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1. Introduction

Fora,b € Rand n > 2, the well-known Fibonacci {F,}, Lucas {L,} and generalized Fibonacci {G,} sequences are defined by
Fo=Fn1+Fn, Ly=Lyq+Ly, and G, = G,_; + G,_, respectively, where F{ =F, =1, L; =2, [, =1 and G; =a, G, =b.
Moreover, for the first n Fibonacci numbers, it is well known that the sum of the squares is Z}L]Ff =F,F,.1 and

Z,T‘:O(n : l) = F,.1. Throughout this paper, we take the notations N = {1,2,...} and No = {0,1,2,...}.

Recently, there has been a huge interest of the application for Fibonacci and Lucas numbers in almost all sciences. For rich
applications of these numbers in science and nature, one can see the citations in [1-8]. For instance, the ratio of two con-
secutive of these numbers converges to the Golden ratio o = ”T\/g Applications of Golden ratio appears in many research
areas, particularly in Physics, Engineering, Architecture, Nature and Art. Benjamin et al., in [10], extended the combinatorial
approach to understand relationships among generalized Fibonacci numbers. In [11], Vajda gave identities involving general-
ized Fibonacci numbers and binomial coefficients. All of these are special cases of the following two identities

Gnip = Zf:()(?)cn,,- and G s1)p = ZI‘.’:()(?))?ﬁ:’CmH. In [9], new properties of Fibonacci numbers are given and some

new properties of Fibonacci numbers are investigated with binomial coefficiations. Moreover, Taskara et al., in [12], obtained
new properties of Lucas numbers with binomial coefficients and gave some important consequences of these results related
to the Fibonacci numbers. In [13], the authors gave a new family of k-Fibonacci numbers and established some properties of
the relation to the ordinary Fibonacci numbers.

2. Main results

Fibonacci numbers arise in the solution of many combinatorial problems. In this section, we gave new formulas for Fibo-
nacci and Lucas numbers related to generalized Fibonacci numbers and obtained some new properties of generalized Fibo-
nacci numbers with binomial coefficients. Finally, a new formula has been given for special Lucas numbers.

The following Lemma gives new formulas for Fibonacci and Lucas numbers by using generalized Fibonacci numbers.
These formulas allow us to obtain in easy form a family of Fibonacci and Lucas sequences in a new and direct way.
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Lemma 1. For a +ab—b* #0, n € N, we have the relations:

: aGp2—bG,
(l) Fn= a';fab—bnzn’

s 2a+b)G, ., —(a+3b)G,
(ll) L, _ )ar;fab(sz )G

Proof.

(i) Let us use the principle of mathematical induction on n.
For n =1, it is easy to see that

a63 — bGz -
@ +ab—b
Assume that it is true for all positive integers n = k. That is,
F, = aGyiz — bGyiq

Fi =

@+ab-b*
Therefore, we have to show that it is true for n = k + 1. Adding F,_, to both sides of (1), we have
o aGyi2 — bGyiq - aGyy2 — bGry1 - aGyyq — bGy _ 1
Fe+Fei= @iab_b + g = @odh_b @iab_b @rab_b [a(Gis2 + Gir1) — b(Gie1 + Gy)]
1
a1 (aGryz — bGryz) = Fien

as required.
(ii) The proof can be also seen by using the principle of induction on n as in (i). O

For a = b = 1, it is obvious F, = G,. Also, for a =2, b =1, we can clearly see that L, = G,.
In the following theorem, for some values of n € N, we will formulate generalized Fibonacci numbers in terms of their
different indices.

Theorem 2. For n € 2N, 3a — 2b # 0, we have the relation

n-2
2

@ +ab—b s aif M—2—1 2a—-b
Gane =35 —7p ;2 (n_2_2i>_30—2bc3"’5'

Proof. Let c = % be a real number and let us consider the sequence {S.}. From [9], elements of this sequence can be
written as

| (§)2] -
slzc[f@)ul(é)} = cFo, (2)

To obtain the elements of sequence {Si}, we can use the following method:

By forming a (k+ 1) x (k+ 1) square matrix with the rows of {S;} sequence and with the columns of the coefficients
c2', ¢25, ¢2°,...,c2%" 3, we see that the elements in the main diagonal and those elements above the main diagonal come
from the binomial expansion as follows:

SO S So S3 Sy 55 Sk

o O Q@ O G (5) ]
25 0 G G G G 6 (3

29 00 () G G G (25)
B I T N I A I O €
o |00 0 0 O @ (G
c2?! 0 0 0 0 0 (}8) ( 2134)
w00 0 0 0 0 e
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It is clear that the multipliers c2', ¢2°, ¢2°,...,c2?"3 of Sy, S1, Sa....,S, have the binomial coefficients as:

B m3fN—2 m7(N—3 mn/N—4 1 nz;z
skc{z <n72>+2 <n74>+2 (n—6>+ +2<0 .

If the Eq. (3) can be written as a sum, then we have

=
I

o n—2—1i
S —c 22n—3—41 ( ) )
MR n—2-2i

N|

We can obtain the elements of sequence {S;} from (2) as
Sk ={2¢,34c, ..., cF3n_3}.
Hence, by using (i) of Lemma 1, it is obvious that the equality

2a-b
Sk =Gan_a + mchd

holds. As a result of (4) and (5), the proof is completed. O
From the above theorem, the following consequences can be clearly seen.

Corollary 3. For n € 2N, it is obvious that the following results hold:

(i) For a = b = 1, the Fibonacci sequence with binomial coefficients in [9] is obtained as

n .
Fips — i22n+1—4i< n-—i )
n+> — . .
pary n—2i

(ii) For a =2 and b = 1, we have obtained the Lucas sequences with binomial coefficients given in [12] as

5 onitai [ M—1 3
L :75 el —-L
3n+2 4 g n—2i 4 3n+1,

: a4 n—1i
L3pis = Zzznﬂ 4I(n B 2i> + Fany1,

i=0

2
L .— |5 22n+1—4i< n-i > _4
3n-+4 I: (126‘ n—2i

Lemma4 [9]. For®l kez k- 1=nandn > 1,

[V

n

L n—i
Fria :Z<n—2i>'

i=0

In the following theorem, when n is odd, we formulate generalized Fibonacci numbers in terms of their different indices.

Theorem 5. If a # 0 and n € Nis odd, then we have

n-1
@tab-b I~/ n—i b
Gnys :7Z< ) +=Gpy2.

Proof. From Lemmas 1 and 4, the proof of this theorem is obvious. [
By using above theorem, the following result can be easily obtained.

Corollary 6. For a =2 and b = 1, it is clearly seen that

n-1 2
</ n—i
Lz =5 < > +2
(12_0: n—2i

holds for Lucas sequences with binomial coefficients.
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In addition to Theorem 2, we may also obtain different generalized Fibonacci numbers as in the following.

Theorem 7. For n € Ng and a # 0 we write the equation

@+ab-—bI/n+1+i\ b
Gzn+4ff;< 14 2i >+aczn+3-

Proof. Let us ¢ = ©+@-b" For n € No, we have the following iteration:

Q:w<:>+gm+bx (6)

-d](2)+(3)] +baaram,
6-d(3)+(3)+ (2] +Lisarsn

The coefficients of a and b are Fibonacci numbers in (6). Hence, by iterating this procedure, we have

n+1 n+2 2n+1 b
Gzn+4:C|:( 1 >+< 3 >+~-~+ <2n+l)} +a(aF2n+1 +bF2n+2). (7)

Furthermore, considering the equality G,,,,3 = aF2,,1 + bF2,.2, We rewrite (7)

c e n+1 N n+2 2n+1 bG
2n+4 = 1 3 +-- 1+ 41 -‘ra 243

or using the summation symbol, we have

"n+1+i b
Guna=C¢C ( . ) +—Gons3. ]
; 1+2i a

From Theorem 7, the following result can be seen.
Corollary 8. For some a,b € R, it is obvious that the following results hold:
(i) For a = b = 1, the Fibonacci sequence with binomial coefficients in [9] is obtained as
nn4+1+i
F = .
2n+2 ;( 14+2i )

(ii) Fora=2 and b = 1, we have

2
" n+1+1
Loni3z = 5( ( . )) +4
{ IZO: 1+2i

for the Lucas sequences with binomial coefficients.

1/2

In the following theorem, for n > 2, we give special Lucas numbers in terms of their different indices.

Theorem 9. For n > 2 and n € N, we have

L :322n+1 +l§22n—2(i+1)(L _+L . )—ﬂL
3n-4 76 76 - 3i 3i42 76 3n-5-

Proof. Let us use the induction on n.

For n = 2, it is easy to see that

5.5 1 a2 47
Ly =%2 +%;2 (L3i+L3i+2)*7*6L1 =1
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Assume it is true for all positive integers n = m — 1. That is,

5 1 & 47
Lapn_7 = 76 =22 1+% sz 272000 (L 4 L) — 76L3m 8- (8)

Therefore, we have to show that it is true for n = m. In other words,

L _ izzmﬂ lnisz’z(M)(L 4Ly )7£L

3m-4 = 76 76 - 3i 3i+2 76 3m-5-
If we multiply both sides of (8) with 4, then we have
188 20 4022 o

A7 + == 76 Lyn_g = 76 =22 %gzm 2720 Ly 4 Ly o). 9)

By considering the equality L, = L,.» — L1, we can rewrite on the left hand side of above equality as
L (116L3m_7 + 188L3m_¢) = 20om-1 222'" 220 (L 4 Lagy).
76 m- m- 76 76 ' "

Hence, by recurring this procedure, we have

20 22m 1 4 & 222m 2-2(i+1)

76 76 (L31 + L31+2)

1

Lsm-4 ==& (Lam-1 + Lsm-3 — 47Lam-5) =
1 47 5

Lsm-s = = (Lams + Lsm-1) + 5 Lsm-s = 7¢ S22y +6 Zzzm 20D (Ly; + Laiaa).

Consequently, if the last equation is rearranged, then we obtain

L +ﬂL S pams +l mzfzzszz(m)(L  Lyiva) + Lymos + L

3m—4 76 3m-5 = 76 76 - 3i 3i+2 3m-3 3m-1
5 om 12 47

Lyms = 22" %;zz MV (Lsi + Laiva) = 56 Lamos

which ends up the induction. Therefore we have the required formulate on L3, 4. O

3. Conclusion

The aim of this article has been to express a new formulas for Fibonacci and Lucas numbers to obtain in a easy form a
family of those numbers in a new and direct way. Recently, some novel properties of Fibonacci and Lucas numbers were gi-
ven with binomial coefficients in [9,12,13]. In the present article, in addition those novel properties, we improved those re-
sults and gave a new formula for special Lucas numbers. We hope those results will be considerably useful for future work of
the application of Fibonacci and Lucas numbers.
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