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Some generating relations for certain orthogonal polynomials related to
Hermite polynomials (introduced by Thakare and Karande 1973) are obtained.
{See also the various remarks and comments surrounding the obvious conuec-
tions (2.1) and (2.2) of the so-called “generalized” Hermite polynomials with
the classical Laguerre polynomials.} 1In deriving these results here the use of
certain operational techniques is indicated.

§1. Recently, Thakare and Karande (1973) studied the class of orthogonal
polynomials related to Hermite polynomials by considering the following self-adjoint
differential equations:

D [e="Dy] + Ax?—? ea% y = 0 , (D)
D=dldx;k=12,3, ...

They denoted the polynomial solutions of (1.1) by Hem(x; k) and Hapmn(x; k) for
even and odd polynomnials, respectively.

In course of this discussion they obtained various properties of the aforesaid
polynomials such as orthogonality relation, Rodrigues formulae, hypergeometric
forms, recurrence relations, linear generating relations, integrals, expansion and
some operational formulae. The interesting feature regarding these polynomials is
that there are two families of differential equations, recurrence relations and hyper-
geometric representations corresponding to even and odd polynomials. The object
of the present note is to mention some more properties such as linear, bilinear
generating relations and integral representations for the aforesaid polynomials,

§2. The so-called ““generalized” even and odd Hermite polynomials considered
by Thakare and Karande (1973) are constant multiples of the classical Laguerre
polynomials. Specifically, we have the following connecting relationships:

Hanalz, B) = (—1)7 2223, {(1 + B} LP(2) (21)

and

Hypen(z, B) = (—1)2 25741(3), {(1 — B),)~ 28 LTP(z) (2.2)
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where B=— 7112 and z = x?.

In view of (2.1) and (2.2), the results of the paper by Thakare and Karande (1973)
are trivial consequences of the corresponding well-known results involving Laguerre
polynomials. Moreover, the connections (2.1) and (2.2) show their usefulness in
trivially deriving generating relations and other results from the corresponding well-
known results involving Laguerre polynomials. Consequently, we mention the
following results:

(I + Bk N N Axths
z Ty DT = (a0 e (1 4:) (23)
I —B) » .
z (‘& Haprya(x; k) :T‘ = 2(x2¥)~B (1 + 41)B-1  exp (%)
p=
..(2.49)

1
z ( + B+ q)ﬁ HZpk+2qk(x; k)_;f__’;_ — (1 + 4[)—3—¢—1

T
4x%%¢ x .
X exp (mt) Hagx [m)—l/z—k, k:] ...(2.5)
o0 I—B_lf'q) HZk 20k 1(xk)_t_p_ =(l +4t)_q_1
- (2 + q) rR4y2gk+ ’ p!
4x2k¢ x _
X €Xp (m) Hogrss [m{k; k]- ...(2.6)

We remark that the results (2.3) to (2.6) can also be established directly by making
use of the operational formulae (Thakare and Karande 1973, §10, p. 68) and the
following properties of operator 8§ = xDs:

atf(x) = f(ax)

=]

A+ @ = >

n=o0

Jx)

and
(1 4 68~ = (1 + =5 (1 + )=,

§3. Lastly, we mention the following integral representation for Laguerre
polynomials in terms of Hamu(2):
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X

Tp+e+l J (x — z)--10

(p+B+ 1) I@—B

L;""(x) =

(1 4+ B)p (=1
X W Hzpk(z)‘dz- ..(3.1)

From Kogbetliantz (1932, p. 156), we have

X

P(P + a + 1) x—% j (x _ u)m_v_luv L(pV)(u) du.

'p+v+ DD0@—v)

L) =

Taking v = 8 and # = z, in the above relation, we get

o T o 1) x—= 4
L) = o (j g i ]L) I,)(ax_ 5 j (x — 2028128 LB dz. ...(3.2)
0

Now in view of (2.1) the result (3.1) follows from (3.2).

If we take p = — 1/2k, z = x?* and k = 1, we get an unnoticed result for
even Hermite polynomials, Similar result for the odd polynomials can also be
established.
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