Computers and Mathematics with Applications 58 (2009) 1340-1348

Contents lists available at ScienceDirect

Computers and Mathematics with Applications Z

journal homepage: www.elsevier.com/locate/camwa

A pair of operator summation formulas and their applications

Tian-Xiao He ®*, Leetsch C. Hsu®, Dongsheng Yin €

2 Department of Mathematics and Computer Science, Illinois Wesleyan University, Bloomington, IL 61702-2900, USA
b Department of Mathematics, Dalian University of Technology, Dalian 116024, PR China
¢ College of Applied Sciences, Beijing University of Technology, Beijing 100022, PR China

ARTICLE INFO ABSTRACT

Arfic{e history: Two types of symbolic summation formulas are reformulated using an extension
Received 29 July 2008 ) of Mullin-Rota’s substitution rule in [R. Mullin, G.-C. Rota, On the foundations of
Received in revised form 11 April 2009 combinatorial theory: II. Theory of binomial enumeration, in: B. Harris (Ed.), Graph Theory
Accepted 8 July 2009

and its Applications, Academic Press, New York, London, 1970, pp. 167-213], and several
applications involving various special formulas and identities are presented as illustrative
examples.

Keywords:

Delta operator

Bernoulli number

Catalan number

Generalized harmonic number
Stirling numbers

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The recent paper [1] by He, Hsu, and Shiue has shown that, as an application of the substitution rule based on
Mullin-Rota theory of binomial enumeration (see [2]), the symbolization of generating functions may yield more than a
dozen symbolic summation formulas involving the delta operators A and D. Here let us recall that A (difference operator)
and D (differentiation operator) together with E (shift operator) are usually defined for all f (t) € C* (the class of infinitely
differentiable real functions in R = (—o0, 00)) via the relations

d !
Af) =ft+1)—f@), Df@t)= Ef(t) =f@®, E@O=ft+1.
Consequently they satisfy some simple symbolic relations such as
E=1+A, E=¢eP, A=eP—1, D = logE = log(1+ A),

where the unity, 1, serves as an identity operator such that 1f(t) = f(t). Also, for any real or complex number «, we may
define E“f (t) = f(t + «) with E® = D°® = A® = 1.In addition, an operator T is called a shift-invariant operator (see, for
example, [2]) if it commutes with the shift operator E, i.e.,

TE® = E°T,

where E*f (t) = f(t+«) and E! = E. Clearly, the differentiation operator D and the difference operator A are shift-invariant
operators. An operator Q is called a delta operator if it is shift invariant and Qt is a non-zero constant. Obviously, both D and
A are delta operators.
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What we wish to show is that the two types of symbolic summation formulas expanded in [1] may be reformulated
using an extension of Mullin-Rota’s substitution rule so that they could apply to more cases than those given previously.
Accordingly we will consider some new applications, and present several examples and identities involving some special
number sequences such as Bernoulli, Catalan, Stirling, harmonic numbers and the generalized harmonic numbers. In
addition, we shall show that the formal power series can be recovered from the corresponding symbolic summation formulas
by substituting a certain chosen function.

2. Two basic theorems

Let Q be a delta operator, and let F be the ring of formal power series in the variable t, over the same field; then [2] proved
that there exists an isomorphism from F onto the ring Y _ of shift-invariant operators, which carries

g =y %X" intog(Q) = G(x. Q) = ) %Qk'

k>0 k>0

The above rule is called Mullin-Rota’s substitution rule.

Denote by G(x, y, z) arational function in three variables x, y, and z. In particular, G(x, y, 1) and G(x, 1, 1) denote rational
functions in two variables and one variable, respectively. In what follows we always assume that F(x) = Z,?io fixKis a
formal power series. Then we shall use Mullin—-Rota’s substitution rule to establish the following results.

Theorem 2.1. Suppose that for given power series F(x) there is an expression or a sum formula of the form
Y fidk = Glx, et e, (2.1)
k>0

where the parameter « # 0 is a real or complex number. Then the substitution x + D yields a symbolic summation formula for
every f € C*™ evaluated at t = 0, namely

> "fiD¥f(0) = G(D. E, E)f (0). (2.2)

k>0

Moreover, (2.2) implies (2.1) as a particular case with f (t) = e*.

Theorem 2.2. Suppose that for given power series F(x) there is an expression or a sum formula of the form

> i = Glx,log(1 + ax), (14 ax)f), (23)
k>0

where o and B are real parameters with a8 # 0. Then the substitution x +> %A yields a symbolic summation formula of the
form

1 k . B A 5
> he (&) Akf(0) _G(E,D,E )f(O). (2.4)

k>0
Moreover, (2.4) implies (2.3) as a particular case with f (t) = (1 + ax)".

Proof. Theorems 2.1 and 2.2 can be proved similarly. Since both D and A are delta operators, (2.2) and (2.4) as
symbolizations of (2.1) and (2.3), respectively, can be justified by a similar argument of Mullin-Rota’s substitution rule
(see [2] or [1]). More precisely, both (2.1) and (2.3) are identities in the variable x, and there is an isomorphism between the
ring of shift-invariant operators and the ring of formal power series in x. Hence, (2.2) and (2.4) are obtained accordingly. It
remains to show that the choices f(t) = f(t; x) = eX and f(t) = f(t; x) = (1 + ax)" will respectively lead (2.2) and (2.4)
to recover (2.1) and (2.3). For the particular choice f(t) = e¥ we see that the right-hand side (RHS) of (2.2) can be written
as follows:

RHS of (2.2) = G(D, €°, e*®)f (0)
=Y fD(0) = fiD'e"

k>0 k>0

= kax" = G(x, €*, ).

k>0

Also, the left-hand side (LHS) of (2.2) with f (t) = e* gives Zkzofk"k' Hence, (2.1) is implied by (2.2).
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The implication (2.4) = (2.3) with f(t) = (1 + ax)" can be verified in a similar manner, in which it suffices to observe
that the LHS of (2.4) with f (t) = (1 + ax)’ gives Zkzoka", and that the RHS of (2.4) gives

G (5 log(1 + &), (1 + A)”)f(O) =35 (A)kf(O) Yy <A>k(1 Tt
a ’ ’ k o k o

k>0 k>0 t=0

= kaxk =G (x, log(1 + ax), (1 + ax)f),
k>0

which completes the proof. W

The following two examples may further illustrate the second halves of the theorems. First, using (2.2) with F(x) = e®™ =
> -0(ax)*/k! with x > D yields the summation formula )", , a*D¥f (0) /k! = f(a), which implies e™ = Y",_,(ax)*/k! as
a special case with f(t) = . Similarly, if (2.3) is given with F(x) = —log(1 —x) = ) _,., x¥/k!, then the corresponding
summation formula (2.4) with the mapping x > (—A) is >_,.,(—=D*"1A¥f(0)/k = f'(0), which implies }_,., x*/k! =
—log(1 — x) as a special case with f (t) = (1 — x)".

The technique presented in the above theorems can be considered as extensions of (Mullin-Rota’s) substitution rule. For
brevity, formulas (2.2) and (2.4) may be simply called D-type formula and A-type formula, respectively. These formulas
obviously provide generalizations of the sum formulas for single power series. As may be observed, substantially all the
operational formulas (0,) — (013), as displayed in [1], together with the symbolic formulas expressing D™ (or A™) in terms
of A¥'s (or D¥'s), are particular consequences of (2.2) and (2.4), respectively.

It may be noted that the operational formula given in Example 5.14 of [1] of the form

o0
©Oi): Y K"A™If(k) = (=)™ An(E)f (0)
k=0
is incorrect, where A, (x) denotes the mth degree Eulerian polynomial given by the expression
m
Ax) =1 and An(x) =) Am kx (m=>1),
k=1
with A(m, 0) = 0 and
k
. 1
A(m. k) = (=1Y ('"J.r ) (k=)™ (1 <k<m).
— J
Jj=0

A(m, k) are known to be the Eulerian numbers (see Comtet [3, p. 243-5]). In fact, taking f (t) to be a polynomial of degree
< mwith m > 1, we see that the LHS of (0q3) gives zero, while the RHS differs from zero. Actually (O3) is obtained from
the symbolization of Euler’s formula

kax" = am(X) = _An® (Ix] < 1),
=0 (

1— x)m+1

by the substitution x +— E, where E = 1 + A is not a delta operator inasmuch as Et = t + 1 is not a non-zero constant.
A valid symbolization should be made by the substitution x — (—A), so that Euler’s formula yields a special A- type
formula of the form

Ow): D _(=DNR"AY(m+ 1) = An(—A)f (0) = Y A(m, k(=1 A*f (0).

k>0 k=1

Taking f (t) = 1/(1 4 t) into (O14), we find (see (5.17) of [1])

m-+ 2

1 °°km<m+k+2
m+4 2 =

-1 m
) = ZA(m, k/k+1) (m=1).
k=1

Curiously enough, this correct summation is also obtainable from the incorrect formula (0;3). This might suggest that (013)
could still be valid under certain restrictive conditions.

One may recover Euler’s formula from (014) by substituting f (t) = (1—x)". Indeed, for the function f (t), we have A*f (m+
1) = (1—x)™"1(—x)*and A¥f(0) = (—x)*. Thus [An(—A)(1 — %) T = Y _peq Alm, k) (—DFAKF(0) = DL, A(m, k)x* =
Ap(x),and (O14) becomes ), k™(1 —x)™1xk = A, (x), which is Euler’s formula D 0 Kmxk = Ap(x)/(1—=x)"*1 forx # 1.
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3. Application of (2.2) and (2.4)

In addition to those generating functions already investigated in [1], let us now consider some other generating functions
or power series expansions with closed sums as follows (see Wilf [4]).

i) 2 ie0 ‘22%’,‘ x?k = x coth x, where By are Bernoulli numbers.
(i) D k0 "’r(,f!)x =e"Y at ¢’(O) x¥, where ¢, (x) is an rth degree polynomial (see Jolley [5, p. 218]).

(iil) Y pmg Cix* = 5= (1 - M) where G, = 25 (zkk> are Catalan numbers.

(iv) Zkzl Hxk = log 1= Where Hy are harmonic numbers defined by Hy, = ZJ":] 1/jfor k > 1 with Hy = 0.
V) Vs %Hk_pc = 1 (log 11)".

V) S (1) % = 5 (“F) (r = 0).

(vii) Yoy Hlk, 1)x* = 7L (log 1%)()”], where H(k, r) are generalized harmonic numbers (see [6]) defined by H(k, r) =
Z]<n0+n1+ <k 1/(ngnq - --n;) fork > 1and r > 0 with H(0, r) = 0. It is obvious that H(k, 0) = Hj.

;
! — — . . ces .
(viii) Yoo HEF DXk = (17 Vz)lc“") , which includes (iii) as a special case when r = 1.

k!(k+r)!

Evidently, (i) and (ii) are of the form (2.1), and (iii)-(viii) of the form (2.3). Consequently, (i) and (ii) should lead to special
D-type formulas, and (iii)-(viii) to A—type formulas. Indeed, making use of (2.2) we easily find

4Bk i pETE
;(Zk),n f(0) =D—— 1f(0)

Notice that (E — E-")D?f(0) = f®¥ (1) — f@¥(—1). Thus we can obtain a symbolic summation formula of the form

4kB,, / ,
Z ok ;1' [f(2k>(1) f(2k)(_1)] =f' (1) +f(=1. -

Similarly, utilizing formulas (2.2) and (2.4), one may find that (ii)-(viii) yield seven special symbolic summation formulas
as follows:

Z d)r('k)f(k)(O) Z ¢T( )f(k)(l) (3.2)
k>0 k! k=0

-1 ¢ k+1 1
> (7) GAMf(0) =2 [f (5) —f(O)] (33)
k>0
D (=D*HAM(0) = —f(—1) (34)
k>1

-1 k 1
> C a0 = 270 (35)
= Kk 2

—1k /21 1
Y (=D*H (K, 1) AY(0) = (=) TV (=1, (3.7)
k>1

EDfr@k+r =1 N i (T j
kzZO 4"’(!(’(-{-1‘)! A f(O) - ZFZO( 1) (])f (2) s (3‘8)

where the RHS of (3.6) may be written in the explicit form

(EV? — 1)Tf< ) Z( 1)—J(> ( 21>. (3.9)

.8) are obtained from (ii)-(vi) by the substitutions x - D,x > (—3A),x > (—=A),x > (—3A),

More precisely, (3.2)- 2
, Tespectively.

3
x> (—A),andx > (—3A
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4. Some convergence conditions

Here we provide a list of conditions for the absolute convergence of the series expansions in (3.1)-(3.8).

Formula Convergence condition

1) Time [f &V < 72
(32)  Tmsw [fPO/K| <1
33) A¥@© =0 (Ié*) (e > 0)
(3.4) A*F(0) =0 ((1/k)'F€) (e > 0)
(35) A*f(0) = 0 ((1/k)°) (e > 0)
(36)  Timo |AF @] <1

(3.7) A*F(0) =0 ((1/k)'F€) (e > 0)
38) A¥© =0 (k%—f) (e > 0)

The convergence conditions shown above can be justified by the aid of Cauchy’s root test and the comparison test. Notice
that there is an estimate for Bernoulli numbers, namely (see Jordan [7, Section 82])

B 1
2k (k > 0).
(2k)! 1227 )22
It follows that the upper limit
. BZk 1/k 1
limgs oo |—— < —.
koo ’(Zk)! = 42
Actually, Euler’s famous formula for Bernoulli numbers, (—1)¥1B,,/(2k)! = 2¢(2k)/(2m)%, implies that the limit of
(Bar/ (2k)1) /¥ is equal to 1/(4m?), so the convergence condition for (3.1) implies that
Ty 4kBZk (2k) Vk
llmkﬁ)w @f (:tl) < 1.

Hence the absolute convergence of the series in (3.1) follows from the root test.
Moreover, notice that limy_, o |¢r (k)|'/¥ = 1, and that

12kt
22k+r k -
where the limit follows from an application of Stirling’s asymptotic formula n! ~ (n/e)"</2wn asn — oo. Thus the
convergence conditions for (3.2) and (3.6) also follow from the root test.

Evidently the convergence conditions for (3.3)and (3.4),(3.5) and (3.7), and (3.8) are justified by the following asymptotic
relations, respectively:

o= — <2")~4"/<k~/ﬁ>,

1
k— 00

- k+1\ k
H(k,r) ~logk (r=0,1,...),
r@k+r—1n! - 4132,
k!'(k 4 r)!

as k — oo. Here, the second estimation for r > 1 comes from [6, (3.2)].

5. Examples — Various identities and series sums

Certainly, each of the formulas (3.1)-(3.8) may be used to yield a variety of particular identities or series sums via suitable
choices of f (t). Here we will present a number of selective examples to illustrate the applications of (3.1)-(3.8).

Example 1. Let n be an odd positive integer, and take f (t) = t", (n > 1). Then we have

fy=f(=1=n fOL1) = +n*,
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where we use the following falling factorial notation, X (sometimes also denoted (x),), i.e., xX- = x(x — 1)=L (r > 1) with
x2 = 1. Thus, using (3.1), we get

[n/2]

> 4By ( i ) =n. (5.1)
p 2k
k=0

Example 2. Let X be a real number with A # 0. Then a much more general identity of the form
u A+2k—1 2\ 4+ 2m + 2k 2L +2m+1
S (M) (O ) e () (52)
= 2k 2m — 2k + 1 2m

can be obtained from (3.1) by taking f (t) = C,;\(t) withn = 2m + 1, where Cnx(t) is the nth degree Gegenbauer polynomial
given by the generating function

=2+ =D COx (#0). (5.3)
k=0

Indeed, a few simple properties of C*(t) may be deduced from (5.3), namely (see Magnus-Oberhettinger-Soni [8, Section
5.3])

@t
n!

(1) = . O (=t = (=1D"Cr ), (%) Ch(t) = 2mMAmCHH e,

where we have used the raising factorial notation X (sometimes also denoted (x)" or (x),), i.e, X' = x(x+ 1)’"' (r > 1)
withx® = 1.

Consequently, the fact that (3.1) implies (5.2) is confirmed by easy computations with the aid of the above-mentioned
properties.
For the particular choices A = 1and A = 1/2, we see that (5.2) gives the following identities, respectively:

u 2 2k + 2 2 3
Z42k32k< m+ + ):2< m+ >’ (54)
pard 4k + 1 3
T 4k\ [ 2m+2k+1 2m+2
B (3) (700 ) ()
k=0

Example 3. Recall that Stirling numbers of the first and second kind may be defined by the following equations, respectively.

nek|N T rokpn n 1 n
D™ [k] = D] {k} = (A (56)

Here we have adapted the notations due to Knuth (see [4] and [9]), where [Z] denotes the signless Stirling numbers of the

first kind, i.e., the number of permutations of n objects having k cycles. Now, taking ¢, (t) = t", we have A*¢,(0) = k! {;}
and we see that (3.2) yields the formula

k" ! )
Z I%f(k)(o) _ Z {]r}f(’)(l) (5.7)
>0 =0

This formula implies several interesting special identities.
(1) Taking f (t) = ef, we get

1 k" " (r

This is the well-known formula of Dobinski for the Bell number w(r).
(2) Choosing f(t) = 1+t + --- +t™(m > 1), we find f® (0) = k! for k < m, and f®(0) = 0 for k > m, and moreover,

R (N G Rt )
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Thus (5.7) gives
m r m -l
Zlc’:Zj!<,+ ){r} (5.9)
=0 =0 j+1 /U
This is the classical formula for arithmetic progression of higher order.

(3)Taking f(t) = 3o ()" = (1 — tx) " with [tx| < 1, we find f®(0) = kix* and f® (1) = k!x*(1 — x)™*~. Thus (5.7)
yields a

D KK Z]': }X’(1 07T (X < D). (5.10)

k>0
This is Euler’s formula for the arithmetic-geometric series.
(4) Take f(t) = t™ so that f®(0) = (—1)™kk! [km] We have to compute f® (1). By (5.6), it is easily found that

[om],_, = [pte+ 1],
k
= e+ Do o]+ () e

= (1) [Z’ - 1] + (=)™ *k(k — 1)! [Zl__ll]

— K ((—1)'“"“l [m K 1} + (=1 [Z‘__llD .

Thus (5.7) gives

R R o R ) |

This may be compared with the known identity

- (T . ST m m—i
2k ('<>_,-_Zlﬂ{f}<j)2 ] (5.12)

which is also obtained from (5.7) by taking f(t) = (1 + t)™.
(5) Choosing f(t) = t™ :=t(t+ 1)---(t + m — 1) (m > 1is arbitrarily fixed), we have

m [m—1
f(t)=; [km] tk=;k!(k_1)tk.
Hence, f® (0) = k! )[km]

o =5 (0, ) [0,

k>1

-2 () (o [ e [5))

Therefore, (5.7) gives

e -2z GoD i (o 5 e [5])

k>1
(6) Take f(t) = t(t — an)""", the Abel polynomial with n > 1, so that f©'(0) = k(n — 1)*~! (—an)"* and
fO) =D et —an™ ] _,
= [t(” — Dt — a”)n7j71]t:1 + [j(” - = - ‘m)nij][:l

= (n— Y711 —am)"7 7 [(n — j) +j(1 — an)]
= (1 —a)(1 —an)" 71

,and from (4)
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Thus (5.7) yields
k' _ _ . r i
— =D (—an)"* = W1 —a) H 1 —an)" 71,
; (k= 1)! ,; !

Example 4. Let @ € R. We have

Ak<t+“) :(HO‘) (n> k> 0).
n n—k

Thus, taking f (t) = (%), we have A*f(0) = (,, ). Consequently, (3.3) yields the identity

n

n—1 (_])k 2k o B o+ 1/2 o
Z4"(k+1)<I<>(n—k—1>_2[( n )‘(nﬂ (5.13)

k=0

Example 5. For f(t) = t" (n > 1) we have A¥f(0) = k! {Z] so that formulas (3.3)-(3.5) and (3.7) give four identities as
follows:

n—1 k n—1
(—D*k! [ 2k n 1
Z 92k ( k ) {k—}— 1} - (5) ’ (5.14)

k=0

> (= D*kiH, {Z} = (=1)"n, (5.15)
k=1
3 =1k = DlH {Z} - {(1) :?Z N % (5.16)
k=2

>~ D kH (K, ) {Z} = (=)' (r>1). (5.17)
k=1

m-+t
n

d /fm+t (m+1t)t 1 1 1
dt n n! m+t m-—1+t m—n+1+t

Consequently, we have

f’(—l)—(m_l)f( L . )

n! m—1 m-—2 m-—n

Example 6. Taking f(t) = (") (m > n > 1), we find

m—1
( ) (Hn-1 — Hn-n-1) (Ho = 0).

n

Thus, using (3.4), we get
. ke m\ _ (m—1 3 _
2D T )= ) e = Hnn) (Ho=0). (5.18)
k=1

Example 7. Take f(t) = 1/(t + m) withm > 2. We have
(—D*kI(m — 1! (—1)’<<m+k>1

k —
AT = (m+ k)! T 0m m

Consequently, formulas (3.4), (3.5), (3.7), and (3.3) can be used to obtain four convergent series sums as follows:

m+k\ ™! m
Z ( m ) Hk = m, (5.19)

k>1
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k+1\"" H 1
(m—f— k + ) ko L (5.20)
= m k+1 m
m+k\ "' m
kl < m ) H(k, r) — W (r Z 1) (5.21)
k+1\7'C 2
<m+ + ) = (5.22)
= m 4 2m+1

In particular, for m = 2 we see that (5.20), (5.21), and (5.22) yield the sums

Hy _! 523
Y TR DETS " 8 (5:23)

k>1

H(k, 1)
Yooy =1 =0 (5.24)
— (k+ 1)(k+2)

> (2"1{> _ L (5.25)

=k k+ Dk +2)(k+3) 5

Example 8. As may be observed, the case r = 0 of (3.6) gives the following pair of identities for f (t) = t" and f (t) = ("‘;“[)
(¢ € R), respectively.

i 2! [n -1\"
Z(_])’ 22k {k} = ( 2 ) ’ (5.26)

k=0

Z;(Zkk) <_41)k(nik) - (a;;) (5.27)

In particular, (5.27) with @ = n implies

; <2kk> (—41)" (Z) - (n; ;> =27 (2:) : (5.28)

This identity appears in Sofo [ 10, p. 22]. Surely, other identities of similar types may be obtained from (3.6) for smaller r’s.

Acknowledgments

We wish to thank the referees for their helpful comments and suggestions.

References

[1] T.X. He, L.C. Hsu, P.J.-S. Shiue, Symbolization of generating functions, an application of Mullin-Rota’s theory of binomial enumeration, Comput Math.
Appl. 54 (2007) 664-678.

[2] R. Mullin, G.-C. Rota, On the foundations of combinatorial theory: IIl. Theory of binomial enumeration, in: B. Harris (Ed.), Graph Theory and its
Applications, Academic Press, New York, London, 1970, pp. 167-213.

[3] L. Comtet, Advanced Combinatorics, the Art of Finite and Infinite Expansions, Revised and enlarged ed., D. Reidel Publishing Co, Dordrecht, 1974.

[4] H.S. Wilf, Generating Functionology, Academic Press, New York, 1990.

[5] LB.W. Jolley, Summation of Series, 2nd Revised Ed., Dover Publications, New York, 1961.

[6] J.M. Santmyer, A Stirling like sequence of rational numbers, Discrete Math. 171 (1-3) (1997) 229-235.

[7] Ch. Jordan, Calculus of Finite Differences, Chelsea Publishing Co, New York, 1965.

[8] W.Magnus, F. Oberhettinger, R.P. Soni, Formulas and Theorems for the Special Functions of Mathematical Physics, 3rd ed., Springer-Verlag, Heidelberg,
New York, 1966.

[9] D.E. Knuth, Two notes on notation, Amer. Math. Monthly 99 (5) (1992) 403-422.

[10] A. Sofo, Computational Techniques for the Summation of Series, Kluwer Academic/Plenum Publishers, New York, 2003.



	A pair of operator summation formulas and their applications
	Introduction
	Two basic theorems
	Application of (2.2) and (2.4)
	Some convergence conditions
	Examples --- Various identities and series sums
	Acknowledgments
	References


