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ABSTRACT. Recently, Carlits has derived general results on generating
functions by making use of the Lagrange expansion. In the present paper, results
of this kind are derived for the polynomials related to Konhauser biorthegonal
polynomials, which were studied by Karande and Thakare.

1. Introduction

Konhauser [6] studied the biorthogonal sets Z%(z;k) and YZ(x;k)
which satisfy the following condition:

A = O, l#] 3
f z* exp(— ) Y§ (x3k) 23 (x3k) da
0 #* Oa i =J
(t,j = 0,1,2,...),
where £ is a positive integer and « > —1.

Carlitz [2] stated that

= et )
Zo Yi(xsk)n = (1 —1) ko exp{—af(1 ~t)—1/k__1]} . (1.1)
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For k = 1, both the polynomials reduce to Laguerre polynomials.
We designate Z%(x;k) and Y2(z;k) as the Konhauser biorthogonal
polynomial sets of the first and second kinds, respectively. Further,
Karande and Thakare[5] studied the polynomials BS(z;k), S&®(z,y k)
and TP (z,y;k) related to the polynomials YS(z;k) having gene-
rating relations

i (e
> By W4+ * explal(t+ 0" —1]), (1.2)
Sy
- a—8

SE® (wyskyn = (141 *  explla—y)[(L +9*—11}  (1.3)
n=>0
and

© a—B
Z TE gk =(1—1)  * exp{—@y—a)1—)~ " —1]}
n=20 (1.4)
Clearly, B%(z;k) is uniquely determined, and for &k =1, it reduces
to AS(z) defined by Srivastava[7].

The aim of the present paper is to derive some mixed generating
relations for YZX(x:k), BS(x:k), S®P(zy;k) and T®®(xz,y;k). The
method used is mainly due to Carlitz [4].

2. By Taylor’s theorem, relation (1.1) can be written as

e+ 1)
Yo (k) [D"[ t—1  F exp{—ald—t " —111,_,
(2.1)
Replacing by z + ny, this becomes
1 et
Yofw + ny3k) = — [DF[(1 —1) o exp{—(@ 4+ nyll —oy "

— k=0 (2:2)
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Let

_ ek
fy=(t—1 " exp{—a(l—g——1])

and
o(t) = exp {—y[(1 —1)~ " —1]},
where f(t) and ¢(t) are analytic about the origin and f(0) = ¢(0) = 1.

Now, following Carlitz’s approach [4], we obtain

(c+1)
- 1—1)  F expl—a[(l—t— 1
n=10 1+ _k_(l——t_) (1—1)
where (2.3)
w=texp{y[(1—1— 1]} (2.4)

The result is presumably new.

t
If we put v = T—7 (2.3) becomes

1

(c+1)

S t4+90) * exp{—a[(l+o)r—1
Z Yoo 4 niskyun — (14 0) e;cp{ z[(1 + v) 1} ,
= 1—1—%0(14—0)”’“
where (2.5)

u=¢(1 4 ¢o)exp {y[(1 + )/*—1]}. (2.6)
Next, by (2.1), we have
N (c+Dn4+1)
YO @) = L Dpt—1) Y exp{—al—oy
n!

— 1 i=0 -
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We, therefore, take

c+1)

fy=(—1 " exp{—al(1—n "k —1])
and
oty = (L — 1)~ Pk,

where f(f) and ¢(?) are analytic about the origin and such that f(o) =
= (o) = 1.

Now making use of a result due to Carlitz [4, p. 521, Theorem 1],
we get

R
(11— B exp{—al(l —n T *—1]}

D t
1_"7(1—4)

where 2.7)

?

z (c+ Dn) x k)u"

u=t1 — )Pk, (2.8)

Making the same substitution, as before, (2.7) becomes

(c+ 1)
N 1+9¢) * expi—al(l+0)—1
S v s - Wt T emiel 01
n=0 1 — —k—' ¢
where (2.9)
u=o(l 4 ¢) 170", (2.10)

It may be of interest to note that (2.7) and (2.9) were obtained
earlier by Calvez and Génin[1] by a different method.

On taking k& = 1, the Calvez-Génin formula (2.7) or (2.9) gives
the corresponding result due to Carlitz [3, p. 826, (8)] for Laguerre
polynomials.

Indeed one can now get a mixed generating function for
Y+ + nyik) as
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)
(1—1) P exp{—al(1—t)— 1]}

1—~R( t )+JZ“L_W4—W

n=20 E\1—t k

where (2.11)
u=t(1 —1)"*exp {y[(1 — oy~ 1 — 1]} — 1k, (2.12)

Fory = o, (2.11) reduces to (2.7) and for D = o, it reduces to (2.3).
t
If we put ¢ = T—7 (2.11) becomes

(G

> Yty = L0 P exp{—a(l + o) —1])
=0 " 7 1_&_*_1_0(14_0)% ’
where (2.43)
= o(1 + o)~ P exp {y[(1 + o) F—1]}. (2.14)

For k=1, both (2.41) and (2.13) were given earlier by Carlitz
[4, p. 525, (5.2) and (5.5)].

3. General generating functions like (2.11) can also be ob-
tained for

Bi(x;k), &P (2,y:k) and T&(xy:k) ,

We omit the proof which runs parallel to that of the above
results. Here we mention the results directly.

_ e+ )
hd k 1 1h__
Z B+ 0 iy — L0 exp{x[( +yh—1))
14+ — D ( ‘ ) t(1+t)—‘+”k
n=0 k\ 1+t
where (3.1)

w=t1 + )" exp{—y[(t +o)*—1]}, (3.2)
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Z Ssla+vn,ﬂ+ Sn)(a7 + nz, Y + nzz;k)un

n=290

a—B

I (R B 1 et (| P

1_(""]{;8)“1 +t)‘1—£zl_k—z2) (L4 )=t + 1A

__ ey
u==t1-+1) P oexp{—(z—z)(1 + 0" —11}, (3.4)

o0
z Tl omb 30 (5 4z, Y + nzg; K)u”

n=10
_E‘_;_B_ 1k
L+ — t(1—t)“l—"’k——t(1—t)—i_m
where

. (v+9)
u=yl—1 R oexp{—(z—z2(1—0 " —11}  (3:6)
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