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A g-analogue of Catalan Hankel determinants

By

Masao ISHIKAWA,*Hiroyuki TAGAWA **and Jiang ZENG***

Abstract

In this article we shall survey the various methods of evaluating Hankel determinants and
as an illustration we evaluate some Hankel determinants of a g-analogue of Catalan numbers.
Here we consider % as a g-analogue of Catalan numbers C,, = n+r1 (2:), which is known as
the moments of the little g-Jacobi polynomials. We also give several proofs of this g-analogue, in
which we use lattice paths, the orthogonal polynomials, or the basic hypergeometric series. We
also consider a g-analogue of Schroder Hankel determinants, and give a new proof of Moztkin

Hankel determinants using an addition formula for o F3.

§1. Introduction
Given a sequence ag, a1, asz,..., we set the Hankel matrix of the sequence to be
at at41 ... Qt4n—1
) at+1 At4+2 ... QAt4n
(1.1) Ay = (ai+j+t)ogi,jgn71 =

At4n—1 At4n - .. At4+2n—2

For n=0,1,2,..., let

1 2n
(1.2) Cn_n—l—l(n)’

which are called the Catalan numbers. The generating function for the Catalan numbers is
given by

S Cut” = 1-vi-4t

2t
n>0
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If we put a, = C, in (1.1), then the following identity is well-known and several proofs are
known [5, 6, 14, 17, 19):

t+J+2n

(1.3) det AL = det (Ciyjtt)ocijcn = |1 i+

1<i<j<t—1

If we put B, = (2’?1) and D, = (277), then the following variations are also known [17]:

i+j—1+2n
(1.4) det (Bitj+t)ocijen1= ][ itj—1
= J
1<i<j<t—1
n i+j+2n
(1.5) det (Di+j+t)0§i,j§nfl =2 H i+qg
1<i<j<t—1 J

As a generalization of (1.3), Krattenthaler [12] has obtained

n—1
_ (1 4+ n)!(2k;)!
(1.6) Aot (Critsidogijen-1= H (ky = ko) H (20) ! (ki + n)!
0<i<j<n—1 =0
for a positive integer n and non-negative integers ko, k1,..., kn—1.

In this article we shall survey the various methods of evaluating Hankel determinants and
as an illustration we give a g-analogue of the above results. We first recall some terminol-
ogy in g-series (see Gasper-Rahman’s book [9]) before stating the main theorem. Next some
terminology is defined before stating the main theorem. We use the notation:

(@ = [[(1-ad), (@@= [](1-ad")

for a nonnegative integer n > 0. Usually (a;q), is called the g¢-shifted factorial, and we
frequently use the compact notation:

(al,ag, - ,ar;q)oo = (al;Q)oo(GQ;Q)oo tet (aTQQ)OOa
(a17a27 s 7a7‘;q)'ﬂ = (a]-?q)n(az’q)n U (a'r,q)n

If we put a = ¢® and ¢ — 1, then we have

(qa; Q)n _ (a)n’

li =
a1 (1—q)"
n—1
where (o), = H(a + k) is called the raising factorial. We shall define the ,11¢, basic
k=0

hypergeometric series by

a1,02,...,0r4+1 = (a1,a2,...,0r11;Q)n _n
T s X z - z .
e | gz | = 3 (et

n=0

If we put a; = ¢® and b; = ¢™ in the above series and let ¢ — 1, then we obtain the ,41F}
hypergeometric series

a2, 001 | N (a)n(@2)n - (Qrt1)n n
T*lFr[ Biy. ., Br ’z] _; 2Bn - Brym
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The Motzkin number M, is defined to be

(1—-n)/2, —n/2;

4| .
2

M, =2F [

The generating function for the Motzkin numbers is given by

iMna:”— 1—x—\/1—2m—3x2'
n=0

- 222
It is known [1] that
(1.7) det (Mi.&-j)og,i’jgnil =1
for n > 1, and
(1.8) det (Mitj+1)9<; j<n = 1,0, 1

for n =0,1 (mod6), n = 2,5 (mod6), n = 3,4 (mod6), respectively.
The large Schréder number S, is defined to be

-n+1,n+2

S, =2, F} { 5 1

for n > 1 (So = 1). The generating function for the large Schréder numbers is

> 1—2—+1—6x+zx2
(1.9) > St = .

o 2z

Eu and Fu [8] have proved

(1.10) det (Si+i)oes jen1 = 2(3),  det (Siti41)gci jen1 = 2l

for n > 1 (see [4, 8, 16]). We can also prove that

(1.11) det (Sits2)ges jent = 202 (24 = 1)
holds for n > 1.

In this article, as a generalization of (1.2), we choose

_ (ag;q)n
(1.12) = (abe?; ).

21

for a nonnegative integer n. The aim of this article is to give three different proofs of the

following theorem:

Theorem 1.1. Let n be a positive integer. Then we have
2 - 6 - - - ) 7b 5 n—
(1.13)  det (Hi+s)o<; jan_1 = g3n(n=D ggn(n=1)(2n-1) H : (q,aq,bq; q)n—k
k=1

As a corollary of this theorem we can get the following more general identity.

abq" 1 @) n—k(abg?; @)2(n—k)
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Corollary 1.2.  Let n be a positive integer, and t a nonnegative integer. Then we have
det (1 _ azn(n 1) n(n 1)(2n— 1)+ n(n—1)t (QQ; Q)t
(pi +J+t)0<z G<n—1 (abq?; q):

(1.14) X - (q,aq"",bq; @) n—r
] abqn k+t+1. q) (abqt"‘Q )2(n k)

k=
Proof. 1If we use

PPN C ) S )] (ag"™ 5 q)n
T (abg% @nte (abg?i@)e (abgt2iq)n’

then we have

(ag;q)e  (aq"™5Q)iy
et (st 30Dz, s = det -
oS snl (abg?;q)e  (abq™*259)iv; ) o<sicns

= > det 7 B) 9
(abq?; q): (a’bq®; Q)i+ ) o<ij<n—1

where a’ = aq®. If we use (1.13), then we obtain (1.14) by a straightforward computation. [
We can prove (1.3), (1.4) and (1.5) as a corollary of Corollary 1.2.

Proof of (1.3), (1.4) and (1.5). If we substitute a = ¢® and b = ¢” into v,,, and we put ¢ — 1,
then we obtain ., — (a(j‘_;—i);)n, which we write v,. Thus (1.14), leads to
a+ﬁ+t+n—k+ Dn—k(a+B+t+2)2m—r)

det (Vi+j+t)ogi,j§n71 =

Note that
Cn/2®" fa=-1andp=1,
Vn =4 Bn/2°" ifa=13andf=-1,
D,/2** iffa=-1}and 8=-1
Hence we obtain
det (Citj+t)oci jon Ha=—3 2 and 8= 3,
22" det (it jrt)gas jen—1 = § det (Bitjii)ocs jeny =3 and f=-3
det (Ditj+t)oc; jan o= —3 and 8= —1.

Thus we can prove (1.3), (1.4) and (1.5) by direct computations from the above identity. [J
In fact we can also obtain the following generalization of (1.6).

Theorem 1.3. Let n be a positive integer, and ko, ..., kn—1 nonnegative integers.
Then we have

(@) (" ag; q -
(1.15) det (:U’ki+j>0§i,j§n—1 = ) H (ab( Ji H H bq; q)

4% @k +n-1 0<i<j<n—1
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§2. Non-intersecting lattice paths

In this section we give our first proof of Theorem 1.1 using non-intersecting lattice paths.
Let m and n be nonnegative integers. A Dyck path is, by definition, a lattice path in the
plane lattice Z* consisting of two types of steps: rise vector (1, 1) and fall vector (1, —1), which
never passes below the z-axis. We say a rise vector (resp. fall vector) whose origin is (z,y)
and ends at (z + 1,y + 1) (resp. (z + 1,y — 1)) has height y. For example, Figure 1 presents

Yy

(0,0) x

Figure 1. A Dyck Path starting from (0,0) and ending at (8,2)

a Dyck path starting from (0,0) and ending at (8,2), in which each red number stands for the
height of the step. Let %, denote the set of Dyck paths starting from (0,0) and ending at
(m,n). Especially, the cardinality of %5, is known to be the Catalan number C,,.

A Motzkin path is, by definition, a lattice path in Z? consisting of three types of steps:
rise vectors (1, 1), fall vectors (1,—1), and (short) level vectors (1,0) which never passes below
the z-axis. We say a rise vector, fall vector and level vector whose origin is (z,y) and ends
at (x+1,y+1), (x+ 1,y — 1) and (= + 1,y) has height y, respectively. Figure 2 presents a

Yy

(0,0) x

Figure 2. A Moztkin path starting from (0,0) and ending at (9, 2)

Motzkin path starting from (0,0) and ending at (9,2), in which each red number stands for
the height of the step. Let .#, , denote the set of Motzkin paths starting from (0,0) and
ending at (m,n). Note that the cardinality of ., ¢ is known to be the Motzkin number M,,.
We define the height of each step similarly as before.
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(0,0) (10,0)

Figure 3. A Schroder path starting from (0,0) and ending at (10, 0)

A Schréder path is, by definition, a lattice path in Z? consisting of three types of steps:
rise vectors (1, 1), fall vectors (1, —1), and long level vectors (2,0) which never passes below the
z-axis. Figure 3 presents a Schroder path starting from (0,0) and ending at (10,0), in which
each red number stands for the height of the step. Let .#,, . denote the set of Schréder paths
starting from (0,0) and ending at (m,n). Note that the cardinality of %, 0 is known to be
the large Schroder number S, .

Assign the weight ap, bn, ¢, to each rise vector, fall vector, (short or long) level vector of
height h, respectively. Set the weight of a path P to be the product of the weights of its edges
and denote it by w(P). Given any family .7 of paths, we write the generating function of .7
as

GF [#]= )  w(P).

PeF

Proposition 2.1. (Flajolet [7]) The generating function for the Dyck paths is given by
the following Stieltjes type continued fraction:

1
2n
Z GF [‘9(2'"'70)] t = 1— agbyt? ’
n>0 1— a1b2t2
_ agbgt?

Meanwhile, the generating function for the Motzkin paths is given by the following Jacobi type
continued fraction:

1
Z GF [%(”70)] "= 1 agbyit?
n>0 - C()t - l—eqt— a1b2t2
! 1752t7M

It is also easy to see the following proposition holds.

Proposition 2.2.  Letn be a positive integer. Then the generating function for Schroder
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paths is given by the following continued fraction:

z : 2n
GF [y(Zn,O)] t = 1 t2 a0b1t2
—c —
n>0 0 l—Cth— a1b2t2
1—cqt2— 22837

Next we recall notation and definitions used for the lattice path method due to Gessel
and Viennot [10]. Let D = (V, E) be an acyclic digraph without multiple edges. If u and v
are any pair of vertices, let & (u,v) denote the set of all directed paths from u to v. For a
fixed positive integer n, an n-vertex is an n-tuple of vertices of D. If u = (u1,...,u,) and
v = (v1,...,v,) are n-vertices, an n-path from w to v is an n-tuple P = (Pi,..., P,) such
that P; € & (ui,v;), i =1,...,n. The n-path P = (Py,..., P,) is said to be non-intersecting
if any two different paths P; and P; have no vertex in common. We will write & (u,v) for
the set of all n-paths from u to v, and write &, (u, v) for the subset of & (u,v) consisting of
non-intersecting n-paths. If w = (u1,...,um) and v = (v1,...,v,) are linearly ordered sets of
vertices of D, then w is said to be D-compatible with v if every path P € Z?(u;,v;) intersects
with every path Q € Z(uj,vr) whenever i < j and k < [. Let S,, denote the symmetric group
on {1,2,...,n}. Then for 7 € S,, by v" we mean the n vertex (vx(1),...,Vr(n))-

The weight w(P) of an n-path P is defined to be the product of the weights of its com-
ponents. Thus, if w = (u1,...,un) and v = (v1,...,v,) are n-vertices, we define the generat-
ing functions F(u,v) = GF [Z (u,v)] = > pc g(y,) W(P) and Fo(u,v) = GF [P (u,v)] =
Epeg%(u,u) w(P). In particular, if u and v are any pair of vertices, we write

h(u,v) = GF [Z (w,0)] = > w(P).
PeP(u,v)

The following lemma is called the Gessel-Viennot formula for counting lattice paths in terms
of determinants. (See [10].)

Lemma 2.3.  (Lidstrém-Gessel-Viennot)

Let u = (u1,...,upn) and v = (v1,...,vn) be two n-vertices in an acyclic digraph D. Then
(2.1) Z sgnm Fo(u™,v) = det[h(ui, vj)]i<i,j<n.
TESH

In particular, if w is D-compatible with v, then
(2.2) Fo(u,v) = det[h(ui, v;)]1<ij<n-
If we apply Lemma 2.3 to Dyck paths, then we obtain the following proposition:

Proposition 2.4. Let G, = GF [Z2m,0] for non-negative integer m.
(i) If t = 0, then we have

(2.3) det (Gitj)oc; jen—r = | | (azi-2bai-1azi—1bai)" "
i=1
(ii) If t = 1, then we have

n

(2.4) det (Gitjr) o jan 1 = | | (a2i-2b2i-1)" """ (ai—1b2)" ™"

=1
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(i) If t = 2, then we have det (Giyj+2)<; j<,_1 €quals

(2.5) >

k=01

k
(aoas - - @2i-303;_obiby -+ b2i—1b§i—1) : H (aoar - - a2i—1b1ba - - - ba;) .

1 =1

=

(iv) If t = 3, then we have det (Gitj+3)g<; j<n_1 €quals

k

n

ko1
{Z H (aoal T a2i—3agi72b2i—1) H (aoar - - 'a2i—3a2i—2a2i—1b2i)}
k=0 " 1=0 i=1 =141
kool k
X {Z H (biba -+ boi—obl; 1a2i—2) H (b1bg - - b2i72b2i71b2ia2i71)}
=0 1=1 i=l+1
(2.6) X H (aoar - - - azi—1a2:b1b2 - - - baibaiy1) .
i=k+1

((i) and (i) of this proposition are originally appeared in [18, Ch. 4, §3].)

Proof. We consider the digraph (V, E), in which V is the plane lattice Z* and E the
set of rise vectors and fall vectors in the above half plane. Let u; = (x0 — 2(¢ — 1),0) and
vi = (w0 +2(j+¢t—1),0) fori,j =1,2,...,n,t =0,1,2,3 and a fixed integer xo. It is easy
to see that the n-vertex u = (u1,...,uy) is D-compatible with the n-vertex v = (v1,...,vy).
If t = 0, then there is always a unique n-path P = (Pi,...,P,) that connect u to v as in

Yy

A

(0,0) ua va T

Figure 4. t =0 and n =4

Figure 4. By multiplying the weights of all edges in P, we obtain the right-hand side of (2.3).
On the other hand, applying Lemma 2.3, we obtain the left-hand side of (2.3).

The other identities can be proven similarly. For example, if ¢ = 1, there is only one
n-path P = (P, ..., P,) that connect u to v as in Figure 5. As the product of the weights of
all edges in P we obtain (2.4). If t = 2, there are (n + 1) ways to connect u to v with n-path
P = (Py,...,P,). As an example, we show one way in Figure 6. A similar reasoning leads to
(2.5). One can also derive (2.6) by a similar argument. O

We assign the following weight to each step: the weight of a rise vector is 1, while the
weight of a fall vector of height h is

koq_ o k+1lyq_ k+1 . .
- - e k) it h =2k + 1 is odd,
(27) P _adt(1-d")(-bd")
(1—abg?k)(1—abg?2k+1)

if h = 2k is even.
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y A

Figure 5. t =1 and n =4

_ _l-a _ (1-¢)(1-bq) _ a(l—ag®)(1—abg®)
For example, we have A = ?bgg., Ao = (lafqaquq)(lfabqq:‘)’ A3 = ((117(12;13)(1721734)’ and an
example of the weight of a path is Figure 7.
Lemma 2.5.  Let m and n be a non-negative integers such that m =n (mod 2). Then

the generating function of Dy n s given by

2

24n. '
q (abq ; Q)%

m (a 1+f%1; ) m—n
(2.8) GF (Zmn) = H;H - :

Here |z (resp. [x]) stands for the greatest integer that does not exceed x (resp. the smallest
integer that is not smaller than x). Especially, we have

(2.9) GF (Zono) = %

Proof. We prove (2.8) by induction on m. If m = 0, then it is obvious that GF (%)
equals 1 if n = 0, and 0 otherwise. Assume that (2.8) holds up to m — 1. Then we have

GF [Zmn] = GF [Dm-1,n-1] + An41GF [Dr—1,n+41] -

If m = 2r and n = 2s, then, by induction hyperthesis and the above recursion, we obtain
GF [Z2r,25] equals

1 (aqs+1;q)r_s qs(l__ aqs+1)(1 __abqs+1) r—1 (aqs+2;q)r_s_1
s—1 . (abq25+1; q) (1 _ abq28+1)(1 _ abq28+2) s . (abq25+3; q)

r—s r—s—1

(¢:9),1 (aa™59), _, ' N :
= (q;q) (q;Q) i (abq25+1;q) o4l {(1—q )(1—abq++1)+q (1—(] )(1—abq +1)}
B (ag”50q), .
- [s]q (abg?st2;q), .~

rT—S8

This equals the right-hand side of (2.8) with m = 2r and n = 2s. Hence (2.8) holds when
m = 2r. One can prove (2.8) similarly when m = 2r + 1 and n = 2s + 1. O
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For example, if m = 4 and n = 0, then %41 has the two Dyck paths shown in Figure 9.
Thus, the generating function of %40 equals

(1—ag)(1 —ag®)
(1 —abg?)(1 — abg®)

GF(@4,0) = )\% + A =

Proof of Theorem 1.1. 1f we use (2.3), (2.7) and (2.9), then we conclude that det (1i+;)<; j<p_1
equals

H(AQZ thas)"” ﬁ{aqT il qi)@—aq”)(i—bq”)(l—'abqi)}”—l

Pl _ abq2z 1)(1 _ abq21)2(1 _ abq2z+1)
An easy computation leads to (1.13). O

Remark.  One can also prove Theorem 1.1 by using Motzkin paths and giving the weight
A2n+1 to rise vector of hight A, A2p to fall vector of hight A and A2 4+ Aan41 to level vector of
hight A. Then one can prove

m m aqg: m —a 2n+1
o GF (tinn) =) [nL( q&qﬁl;q;fﬂ .

for nonnegative integers m and n.

8 3. Orthogonal Polynomials

In this section we give our second proof of Theorem 1.1 using the little g-Jacobi polyno-
mials. We use the notation S(¢; A1, A2, ...) for the Stieltjes-type continued fraction

1
ot
Y

1—-...

(3.1)

and J(t;bo,b1,b2,...;1,A2,...) for the Jacobi-type continued fraction

(3.2) 1

122

1 —box —
0 )\2.7:

2

1—b1£€—

A2

1—bpx —

Given a moment sequence {un}, we define the linear functional £ : ™ +— p, on the
vector space of polynomials C[z]. Then the monic polynomials p,(x) orthogonal with respect
to .Z and of deg p,(x) = n satisfy a three term recurrence relation (Favard’s theorem), say

(3.3) Prt1(2) = (2 = bn)pn(x) = Anpr—1(2),
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where p_1(xz) = 0 and po(z) = 1. The moment sequence {u,} is related to the coefficients by,
and A, by the identity:

(3.4) L4+ ) pna™ = J(t500,b1,b2, .5 A1, Ay ).

n>1

Hereafter we assume Ao = po = 1 for simplicity of arguments.
Define A,, and D, (x) by

MO M1 - .. fAn
M1 p2 ... Hn41

Ho M1 ... fin
M1 f2 .. fntl

,u/n Hn+1 N /,L2n ,u’nfl ,Un e /~‘L2’n71

1 x ... z"
Then py,(z) = (An_1)" ' Dy (z) is the monic OPS for .Z.
It is easy to see that
n Ay
(3.5) L(x"pn(x)) = A = ApAn—1...A1p0,
n—1
(3.6) Lz pa(x)) = AX—" = AnAn—1...A1po(bo + - -+ by),
n—1
where
po  f1 ... fn
M1 p2 ... Hntd
w=| o
Mn—l un e 21
Mn+1 Un+2 ... U2n+1
Therefore
ZA@)] _ Au-sAa
(3.7) Ap = = )
L7 _1(2))] A%
and
2

T ZR@)]  An Any]

Theorem 3.1 (The Stieltjes-Rogers addition formula).  The formal power series f(x) =
> s aiz’ /il (a0 = 1) has the property that

F@+y) =Y anfm(@)fm(y),

m>0
where aun, s independent of x and y and
™ xm-i—l 2
fm(z) = m*‘ﬁmm‘ﬂ)(fﬂ ),

if and only if the formal power series f(q:) =D >0 a;x" has the J-continued fraction expansion
J(x;b0,b1,b2,...5 1,2, ...) with the parameters

b = Brp1 — B and Am = L > 0.

Am
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From (3.5), one can compute the Hankel determinants
(3.9) det (Niﬂ')ogi,jgn—l =Ap1 = MSA?_1A3_2 s )\3;—2)\71717
of (1.13) by taking appropriate orthogonal polynomials p,(x). Recall the definition of Heine’s

g-hypergeometric series

o0

(b;q)n "
2¢1(a,b;c; q; ) = Z cq)nq) (q?:Q)n

The following is one of Heine’s three-term contiguous relations for 2¢1:

2¢1(a,b; ¢; ¢; ) = 2¢1(a, bg; cq; ¢; ) + %fﬁ 261(aq, bg; cq’; ¢; ).

It follows that
201(a, bg; cq; q; x)
201(a,b; ¢; q; )
_g ( (1-a)b—c) (1—bg)(a—cq) (1—aq)(bg—cq®) )
(1-c)(1—cq)’ (1—cq)(1—cq?)’ (1—cq®)(1—cq®)’ ")

Hence, by induction, we can prove that

201 (a, bq; cq; q; x)
2¢1(a7 b;c;q;x ) S(x >\17)\2,...)7

where )
A _ (1 —aq™)(b—cq™)q" Ny — (1—-0b9")(a—cq™)q"™
T A=) (I = ey T (L= e ) (1= )

Making the substitution b < 1, a < aq and ¢ < abq into the above equation, we obtain

Z((aq;—q)nmn:S(l‘;Al,A%--'),

¢ (abg®; q)n
where
Ny = (L= ad™ (A = abg" )" N, — (L= )1 —bg")ag
"t (1 —ag®*t1)(1 — abg?nt2)’ " (1 - abg®)(1 — abg?nt1)’

This corresponds to the little g-Jacobi polynomials. Indeed, the little g-Jacobi polynomials

ooy (ag @) n (1) g ", abg"
(310) pn($7aab7 q) - (abq”“ ) ( 1) q 2¢1 aq y 4,4

are introduced in [2]. The polynomials satisfy the recurrence equation
(3.11) TP () = prt1(z) + (An + Cn)pn(z) + An—1Cn-1pn—1(z)
where p_1(z) =0, po(z) = 1 and

(3.12) 4o "—ag" (L —abg"™) o ag"(1—g")(1—bg")
' " (1= abgt1)(1 — abg*nt2) - aqu”)( — abg?"+1)’
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They are orthogonal with respect to the moment sequence {pn}, -, where

_ (ag;9)n
(8.13) e = (abg?; q)n”

For the passage from the Stieltjes-type continued fraction to the Jacobi-type continued fraction
we use the following contraction formulas:

S(ﬁv,)\l,A2,...) =

2
1- Mt A1t

A \at?

1—()\2+)\3)t—1_

Thus, by the same computation as in the former section, we conclude that the determinant
(3.13) is equal to (1.13). This proof gives us an insight to the determinant (1.13) from the
point of view of the classical orthogonal polynomial theory.

§4. g-Dougall’s formula

In this section we give our third proof of Theorem 1.1 using g-Dougall’s formula and
LU-decomposition of the Hankel matrix.
First the following formula is known as ¢g-Dougall’s formula: We have

1 1
CL,an,—QCLQ,b,C,d aq

. aq | _ (qa,aq/bc,aq/bd, aq/cd; q)so
a%,—a%,aq/b,aq/c,aq/d’ " bed

"~ (ag/b,aq/c,aq/d, aq/bcd; q) oo

(4.1) 6Ps5 [

provided |ag/bed| < 1 (see [9, (2.7.1)]). If we perform the substitution a « abg, b «— bq,

c+q "and d < ¢ 7 in (4.1), then we obtain
abQ7 a%b%q%7 _a%b%q%)bqa q_ia q_j i+5+1 Hi+j
(4'2) 695 1,1 1 1,1 1 , o 4,09 =
a2b2q2,—a2b2q?,aq,abq’ T2, abgit? i [
where p, = ((E'Zg;fq;’; as before. If we use
—n (4 O k_(5)—nk
q 59k = —1)"¢'2
( ) (4 @)n—r )
then this identity can be rewritten as
— k k2 |i] [J (¢, abg,a2b3q?, —a3b3q3 bg;q)x it
(4.3) Zaq k k 1,1 1 1,1 1 2 o =
—o q q (a2b2q2,—a2b2q2,aq,abq’*2,abgi*2;q),  Hilj
If we put
; (ab J+2. . 5
(4.4) lijzﬂ_(am_z’q)] H 7
1 (abg'*25q); 141,
1.1 3 1.1 3
;2 j (g,abg,a2b2q2, —a2b2q2,bg; q)
(45) uz] = aqu /JL'LM‘] |::| 1.1 1 1.1 1 1o K 22 )
t1q (a2b2q2,—a2b2q?,aq,abq"*?, abgi*?; q);
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then (4.3) implies

o0
(4.6) D linurg = i

k=0

Note that Ln = (lij)<; j<,,_1 i & lower triangular matrix such that all main-diagonal entries
are 1, and Up = (uij)q<; j<n_1 is an upper-triangular matrix with diagonal entries

(q,abg,a2b2q?,—azb2q? ,bq;q),

i i% 2
wii = a'q" : :
(a7b3q2,—a3b2q?,aq,abqi+?, abqi+?; q);

o 1 apg2itl N
(47) — a1q12 1 a’bq (Q) aq, bq7 abQ) Q)z )

1 — abg (abg?; q)3;

Since (fitj)o<i jen—1 = LnUn, det (itj)o<; j<n_, 18 the product of the diagonal entries, i.e.,

det (ti+i)o<ijan1 = | | -

Using (4.7), one can easily prove (1.13) by a direct computation.

Remark.  We should note that Corollary 1.2 can be proven by induction using the fol-
lowing Desnanot-Jacobi adjoint matrix theorem: If M is an n X n matrix, then we have

(4.8) det M det My = det M det M, — det M, det M7,
where M;lljz: denotes the (n — r) x (n — r) submatrix obtained by removing rows i1,..., i,
and columns ji,...,Jj, from M.

Corollary 1.2 can be also proven as a special case of Theorem 1.3, which will be proven
in Section 5.1. In fact, if one puts k; =i+t in (1.15), then he obtains (1.14).

§5. Miscellany

§5.1. A proof of Theorem 1.3

In this subsection we give a proof of Theorem 1.3. Before we prove the formula, we need
to cite a lemma from [11, 12].

Lemma 5.1 (Krattenthaler [11]).  Let Xo, ..., Xn, A1, ..., An—1, and B1, ..., B,_1
be indeterminates. Then there holds
(5.1)
7 n—1
det | [T(Xi+ B) ] (X + A)) = JI &x-Xx) [ B-4).
=1 l=j+1 0<i4,j<n—1 0<i<j<n-—-1 1<i<j<n—1

Proof of Theorem 1.5. Using
(ag; @)n

/u’n - ((lqu, q)n7
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we can write

— 7 n—1
aq, k; s+l k;+1

det (pir;+5) 0<ij<n_ 1:1—[ det H(l—aq +> H <1—abq ++1)

= (@ba®; @)k, n—1 Pl =41

0<i,j<n—1

— (n 1)k J n—1

H aq’ Qk; det H <q—ki _ aql> H <q—ki _ aqu+1>

i=0 Jiitn—1 1=1 1=j+1 o

0<i,j<n—1

If we substitute X; = ¢ %, B; = —aq' and A; = —abg'™ into (5.1), then we see that

- (n l)k a . . .

q;4)k, —k; —k; i

det (Hii+i)o<i j<n 1 = H ) [T (¢c%-a®) TI (b —aq)

i=0 Jhitn—1 0<i<j<n—1 1<i<j<n—1
One can derive (1.15) easily by a direct computation. O

§5.2. An addition formula for > F;

In this subsection we give a new proof of (1.7) using an addition formula for 2F; and
LU-decomposition of Motzkin Hankel matrices. First, we shall prove the following identity.

Lemma 5.2. Ifi and j are nonnegative integers, then we have
: : k—itl k—i k—j+1 k—j 1—i—j —i—j
1 j ) ) )
5.2 F 2 2 54| oF 2 2 ;4| =9F 2 2 54,
oo X (D) [FT e [F ) en [FF

Proof. Recall the quadratic transformation formula (see [9, (3.1.5)]):

a a a+1 1 22
. 1-— F: 120;2z) = oFy | =, ——; — .
(5 3) ( Z) 2 1(a7b7 ba Z) 21 (2) 2 7b+ 9’ (1_2)2)

Applying (5.3) with a =k — ¢, b=k + 3/2 and z = 2 we obtain

koitl ks ; k—ik+3/2
F 2 02 gl = (1) E ’ 4l
21[ k+2 ] (=1 21[ 2%k +3 ]

Substituting ¢ by j yields

k—j+1 k—j ) —
2F1|: 2 y T 9 ;4:|:(—1)k_J2F1 |:k ]ak+3/2,4:|

k42 2k+3
Now, applying (5.3) with a = —i — j, b = 3/2 and z = 2 we obtain
l—i—j —i—j

. .3
Rl 2 077 4l =(=0)t,m |2 )
21[ 2 a:| ( ) 21|: 3 ;

Therefore we can rewrite (5.2) as follows:

i\ (7 k—ik+3/2 k—j,k+3/2 ] —i—j3
(5-4) Z<k><k>2Fl[ ok+3 4|2 okt+3 AT 50 A

E>0
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Now we recall a formula of Burchnall and Chaundy [3, (43)]:

c—ac—b | _ (c—a)k(a)k(d)e(c—b—d)k ok
21 [ c ’ w:| N Z El(c+k —1)k(c)2n v

c—a—l—kz,c—b—d—i—k‘x 2 c—a—l—k,d—i—k.x
c+ 2k i c+ 2k ’

k>0

(5.5) X o F1 [
It is then easy to check that the specialization of (5.5) with
3 S .
a=3, b=34+i+j4, c=3, d=-3, x=4
yields (5.4). O

Proof of (1.7). Define l;; and u;; by

l ‘ F j_;+l’j;i 4
(56) ij — j21|: ]+2 7:|7

j i7]2*+1 i;j
5.7 ii =" |2F ) ;4.
( ) Uiy ) 2 1[ 14+ 2 ]

Then L, = (lij)0<i j<n—1 is a lower triangular matrix with all diagonal entries 1, and U,, =
(lij)o<i j<n_1 is an upper triangular matrix with all diagonal entries 1. The formula (5.2) gives
the LU-decomposition of Motzkin Hankel matrix:

(Mij) = LnU,.

Hence we conclude that det (M;;) = 1. O

§5.3. A g-analogue of Schréder numbers
We define S,,(q) (n > 0) by the following recurrence:

n—1

So(q) =1, Su(q) = ¢*" " Sn-1(q) + Y "V NG, 1 k(9)Sk(9).

In fact one can show that

PeS2n,0

where w(P) is the number of triangles below the path P (see Figure 10), and the sum runs over
all Schroder paths from the origin to (2n,0). As a g-analogue of (1.10) and (1.11) we consider
the matrix

(5.8) $P(@) = (¢S 11(0))

0<i4,j<n—1

Note that this matrix is not a Hankel matrix, but as a g-analogue of (1.10) and (1.11), the
following theorem holds:
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Theorem 5.3. Let n be a positive integer.
(i) If t =0 or 1, then we have

n—1
(5.9) det S\, (q) = det S (q) = [[ (™ "+ 1)" "
k=1
(ii) If t = 2, then we have
n n+1
(5.10) det S (q) = ¢ [J @ + )" H(J] (¢ +1) - ).
k=1 k=1

To prove this theorem, we define the matrices
SV(a) = (¢TI S ()
1<i,j<n

S0y = (¢ s )
1<i,j<n

then the following lemma can be easily proven by direct computations:

Lemma 5.4. Let n be a positive integer. Then
-~ n(n—1)(2n+43t—4)
(5.11) detSP(q)=q 7 det SP(q),
~ n(4n24+3(2t+1)n+3t2+3t—1)
(5.12) det S, (q) = ¢~ 3 det S5V (q).
Lemma 5.5. Let n be a positive integer.
(i) If n > 2, then we have
(5.13) det 5 (q) = ¢ V=D det S (g).
(ii) If n > 2, then we have
(5.14) det StV (q) = q"2_"+1 det S, (q) + qz("_l)2 det 517, (q).
(#i1) If n > 3, then we have
~ ~ ~ ~ ~ 2
(5.15) det 59 (q) det S, (q) = det 82 (¢) det S2, () — {det Sff_’l(q)} .

Proof. We consider the digraph (V, E), in which V is the plane lattice Z? and E the set of
rise vectors, fall vectors and long level vectors in the above half plane. Let u; = (zo—2(i—1),0)
and vj(.t) = (xo+2(j+t—1),0) fori,j =1,2,...,n,t =0,1,2 and a fixed integer xo. It is easy to
see that the n-vertex w = (u1,...,u,) is D-compatible with the n-vertex v = (fuit), e ,Uﬁf)).
We assign the weight of each edge as a rise vector, a fall vector and a long level vector whose
origin is (x,y) and ends at (z+1,y+1), (x+1,5y—1) and (z+2,y) has weight ¢®~ ¥~ +2(n=1)
1 and ¢° ¥~ %0T2"~1 respectively, which is visualized in Figure 11. Then, by applying Lemma
2.3, we can obtain

(5.16) GF [% <u,v(t))] = det 89 (q).

This is important to prove the following.
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(i) Assume t = 0 and let u and v be as above. Put u; = (ro—2i+3,1) and v} (1 = = (x0o+25-3,1)
for i,7 = 2,...,n, and let uw = (u2,...,un) and ) = (N(l) . ~(1)) Then each n-path
P = (P, P,...,P,) from u to v corresponds to an (n — 1)- path P=(P,...,P,) from u
to vV by regardlng P as the subpath of P. In fact, note that P; is always the path composed
of a single vertex w1 = v1, each P; always starts from the rise vector u; — u; and ends at the

fall vector v( ) U(O) for ¢« = 2,...,n. Hence this gives a bijection, and the product of the
weight of the rise vectors u; — u; and the fall vectors v( ) UEO) fori=2,...,nisqm V"2,
This proves (5.13).
(ii) Assume ¢t = 1 and let w and v be as above, i.e., u; = (xo — 2(¢ — 1),0) and v(l) =
(zo + 24,0) for 1 < 4,5 < n (see Figure 12). Put u; = (o —2i +3,1) (2 < ¢ < n) and
(2) = (xo+2j—1,1) (2 <7 <n), and let w = (u2,...,u,) and v(z) = ('17(2) ~(2))
Further, put 4; = (xo —2i+4,2) (2 <i<n)and v( ) = (20 +2j—2,2) (2<j <n), and let
@ = (dg,...,0n) and ) = (v(l) , 3(11)). Let P = (P, Ps,..., P,) be any non-intersecting

n-paths from u to vV, Then, it is easy to see that P must satisfy one of the following two
conditions:

(1) P is the long level vector whose origin is u; and ends at v( )

vertices u; and vf ) for i = 2,3,...,n.

, and P; goes through the

(2) P is a path which goes through only three vertices ui, ui + (1,1)(= vil) —(1,-1)) and

§ ) and P, goes through the vertices u;, ;, bgl) and 51(2) fori=2,3,...,n

By a similar argument as in the proof of (i), we can deduce that
—n n—1)>2
GF [@o(’u,n, (1 )):| = qn +1GF ﬂo(un 1,V ) )] + q2( b GF [@o(un_l,v,(jll)}

holds. By the equality (5.16), we obtain the identity (5.14).
(iii) This identity can be proven by applying the Desnanot-Jacobi adjoint matrix theorem (4.8)
to S (q). O

Proof of Theorem 5.3. (i) The first equality of (5.9) is easily obtained from (5.11) and (5.13).
By applying the equalities (5.11) and (5.12) to (5.14) and (5.15), we have

(5.17) det S (q) = qdet S, (q) + det S, (q)
for n > 2, and we have
(5.18) det S (q) det S\, (q) = det S\, () det S17, (q) — ¢*"~ P {det SL", ()}
for n > 3. By the equalities (5.17) and (5.18), for n > 3, the following identity holds:
det S (g)(det SV, (q) — det S.”,(q))
(5.19) = det S\” (q)(det S (q) — det S () — ¢*" " H{det S, (q)}>.
Moreover, by applying the first equality of (5.9) to (5.19) and replacing n with n— 1, we obtain
(5.20) (14" ) {det S\, ()} = det S, (q) det S (q)

for n > 4. We prove the second equality of (5.9) by induction on n. If n = 1,2, 3, then it is
easily obtained by direct computations. Assume that (5.9) holds up to n — 1. Then, by (5.20)
and induction hypothesis, we can obtain the second equality (5.9).

(ii) It follows from our result of (i) and the equality (5.17) that (5.10) holds. O
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By applying the Desnanot-Jacobi adjoint matrix theorem (4.8) to S&zl(l), then we have
(5.21) det S{7, (1) det S, (1) = det S5V (1) det S5 (1) — {det S (1)}

for n > 2. Therefore the following identity is easily obtained by induction on n and the formula
(5.21):

Remark.  For positive integer n, we have
n+3 n+2 n+1
(5.22) det S (1) = 2("27) — (2n 4+ 3)2("27) —2("2),
Note that there is a relation between domino tilings of the Aztec diamonds and Schroder
paths (see [8, 15]). It might be an interesting problem to consider what this weight means.

§5.4. Delannoy numbers

The Delannoy numbers D(a,b) are the number of lattice paths from (0,0) to (b,a) in
which only east (1,0), north (0, 1), and northeast (1,1) steps are allowed. They are given by
the recurrence relation

D(a,0) = D(0,b) = 1,
(5.23) D(a,b) = D(a —1,b) + D(a — 1,b — 1) + D(a, b — 1).

The first few terms of D(n,n) (n =0,1,2,...) are given by 1, 3, 13, 63, 321, .... By a similar
argument we can derive the following result. We may give a proof in another occasion.

Proposition 5.6. Let n be a positive integers. Then the following identities would
hold:

n+1\_
(5.24)  det (D(i + i + §))oes jena = 203 )7,

(5.25) da(D@+j+Li+j+1»Km<md:20¥%2+2@f%ﬂ
(5.26) det (D(i +J+2,i+37+2)ocijcn1 = o("3%)-3 4 (2n + 1)2(n‘;2)_2 _o("3h)-1

§6. Concluding remarks

Since a hyperpfaffian version of (1.3) is obtained in [13], we believe it will be interesting
problem to consider a hyperpfaffian version of Theorem 1.1 and Theorem 1.3. We shall argue on
it in another chance. The authors also would like to express their gratitude to the anonymous
referee for his (her) constructive comments.
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Figure 6. t =1and n =4

(0,0 x

Figure 7. A Dyck Path of weight A\ \3

GF [{/777,71.7771

Figure 8. GF [@mm] = GF [@m—l,n—l] + Ap+1GF [@m717n+1]
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(4,0) = (0,0) (4,0

Figure 9. Dyck Paths in %,

(0,0) (2n,0)

Figure 10. Weight of Schroder paths in 7 o

Figure 11. Weight of each edge
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Figure 12. t =1 case
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