are going to show that G, is also a partial right inverse of F. For this we
apply a classical method used by Gotze [6] and by Braaksma and Meulenbeld [3] for
the Jacobi function transform.

We define for y € T,

ul(y)=ui(y;a,b,c,d;z—,z24+1q) = Ky ¢, (¥)c , (1/y) — K;_co_(¥)e._(1/y),

wr(y) =uaysa,b, e, dy 2, 2419) = Koy eo (y)el, (1/y) = Ko e (v)e]_(1/y).
(5.2)

Explicitly, using the expressions for c; and K, we have

(1= q)(sy™' cqy™! fas,dgy™ Jas; g
(CQ/as Cq/a’ dQ/af dQ/a9 y:i:Z; Q)Ooe(bz-l—’ bZ_, CZ4,C2—, dZ-I—s dZ—)

ui(y) =
X (z+0(az+, bz_,cz_,dz_, bsz+yil)
—z-0(az—, bzy, cz4, dzy, bsz_y ™).

For uy we have

(1—q)qy (sy*',cq/asy,cqy/bs,dq/asy.dq/bs; q)s

=" (cq/a,cq/b,dq/a,dq/b, y*?; q)ec
N <9(bszy,asz/qy) 3 9(bsz+y,asz+/qy)>
O(cz—,dz-) O(cz4,dz4)

Using the 6-product identity (1.1) with

xZZ—ei(K-HS)/Z |Cd|, y:Z+ei(K+5)/2 |Cd|,
bsye—i+d)/2 e |€
= w=e |
Vled| d

where ¢ = |c|¢’* and d = |d|e'®, we obtain

ur(y) =z4(1—¢q)

 GrElcqy*l/as, cqyF! /bs, dqy™! jas, dqy ™! /bs; )ocb 2 /24, cdz-z4)
(cq/a,cq/b,dq/a,dq /b, y*2; @)ool (cz—, cz4, dz4,dz_) '
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Observe that u, = u; and u>(y) = uz(1/y), and that uy is real-valued on T \
{—1,1}.
Let Co(T) be the set of functions defined by

Co(T) = {g : T — C | g is continuous, g(—1) =g(1) =0, g(y) = g(l/y)}.

Proposition 5.9 Let g € Co(T) and let y' € T\ {—1, 1}. Then

m — | 80 er B Y o),
k,n—— 0047'[ vy V4

dy _ , ,
k, ey g(y)(<py, Py ) "y =gy Huz(y").

Proof We prove the first identity in the proposition. The second identity is proved in
the same way. Let us fix a g € Co(T), and let us define

1 T D i0, @ io’ )T -
1’"(9/):_/ (¢) a0 9 )24 ) g
< 27 Jo 2cos(@) — 2cos(@’)

From Lemma 5.5 we find
1 __. dy l—n n/ 1—k (p/
rm/jrg(y)(fpy,fpwk;n?=IZ+”(9)—Iz, @),

where y’ = ¢ with 6’ € (0, 7). We see that we need to investigate the limit of

1" (0") when m — oo. Using the c-function expansion from Proposition 3.4 and
Lemma 5.6 we obtain, for large m,

KZ / m
1;"(9’)_— > / v'(0,60:6,1) 4+ O(g"))do,

%'nE{ 1,1}

where

(eise _ einG/)ei(m—l)(EfH-'l@/)cZ (£0)c;(nb")

v (0,658, n) = 2cos(0) —2cos(0’)

Since ¢, (y) is continuous on T\ {—1, 1}, the functions /", considered as functions
of 6, are continuous on (0, 7) \ {#’}. We see immediately that ¥, 6’;1,1) and
¥"(0,0"; —1, —1) have a removable singularity at 6 = 6’. Now by the Riemann—
Lebesgue lemma the terms with these two functions vanish in the limit, and this
leaves us with

K T .
lim 7"(0') = lim —Z/ g(e"))(w;ﬁ(e,e’; L=+ ¢©,60;—1,1))do
0

m— 00 m—00 277

Here we applied dominated convergence to get rid of the O(¢™)-terms. Using the
identity cos(a) — cos(B) =2 s1n(°‘+ﬁ) sm( ) we find
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¥'0,0% 1, =)+ ¢ (0,60 —1, 1)

_ i0 —i0'\ i(m—1)(0—0")( ,i0 _ —if’
_4sin( sm(a 9/)(%(6! )CZ(e | )el ' (gl - )

)

+ez(e7) e (1) ! MmO =0 (p=i0 _ it'))
1
)

_ —i6 i0’
B 4sin(929/ sm(9 9/)([02(6 )cz(e )
—cz(ele)cz(e )] i(m—1)(6'— 0)( —if _eie’)
+e (€Y () y™0,6"), (5.3)

where
1//'"(9, 9/) — ei(mfl)(g/fe) (efie _ ei@’) _,’_ei(mfl)(efg/) (ei9 _ e*ie,)
=2cos(mf — (m — 1)8") — 2cos((m — 1)6 — m8’).

The first term in (5.3) has a removable singularity, so by the Riemann-Lebesgue
lemma this term also vanishes in the limit, and now we have

: N Y i0 —io’ "o, 0"
mh—>moollm(0/)_ lim _/(; g(el )cz(e’ )CZ(e t )4sm(9"50 )Sin(e—e/) do

2
= lim &/ng(e’e) 2()ez(e7) D (0: 01 o,
0

where D, (8; 8) is the Dirichlet kernel

sin((m — 1)@ — 0’)).

D,,0;0") =
©:89 sin(3(6 — 0"))

From the well-known properties of the Dirichlet kernel we obtain

lim 1"(0") = ( ie/)cz (eie/)cZ (eii(’v),

m—00

and from this the result follows. O
Proposition 5.10 Ler g1, go € Co(T) and let y' € T\ {—1, 1}. Then
1 oy CONT (@1 \dy ] (¢ () NEA)
yrr s — s w(x)dygx =u(y’) ~ )
R, L47i JT \ @) (x) 8200)/) v I\g), () 82"
where u is the matrix-valued function on T \ {—1, 1} defined by

uz(y) ul(V))

v uy)= (uI(y) 1r(y)
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Proof Let g1, g2 € Co(T) and y, y’ € T\ {—1, 1}. From Proposition 5.9 we find

d
e = lm / gz()/)( / k soy(x)wymw(x)dqx)%

1
=f Py’ (x)( /gz(y)tpy(X)—>w(X)d x.

To justify the interchanging of the order of integration, we note that it follows from
the explicit expressions for ¢, (x) and w(x) that

¢y gy w@) =1+0(¢"), x=2z+¢" -0,

so that the sums

> 0y (224 0y (2™ ) g w(z2q™)

m=n

both converge uniformly on T \ {—1, 1}. In the same way we find

1

82()//)“2()//)—/ ¢, (x)< fgz(y)fpy(x)—>w(X)d x,
1

gl(V/)M}L(V/)—/ ) (X)( /gl()/)fpy(X)—)w(x)dqx

1
gl(y’)uz(a/)—/ @y (X)< fgl(y)soy(x)—)w(x)d x.

Now the proposition follows. 0

The matrix-valued function u has the following useful property, which is proved
in the Appendix.

Lemma 5.11 Fory € T\ {—1, 1},

u(y) " =v(y).

c-[r-(3)

We are now in a position to show that G, is a partial right inverse of F.

We define

81,82 € CO(T)} CH

Proposition 5.12 The map G. : H. — F(R,) satisfies

(Geg1,Ge82) 2 = (81, 82)H,» 81,82 € He.

Moreover, for g € H, we have F(G.g) = g + 0 in 'H, where 0 denotes the zero func-
tionin H,.
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(e8] .
Proof Lety’ € T\ {—1, 1}, let g1, g® € Co(T) and define g = (g(z)). Since vy, v,

and vy are continuous on T, both components of the C2-valued function

g‘“(V))

0o,

are in Co(T). Now by Proposition 5.10 and Lemma 5.11 we have

( (Fe(GeN (Y

(J-‘I(gcg))(y/)> =u(y)v(yHgly) =g(").

Moreover, for y’ € I,

(FpGe®)) ) = lim _(Geg, ®J);.,

, 1 dy
= hm i /T((‘P;’ P Jien (74 ¢J>k;n)V<V>8<V>7

=0,

by dominated convergence and Lemma 5.7. This shows that F(G.g) = g + 0 in H.
Let g1, g2 € Co(T; C?). Then it follows from Proposition 5.2 that

(g1, 82)H, = (81 +0, g2+ 0)3y = (F(Gcg1), .’F(chz))H =(Gc81,Gc82) r2-
Since the set Co(T; (Cz) is dense in H,, the proposition follows. O
Collecting the results of this subsection we come to the main theorem.

Theorem 5.13 For (a,b,c,d) € P, the map F : L> — H is an isometric isomor-
phism with inverse G.

Proof Let (a, b, c,d) € Pge,. Combining Propositions 5.8 and 5.12 gives G =idy.
Together with Proposition 5.4 this leads to the theorem. By continuity in the parame-
ters, the result holds for all (a, b, c,d) € P. [l

Corollary 5.14 The set {¥(x,-) | x € Ry} forms an orthogonal basis for H with
squared norm |V (x, ~)||%{ =w(x)" L

Proof This follows from Lemma 5.3 and Theorem 5.13, since the functions f, de-
fined in Lemma 5.3 form an orthogonal basis for £> with squared norm w(y)~!. O

Remark 5.15 The Hilbert space H and the inverse G of the vector-valued big g-Jacobi
function transform depend essentially on five parameters, namely az_, bz_, cz_,dz—

and z4/z—.
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5.2 An Equivalent Integral Transform

For f € Dgn and y € I" we have (F f)(y) = (f, @) z2. Since the function @} can
be expressed in terms of big g-Jacobi functions by Proposition 3.10, we can define an
integral transform with only the big g-Jacobi functions ¢, and (p;; as a kernel, which
is equivalent to . This new integral transform can of course also be extended to an
isometric isomorphism. We only state the result here, and we leave the details to the
reader.

For f € Dgy we define an integral transform 7 that is closely related to the vector-
valued big g-Jacobi function transform F by

@y (x)

(jf)()/)Z/ f(x)< + )w(x)dqx, yeTUT.
R, @y (x)

For (a,b,c,d) € P we define an inner product on the vector space of C2-valued
functions by

1 d
(fieIm="— /Tg(J/)TV(V)f(V)% + eV F ).

4ri
yel’

Here v, (y) is the matrix-valued function on I" given by

(v p(¥) vap(y)
v vpy) = (vl,p(y) vz,pm) :

where the matrix coefficients v; ,(y) =v; p(y;a,b,c,d;z—,z24|q),i =1,...,4,are
defined as follows:

Fory € M™ U I vy () =v] (), v3,(y) =2, (y), and

vip(y) =d2, (PIN(y),
2., () =de, (Y)d], (V)N

Fory e r'fin U Fsﬁn, v2,p(¥) =v4,p(y) =0, and

dq/as
0, ifa=0,
U],p(y) = N(V) lfa 755
(e, (¥)* ’
& ifa=b
V2, (1) =1 ez, (el () -
0, ifa#b.

Recall here that qu“/as is only non-empty if a # b. Now denote by M =
M(a, b, c,d; z—, z+|q) the closure of the set

R
span{y — (gof,(x) xeR,
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with respect to the norm || - || o¢. Note that a function g € M satisfies rg = g.
Let ® : M — 'H be the operator defined by

g(V)» 14 € ’]T’
O () = (d=, (1) di, (1)g(y). yer™urn,
(CZ+ (V)_l O)g(y), v € Fsﬁn U Fc?qn/as’

then

(Og1, Og)H = (g1, 82) M,

for functions g; € M, i =1, 2. In particular, we have

< <¢'(x) ))
o1 . WY)=¥x,y), xeR,;, yeTUTI,
@. (x)

so ® : M — 'H is an isomorphism. Also, F f = (® o J) f for f € Dgp.

Theorem 5.16 The map J : Dan — M extends uniquely to an isometric isomor-
phism Jext : L2 — M. Moreover,T =G o ® : M — L2 is the inverse of Jext-

Remark 5.17 (i) Let f € £ be a function for which  f can be written as an integral
transform, i.e.,

(ff)(y)=fR FOOW(, Yw)dyx, y €TUT,
q

Then Jext f can in general not be written as the integral

f f(x)<¢§(x)>w(x>dqx,
R, @y (x)

when f & Dy, since the integrals in the components of this vector might be divergent
foryer.
(i1) The inverse Z of Jex¢ can be given explicitly by

®.(x)
aow={e (i), veRe

for all g € M for which the above inner product exists.
(iii) Like F, the map Jex¢ diagonalizes L;

(-.76)(1 oLo \Z:;[l)g = Mg,
for functions g € M such that Mg € M.
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Appendix

In this appendix we prove Lemmas 4.2 and 5.11.

A.1 Proof of Lemma 4.2

We prove the following statement:
Forx,yeR, andy, yle Sieg \ V we have

D1y 0P, ) 2, (0] ()
v(1/y) v(y)

1
=1 (01 ey (D@, (9) + v2(¥) (2y (@] (9) + 05 (), ()

+ v () (el )],

where

(cq/a,dq/a; q)2.0(bz+,bz)
(1 —q)abz>z20(z—/z4,2+/2—,a/b,b/a)

y *2 @)oo
(sy®, cqy* jas,dqy*! jas; q)oc0(syE!, absz_z yE!)

vi(y) =

x (z-0(az4, czq,dzy, bz asz_y*")
—z40(az—, cz—,dz_, bzy, asz+yi1)),

(cq/a,dq/a,cq/b,dq/b; q)eb(az4,az_, bz, bz_, cdz_z4)
abz? 7z, (1 —q)0(z4 /72—, a/b,b/a)

v(y) =

y *2 @)oo
(syE @)oo (syE!, absz_z y*!)

Proof Lety,y~le Sreg \ V. Note that Sp1 C V5 hence y, y g Spol. We define

Ppp, O], ) Py WP) ()
v(1/y) v(y)

Iy(x’ y) =
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Using ¢, = ¢1,, and Proposition 3.10 we see that

Ly (x, ) = v} (1)@y (), (3) + 5@y ()] () + V5()e) (), ()

+0,(Ne) (el (7).

where

poo_de (U/y)de (1)y)  d:_(y)dz, (y)
vi(y) = —

v(l/y) v(y)
vy < ML )y)  de (dl ()
2= Ty v(y)
vy 2 /e (1) i (e, ()
T T ) v(y)
vy = Ay @ @)
T vy

Since v(y) = vT(y), it is immediately clear that vﬁ(y) = vg(y) and vg(y) = vg(y).
Using the explicit expressions for d;(y) and v(y) (see Proposition 3.10 and The-
orem 3.13), we find

bs(cq/a,dq/a,cq/b,dq/b; q)ect(az+, bz-)
g1 —q)(sy,5/v: @)t (z—/2+,a/b,b/a)

<9(q2/asz_y,q/bSZ+y) . 9(q2y/asz_,qy/bSZ+))
O(sy.q?/absz_zyy)  O(s/y.q?y/absz_zy) )

v(y) =

From this we find the expression for v2(y) = (y — 1/y)vj(y) given in the lemma

after using the 6-product identity (1.1) with

iqefiot/Z q iqefia/z q
X = —, = e
s az— bsz4 az—
v=iye 2 [| L w=" Y| R ‘
az_| Y az_

where a = |ale’®.
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Next we compute v (y) = (y — 1/y)v;(y);

(cq/a,dq/a; q)%0(bz,bz_)
Yie(l —@)(sy,5/v: @)ool (z—/24)0(a/b)?

y (V2(cqy/bs,dqy/bs;q)oo9(qzy/aSZ+,q2V/asz_)
(cqy/as,dqy/as; @)oot (s/y,qsy/cdz_z4)

vi(y) =

_ (ge/bsy,dq/bsy; 4)oc8(q*/yaszy, qz/J/asz_)>
(cq/asy,dq/ady; @)t (sy,qs/cdz—z1y) )

Since cq/as = bs/c, the expression between large brackets can be written as

—y
(cqy*'/as, dgy*'/as; q)ct (sy*!, cdz_z4y*/s)

x (v '0(yasz—/q. yaszy/q.dq/sby.cq/sby.s]y.cdz_z4/sy)
—y0(asz—/qy.asz1/qy.dqy [bs.cqy /bs.sy.cdz_z1y/[s)).  (A.D)

We use the 6-product identity [5, Exer. 5.22]
1
;G(IX/p, ux/p,vx/p, wx/p,y/p,y/r.r/p)

1
- ;9(@/1), uy/p,vy/p,wy/p,x/p,x/r,r/p)

1

= ;G(tr/p, ur/p,vr/p,wr/p,x/p,y/p,y/x)

X
— —0(t,u,v,w,r/x,r/y, y/x),
pr

with parameters

9 q _q q
—_ ) r= ) t_—5 u=—,
asZ4+ as— azy CZ4+
q 1
V= —0o), w=>bz_, xX=—, y=y.
dzy Y

Then (A.1) becomes

—0(y?)
(cqy*'/as,dqy*'jas; @)ool syt cdz_ziy* /s, 24 /2-)

x (9(q/aZ—,q/CZ—,q/dZ—,szr,aszwi‘/q)

CleZZ_Z+

— g flafaze.gfese gfdzy ba, qyil/asz_)).
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The expression given in the lemma is obtained from this after using the identity
—x6(gx) = 6(x) several times. O

A.2 Proof of Lemma 5.11

‘We show that
u(y) ' =v(y), yeT\{-1,1},

with

_ () wily) _ () vI(y))
u(y)_(ul(y) Mz(V)>’ V(y)_<v1()/) )’

Proof By a direct verification, using the explicit expressions for v; and vy from
Lemma 4.2 (see also Appendix A.1), and for #1 and u3, one sees that

u(y)
3(y)

uz(y)
3(y)

n(y)= ,

, vf(y) =-

where 8 (y) is the function given by

_ (1—¢)*z>2%ab0(z— /24,24 /2—,a/b,b/a)
(cq/a,cq/b,dq/a,dq/b; q)%0(az_,az4+,bz_,bzy,cz—, cz4,dz—,dz+,)

8(y)

= syE cqy®! Jas, cqyt! [bs, dgy®! Jas, cqyE! [bs)ocf (sy ™!, absz_z,yED)
o+ 9% '

(sy
X

It remains to show that §(y) is the determinant of the matrix u(y).
Using the definition (5.2) of the functions # and u», and uy = u; the determinant
of u(y) becomes

det(u(y))
= ub(Vuz(y) — ul(y)uy(y)
=K. K. (o, (Ve (1/y)el (el /vy —co el (1/y)e] ()e._(1/y)
+el el A/y)e_ (e (/) =i, e, (1/y)e._()e] (1/y))
=K, K., (c.,(¥)el () =l )e. ()
x (e (/e _(/y) =l (/y)e._(1/y)).
Explicitly, we have

o, el ()=l (e ()

__ /y.s/y.cq/asy,cq/bsy.dq/asy.dq/bsy; q)ocF (y)
(cq/a.cq/b.dq/a.dq/b. 1)y 1/y* q)3.0(az—, azy,bz—.bzy)’

@ Springer



Constr Approx (2009) 29: 85-127 127

where

F(y)=0(asz—y,bszyy,bz—,azy) —0(asz4y, bsz—y,bz4,az-)
=bz40(z_/z+,a/b,sy,absz_z1y).

See the proof of Theorem 3.13 for the last equality. By inspection it follows that
indeed §(y) = det(u(y)). O
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