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THE ASSOCIATED ASKEY-WILSON POLYNOMIALS

MOURAD E. H. ISMAIL AND MIZAN RAHMAN

Abstract. We derive some contiguous relations for very well-poised 8<^7 series
and use them to construct two linearly independent solutions of the three-term
recurrence relation of the associated Askey-Wilson polynomials. We then use
these solutions to find explicit representations of two families of associated
Askey-Wilson polynomials. We identify the corresponding continued fractions
as quotients of two very well-poised 8^>7 series and find the weight functions.

1. Introduction
Throughout this work we shall assume that q is a fixed number in (0, 1).

A ^-shifted factorial (a)n is defined by

(1.1) (fl)0=l,  « = (1- a)(l-aq) ■■■(I- aq"'1),        « = 1,2,....

Following Gasper and Rahman [13] we shall use the notation
k

(1.2) (fli»fl2'---'fl*)« = ri(fl;)ii'       » = 0,1,....
7=1

The value n = oo is allowed in (1.1) and (1.2). Normally the dependence on
the base q is indicated by using (a ; q)n and (a{, ... , ak; q)n instead of (a)n
and (a1, ... , ak)n , respectively. However, since we will be using only one base
throughout the paper we decided to delete its explicit display.

A basic hypergeometric series with r + 1  numerator and r denominator
parameters is defined by

(al,a2,...,ar+l)n zn
(1-3)        „,*.r+l^r

ai ' a2> ■■■ ' ar+l . n    7
£ ,   (bl,b2,...,br)„   (q)n

The Askey-Wilson polynomials [7] are the 4p3 polynomials

q~", abcdqn"i, az, a/z
ab,ac,ad ,q,q

x = (z + z-1)/2,  \z\ < 1.

(1.4)   pn(x;a,b,c,d\q) = 4(t>i
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202 M. E. H. ISMAIL AND MIZAN RAHMAN

Note that the product of the denominator parameters in this 4</>3 series is q
times the product of the numerator parameters, and the argument of the func-
tion is q . Basic hypergeometric series having this property are called balanced
[13] (Saalschützian in [9]). It is easy to see that if x — cosö in (1.4), then
z = e . The Askey-Wilson polynomials are the most general family of or-
thogonal polynomials that share the properties of the classical polynomials of
Jacobi, Hermite and Laguerre, as pointed out by Andrews and Askey [1]. An-
drews and Askey [ 1 ] define a family of orthogonal polynomials to be classical if
and only if it is a special case or a limiting case of the Askey-Wilson polynomials.
The Askey-Wilson polynomials {pn(x; a, b, c, d\q} provide a basic general-
ization or a ^-analog of Wigner's 6-j symbols and the Racah coefficients, [6,
29]. They satisfy the three-term recursion;
(1.5)

2xpn{x; a, b,c, d\q) = Anpn+X(x;a, b,c, d\q) + Bnpn{x; a, b, c, d\q)
+ Cnpn_l{x;a,b,c,d\q),

_ a~'(l - abqn){\ - acgn){\ - adqn){\ - abcdq"'1)
(l-abcdq2n-l){l-abcdq2n-q2n)

(1.6) c =a(l-bcqn-i)(l-bdqn-l)(l-cdqn~l)(l-qn)
(1 - abcdqln-l){\ - abcdq2n~2)

Bn=a + a~l -An-Cn.

In general, if a sequence of orthogonal polynomials {pn{x)} satisfy an initial
value problem:

(1.7) p0(x) = l,       ' px{x) = (x-bQ)/a0,

xp„(x) = anpn+l(x) + bnpn(x) + cnpn_x(x),        n >0,

then the associated polynomials {p°(x)} are generated by

(1.8) pa0{x) = \,       p"(x) = {x-ba)/aa,

xpan(x) = an+apan+l(x) + bn+apan(x) + cn+apan_x{x),        n > 0.

This is of interest when a is not necessarily a positive integer but the sequences
{¡j x }, \b„_,_ }, {<:„_,_,_,_ } are well defined for n = 0, 1, ... , and for values
of a in a certain connected subset of (-00,00) containing [0, 00). This is
particularly the case when an's, bn's and cn's are rational functions of n or
qn . The associated polynomials are orthogonal if and only if the positivity
condition

(1.9) an+acn+a+x>0,        « = 0,1,...,

is satisfied, [5, 7]. For recent work on associated polynomials we refer the reader
to the articles [5, 8, 10, 14, 15, 19, 25, 33], and their references.
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associated askey-wilson polynomials 203

In this paper we introduce two families of associated Askey-Wilson polyno-
mials. Our approach is to use the properties of very well-poised basic hyper-
geometric series. The basic hypergeometric series in (1.3) is called well-poised
if

bl=qaja2,        b2 = qaja3, ... ,        br = qax/ar+x;

it is called very well-poised if, in addition, a2 = qax and a3 = -qax . Since
the very well-poised g</>7 and 10</>9 series will be used quite frequently in this
paper, we shall use the contracted notation

r+iwÁa>ai> ...,ar_2;q,z)

(1.10)
:=r+>r+l^r

1/2 1/2a,qa'  , -qa    ,ax,... , ar_2; q, z

a    , -a    , qa/ax, ... , qa/ar_2

In §2 we shall first obtain a set of contiguous relations satisfied by

%Wn(a; b,c,d,e,f, ; q, aq2/bcdef)
and use them in §3 to prove that two linearly independent solutions of the
functional equation

(1.11) 2jc« (z) = A h .Az) + B h (z) + C h    ,(z)
are given by

abqa , acqa, adqa , bcdqa/z)    /a\a_ (aoq  , acq  , aaq  , ocaq /z)^ /«\
;i.l2)     "q(ZJ"     (bcqa , bdqa , cdqa, azq"^     \z)

a-IgW7(bcd/qz; b/z, c/z, d/z, abcdq      ,q    ;q,qz/a),
and

2a     i       Q+l     „      a+1     j      a+1,  ,     (abcdqza , bzqa+>, czqa+l, dzqa+l, bcdzg"^ ,    ^a
s (z) — ---^-(üz)

;i.l3) aK {bcqa,bdqa,cdqa,qa+x,bcdzq2a+l)oû

■ g W1{bcdzq a ; bcq" , bdqa , cdqa , qa    , zq/a ; q, az),

where

(114)       A   = a~X^~ abqa^1 ~ acc¡a)(l - adqa)(\ - abcdqa   )
(1 - abcdq2a~l)(l - abcdq2a)

c      a(l-bcqa-l)(l-bdqa-l)(l-cdqa-l)(l-qa)
(1 - abcdq2a-2)(l - abcdq2a~l)

and

(1.16) B  =a + a~i -A  -C ,

and a is an arbitrary complex parameter such that a ^ -1,-2,..., with
(z + z~ )/2 = x, as in (1.4). When a = n, it can be shown by using the
transformation formula of Watson [9, 8.5(2), p. 69] and Sears [26] that rn(x)
is a multiple of the Askey-Wilson polynomials defined in (1.4). If \z\ < 1 and
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204 M. E. H. ISMAIL AND MIZAN RAHMAN

\a\ < 1 then the g07 series in (1.13) is convergent but the series in (1.12) may
not converge. So, to ensure convergence of both these series in the nontermi-
nating case we assume, for the time being, that \z\ < 1 and \q\ < \a\ < 1. The
assumption |z| < 1 is equivalent to requiring x to be in the complex plane cut
along [-1, 1].

Masson [20] observed that when abed = q , or q in the Askey-Wilson poly-
nomials (a = 0), there is an indeterminacy in the expressions (1.14), (1.15),
(1.16) for Aa, Ca, Ba, respectively. He pointed out that one can redefine
A0, B0, C0 as the limiting values of An, Bn, Cn as « -> 0+ . This leads to a
new family of polynomials that Masson called exceptional Askey-Wilson poly-
nomials. Similarly a family of exceptional Jacobi polynomials was introduced
and studied in [16]. Masson [20] pointed out that the continued /-fraction cor-
responding to the exceptional Wilson polynomials (q — 1) is in Ramanujan's
published notebooks. Masson's exceptional Askey-Wilson polynomials corre-
spond to the limiting case a -* 0+ of p^(x ; a, b, c, d\q) studied in this work.

A sequence of polynomials {/>„(•*)} generated by (1.7) is orthogonal with
respect to a positive measure with infinite support and finite moments if and
only if the positivity condition

(1.17) an_xcn>0,        «=1,2,...,

holds. Furthermore, if (1.17) holds and {pn(x)} is orthogonal with respect to
a positive measure dp then the orthogonality relation will be

/oo

-oo

where

(1.19) É0=l,    ^n = {cxc2---cn)l{a0ax---an_x),        «=1,2,....

In (1.18) the measure dp has been normalized by

/oo dp{t) = 1.
-oo

To determine the weight function of the associated Askey-Wilson polynomi-
als we found it convenient to use a theorem of Nevai [22, Corollary 36, p. 141,
Theorem 40, p. 143] stated below.

Theorem 1. Assume that {pn{x)} is generated by (1.7) and that (1.17) and (1.18)
hold. If the series Y^Lii\bn\ + \\la„-\bn - 1/2|} converges then {pn{x)} is
orthogonal with respect to a positive measure

dp{x) = p (x) dx + dj(x),

where j is a jump function, with possibly infinitely many jumps, and

(1.21) limsup^(x)/(x)Vl -x2/£„ = -,
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ASSOCIATED ASKEY-WILSON POLYNOMIALS 205

for almost all x in (-1, 1), where ¡t,n is as in (1.19). Furthermore j(x) is
constant in (-1, 1).

Polynomials generated by ( 1.7) are denominators of approximants of positive
definite /-fractions when (1.17) is satisfied. The numerators of the correspond-
ing approximants of the /-fractions, say {p*n{x)} , are generated by

(122) P*0(x) = 0,       p*(x) = l/a0,

xp*n{x) = anp*n+x{x) + bnp*n{x) + cnp*n_x(x),        « > 0.

If {an}, {bn} and {cn} are bounded sequences then a theorem of Markov,
(Szegö [29, §3.5]) asserts that:

(1.23) lim p*{x)/p (x)= /     -^7,       x £ supp{í///},

uniformly on compact subsets of the complex plane cut along any closed interval
containing the support of dp. Here dp is normalized by (1.20). When we
consider associated polynomials {p°{x)} , as in (1.8), then in view of (1.22) we
have

(1.24) (Pan(x))*=pan+_\(x)/aa,       «>0.

If {an+J> {bn+a\, {cn+a\ are bounded, and {pan{x)} is orthogonal with respect
to dpa , then (1.23) and (1.24) yield

(1.25) lim pan+_\(x)/pan(x) = aa [°° ^^ ,        x i supp{¿//},
n~*°° J — 00   x      1

The measure dpa can then be found from (1.25) using the Perron-Stieltjes
inversion formula for the Stieltjes transform.

A birth and death process with birth rates {kn} and death rates {pn} gen-
erates a family of orthogonal polynomials {Qn{x)} via

(1.26) Qq{x)=U        Qx(x) = (A0 + p0-x)/AQ,

-xQn{x) = l„Qn+l(x) + PnQn_M) - (K + Hn)Qn(X) .
«=1,2,....

It is assumed that

PQ > 0, Xn > 0   for « > 0,        pn > 0   for « > 0.
When pn is a given function g(n), usually a polynomial or rational function,
and p0 = g(0) ^ 0 there is usually a companion process with p0 redefined
as p0 = 0. This companion process leads to a second family of orthogonal
polynomials {qn{x)} generated by (1.27) and the initial conditions

(1.28) Q0(x) = U        <?,(*) = (A0-*)/V
When ^0 = 0 one can prove by induction that ß„(0) = 1, so the companion

family {qn(x)} always satisfies

<?„(0) = 1,        «>0.
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206 M. E. H. ISMAIL AND MIZAN RAHMAN

The Askey-Wilson polynomials of (1.5) are renormalized birth and death
polynomials for which pQ vanishes. The associated Askey-Wilson polynomials
arise from (1.11), (1.14), (1.15), (1.16) when a is replaced by n + a. Since
p0 - Ca t¿ 0, for a > 0 it makes good sense to introduce a second family of
Askey-Wilson polynomials with the initial conditions (1.28). The second family
of associated Askey-Wilson polynomials {q°(x)} will be introduced in §5 where
we express the q% 's in terms of ra(x) and sa(x), the basis of solutions of the
recurrence relation (1.11). An explicit formula for q°(x) which exhibits its
polynomial character will be derived in §8.

Note that when abed is not equal to qJ, j = 1,2, both families of as-
sociated Askey-Wilson polynomials tend to the Askey-Wilson polynomials as
a -» 0+. It is interesting to note that if abed = q or abed = q then the
family {qn{x)} tends to the Askey-Wilson polynomials while the {p^(x)} tend
to the exceptional families discussed by D. Masson [20].

T. Chihara [11] considered the effect of changing initial conditions on the
spectral properties of the orthogonal polynomials generated by the same re-
currence relation. Chihara considered general initial conditions. The change in
initial conditions (1.28) from (1.26) may not be the most general but we believe
it to be the most natural.

The presence of a second family of birth and death process polynomials was
observed and investigated for linear and asymptotically symmetric quadratic
processes in [14 and 15], respectively. Wimp [33] introduced and investigated
associated Jacobi polynomials. The exceptional family of Jacobi polynomials
was introduced by Ismail and Masson in [16].

In §9 we include miscellaneous results. The first is a complete asymptotic
expansion of {p"(x)} . The second result, Theorem 4, states that the coefficients
cm n k m tne linearization of products

pam{x; a, b,c, d\q)pan{x; a, b,c, d\q)
(1 29) m+n

=    Yl   camnk{a,b,c,d)pan{x;a,b,c,d\q),
k=\m—n\

are nonnegative for a > 0, and a = -b, c = -d, -q < b, d < q. The
linearization coefficients are usually very difficult to find explicitly, but in many
cases of orthogonal polynomials the nonnegativity of the linearization coeffi-
cients has interesting implications (see the excellent source [3]). They may also
have combinatorial interpretations (see [4]).

The following theorem of Askey [2] is very useful in proving the nonnegativity
of linearization coefficients.

Theorem 2. Assume that {rn(x)} is a family of monic polynomials, i.e. rn(x)-xn
is a polynomial of degree less than n , and let r0(x) = 1, rx(x) = x + a0, where
a0 is a real number. If

(1.30) rx(x)rn(x) = rn+x(x) + anrn(x) + ßnrn_x(x),        «>0,
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ASSOCIATED ASKEY-WILSON POLYNOMIALS 207

and an > 0, ßn+x >0, an+l >an, ßn+2 > ßn+x, n = 0, 1,2, ..., then the
coefficients dm n k in the linearization formula

m+n

(1.31) rjx)rn(x)=    £   *m.»J¿*)>
k=\m—n\

are nonnegative.

There is very little known about the location of zeros of hypergeometric func-
tions 2FX or generalized hypergeometric functions F when the parameters are
complex. There does not seem to be anything known about zeros of basic hy-
pergeometric series (functions). Studying the presence, or absence, of a discrete
spectrum for a family of orthogonal polynomials is a problem of determining
when a certain transcendental function has, or does not have, zeros. In §4 we
shall prove that {p^(x)} is orthogonal with respect to an absolutely continu-
ous measure when a > 0, -I < a, b, c, d < 1, 0 < q < 1. In §5 we shall
prove that {q°(x)} is orthogonal with respect to a positive measure with at
most one discrete mass which, if it exists, will lie outside [-1, 1]. This proves
the following theorem.

Theorem 3. Let a > 0, 0 < q < 1. If -^/q < a, b, c, d < ^[q then the g W1 in
(4.31) will have no zeros in C/[-l, 1]. On the other hand if -1 < a, b, c, d <
1 then the iW1 in (5.15) will have at most one zero in C/[-l, 1].

2. Contiguous relations for g W1 series

Let us assume that a, d, e and / are fixed parameters and denote

(2.1) <t>{b, c) := &W7(a; b, c, d,e, f;q,a q /bcdef).

We shall use the usual notation of writing b± for bq±l, ... , etc. For ex-
ample <j>{b±,c) stands for 4>{bq±{, c) and 4>{b,c±) for <j>{b, cq±l). A
contiguous relation is a three term recurrence relation connecting (f>(b, c),
(j){b±, c±). We shall first prove the following identities:

(b-c)(l-a2q2/bcdef)4>(b,c)
(1 - aq/bd)(l - aq/be)(l - aq/bf)

(2.2) ~b (i-aq/b) 0(*"'C)
( 1 - aq/cd){l - aq/ce)(l - aq/cf)    ,

(l-aq/c) n  '     ;'

and

(2.3)
(c - b/q)(l - aqlbc)<f>{b- , c) = (c - 1)(1 - a/c)4>{b-, c+)

+ (l-b/q)(l-aq/b)<t>(b,c)
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208 M. E. H. ISMAIL AND MIZAN RAHMAN

To prove (2.2) we shall use Nassrallah and Rahman's [21] integral represen-
tation for an g Wn series:

/   v(x; k, p,v, p, a; A)dx

(2.4) _ 2n{AX, Ap, Av, Ap, Ao,kpvpaA~x)oo
{q, kp, kv, kp, ko, pv , pp, pa, vp, va, pa, A2)^

•SW7(A /q;A/k,A/p,A/u, A/p,A/a; q,kpvpaA~ ),
provided that

where
Max(|A|, \p\, \v\, \p\, \o\, \kpvpoA  ' |) < 1,

v(x; k, p, v, p, a; A)

(2-5) _ h(x; 1, -l,i1/2, -q'\ A)_{x _ JC2)-i/2_

with

(2.6)

h(x; k, p, v, p, a)

k
h(x;ax,a2, ... , ak) = \[h{x; a.),

7=1
oo

«(x; a) = JJ(1 - 2axq" +a q ").
«=o

Since 1 -2yix + ^2 = (1 -¿/A)(l -¿A) + ,4(l - 2Ax + A2)/A and «(x;^) =
(1 - 2^4x + A )h(x ; 0j4), the integral in (2.4) can be split into two parts:

/   v(x; k, p,v , p, a; A)dx

(2.7) = (1 -A/k)(l -Ak) Í   v(x;k,p,v,p,a;Aq)dx

A   /"'+ j /    v(x;kq,p,v,p,o;Aq)dx.

This decomposition leads to the following identity involving g W1 series:

ZW7(A ¡q\ A/k, A/p, A/u, A/p, A/a; q, kpvpo/A)
(1 - A2){\ - gA2){\ - kpypa/qA)

K '  ]{\ - Ap){\ - Av){\ - Ap){\ - Aa)

(2.8) '%wi IqA2 ; Aq/k, Aq/p, Aq/v , Aq/p, Aq/a; q,   ß^° j

A   (1 -A2)(l-qA2)(l-kp){l -kv){\ -kp)(l-ko)
+ k (1 -/1A)(1 -Akq){\ -Ap){\ -Av){\ - Ap){\ - Ao)

•%W7 (qA2;A/k, qA/p, qA/v, qA/p, qA/o; q, —^—J .
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We then interchange A and p in (2.8) and subtract the result from (2.8). After
replacing A by A/q we obtain the functional equation
(2.9)

(A - p)(l - kpv pa / A)%W7{A ¡q\ A/k, A/p, A/v , A/p, A/a; q, kpvpo/A)
A(l - pv)(l - pp){\ -pa)

1 -Ap

\;A/k,.
p(l - kv)(l - kp)(l - pa)

■SW7{A ¡q;A/k,A/pq,A/v, A/p, A/a; q,kpvpoq/A)

1 -Ak
• g W7(A2/q ; A/kq, A/p, A/v , A/p, A/a ; q, kpvpoq/A).

Identity (2.2) follows from (2.9) by setting A = (aq)l/2, A = (aq)i/2/b,
p = (aq)1,2/c, v = (aq)l/2/d, p = (aq)l/2/e, and a = (aq)l/2/f.

To prove (2.3) we observe that for n = 0, 1, 2, ... , we have

(aqn+2/b,aqn/c)        (aqn+l/b, aq"+l/c)
(bqn~l, cq"*1) (bqn,cq\

(aqn+2/b,aqn+l/c)c
(2.10) (bq"~l,cqn)

oo

• {( i - ae7c)( i-<•«")-u - V+l/»)( i - f>«"~j )!

This establishes the contiguous relation

{aq2/b,a/c)00 _ (aq/b, aq/c)^

= 0/« - c)(l - a«/*) {aq{iblq^y <K»~, c).

which is essentially the same as (2.3).
Let us now rewrite (2.3) in the form

i/t       x (1 -c)(l -a/c)      ... .

_(l-6/g)(l-ag/ft)
(b/q-c)(l-aq/bcfK°'C)-

Interchanging b and c we also have

{l-b)(\-a/b)     ...
«b>C-ï = {c,q-b\(l-aq/bc)*b+>C-ï

['    ] _(l-c/g)(l-^/c)
{clq-b){\-aqlbc)9K°'C)-
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210 M. E. H. ISMAIL AND MIZAN RAHMAN

We now multiply (2.11) by b{\ -aq/bd){\ -aq/be){\ -aq/bf)/(l - aq/b),
multiply (2.12) by c(l-aq/cd)(l-aq/ce){l-aq/cf)/(l-aq/c), then subtract
one from the other and use (2.2) to get the contiguous relation
(2.13)

[(b - c)(l - aq/bc){ 1 - a2q2/bcdef) + L + M](f>(b, c)
(l-c){l-a/c)M  ... .      {l-b){l-a/b)L  ...<t>(b-, c+) + j\—-£——l-iT-Mb+, c-),

where

(2.14) L =

(\-b/q)(l-aq/b)^     '      ;     (1 - c/q){\ - aq/c)

c{\ - c/q){l - aq/cd){\ - aq/ce){\ - aq/cf)

and

(2.15) M

b-c/q

b{\ - b/q)(l - aq/bd)(l - aq/be){\ - aq/bf)
b/q-c

As we shall see in the next section, (2.13) enables us to show that ra(x)
defined in (1.12) is a solution of the functional equation (1.11). However, in
order to show that sa (x ) defined in ( 1.13 ) also satisfies ( 1.11 ) we need a slightly
different approach. Let us assume that p, v, p, a are fixed constants and set

(2.16)     W(A ; A) := sW7(A2/q ; A/k, A/p, A/v , A/p, A/a ; q, kpvpo/A).
We then replace A, A in (2.8) by A/q and k/q, respectively, and write it in
the form

WUIa ■ Xla) - (1 - A/m - A1 ¡i){\ - A2/Q)(\ - Xpupa/qA) .
W{A,q,X,q)-     (x_Aß/q){l_Avlq){x_Aplq){x_Aa/q)    W{A,Xlq)

|  A   (1 - A2/q)(l - A2/q2)(\ - Xß/q)(l - Xv/q)(l - Xp/q)(l - Xa/q)
A (1 - AX/q2)(\ - AX/q)(\ - A(i/q)(l - Au/q)(\ - Ap/q){\ - Aa/q)

By using the definition of the g</>7 series it can be easily verified that
(2.18)

W(A;k/q)-W(A;k)
_ (1 - ^2)(1 - qA2){\ - A/p){\ - A/v){\ - A/p){\ - A/a) kpvpa

{l-Ak/q)(l-Ak)(l-Ap)(l-Av)(l-Ap){l-Ao)      Aq
■W(Aq;k).

Eiminating W{A; k/q) between (2.17) and (2.18) we find that
(2.19)

W(A/q;X/q)
(1 - A/X){\ - A2/q2){\ - A2/q)(l - Xßvpa/Aq)

W(A ; X)

(1 - Aß/q){\ - Au/q)(l - Ap/q)(l - Aa/q)

|  A   (\-Xp/q)(\-Xv/q)(l-Xp/q)(l-X<t/q)(A2/q2)2
* (1 - Ap/q)(\ - Av/q){\ - Ap/q)(l - Ao/q)(AX/q2)2

{ Xpvpa (1 - A/X)(\ - A/p)(\ - A/u){\ - A/p){\ - A/a)(l - Xßvpa/Aq){A2¡q\
Aq (AX/q2)(Aß/q)2(Av/q)2(Ap/q)2(Ae/q)2

■ W(Aq;X).
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We can now express W(Aq ; A) in terms of W(A ; A) and W{Aq ; kq) by using
(2.17) with A, A replaced by Aq, kq, respectively. We thus obtain the second
independent contiguous relation for the g W7 series

(1 - Aim - ^P°/A<) + ^'-W(l-A^)(l-A,/g)(l-Aa/g)
A (l-AX/q2)(l-AX/q)

Xpvpa (1 - A/p){\ - A/v){\ - A/p){\ - Aja)+
Aq {\-AX/q){\-AX)

W{A ; X)

(2.20) = (1 - Ap/q)(\ - Au/q)(l - Ap/q)(\ - Aa/q)
(\-A2/q2)(\-A2/q)

ßupa (A2)2{\ - A/ß)(l - A/u)(í - A/p)(l - A/a)(l - Xv){\ - Xp)(\ - Xa)
q {AXjq)2{AX)2{\ - Aß){\ - Av)(\ - Ap)(\ - Aa)

■(\-Xß)W(Aq;Xq).

3. Solutions of the functional equation (1.11)

In (2.13) let us replace a, b, c, d, e, f by bcd/zq, q~a, abcdqa~l, b/z,
c/z and d/z, respectively, and set

(3.1) fa(z) = %W7{bcd/zq ; b/z, c/z, d/z, abcdqa~l ,q~a;q, qz/a).

Then (2.13) can be written as

{z + z~{ - a/q - q/a + Àa + Ca)/a(z)

q {\-azqa){\-abcdqa-x)   , ,
(3.2) - az (\-bcdqa/z)(l-qa+i)    aW '

a-\az    (l-bcdqa    /z){l-qa)   Q, v
Q (\ - azqa-x){\ - abcdq"-2)   aa~l

where

(3.3)

/ _ a (1 - bcqa){\ - bdqa){\ - cdqa){\ - qa+l,

c' =

a (1 - abcdqla'x){\ - abcdqla)

q{\- abqa~l){l - acqa'X){\ - adqa~x){\ - abcdqa~2)

a (1 - abcdq2a-2){\ - abcdq2a~x)

Similarly, replacing A,k,p,v,p,o in (2.20) by {bcdzq) ' qa,
aqa(bcd/zq)x/2, {dzq/bc)x/2, (czq/bd)l/2, (bzq/cd)x/2, and (bcdz/q)l/2 re-
spectively, we find that (2.20) can be rewritten as
(3.4)

(z + z  X -a/q-q/a + A'a + C'a)g'a(z)

= zÂd (l-bcdzq2a+x)(l-bcdzq2a+2) ,
a   a+X(l-bzqa+x)(l-czqa+x)(l-dzqa+l)(l-bcdzqa)  a+X

-i (1 - bzqa)(l - czqa){\ - dzqa){\ - bcdzq0'1)  ,
+ Z (l-bcdzq2a-x)(l-bcdzq2a) *-l{Z)'
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where
(3.5) g'a(z) = gW7(bcdzq a ; bcqa, bdqa , cdqa, qa+X, zq/a ; q, az).

If we set

(3.6) / (z) =   (g"*' » bcdqVz)oc   ,±, y
y     ' a   '     (abcdqa-1, azq"^ ^azJ  J"K >'

and
(31) (abcdq2*, bzqa+X, czq°+i, dzq»+X, bcdzq^ ,qzy   ,
[     }   Sa[ ]~   (abqa,acqa,adqa,abcdqa-x,bcdzq2a+l)oo   \a)  g°[Z) '

then it can be shown that both fa(z) and ga(z) satisfy the same functional
equation, namely,

(3.8) {z + z-l-a/q-q/a + A'a + C'jh'a(z) = A'ah'a+l(z) + C'X-l^)-
To deduce the functional equation (1.11) we observe that

(3.9) A'a + C'a-a/q-q/a = Aa + Ca-a-a-i,

where

A      ^{l-abq^l-acq^il-adq^il-abcdq«-1)
(1 - abcdq2a~l)(l - abcdq2a)

and
(311) c   ., 3(1 - bcqa~X)(\ - bdqa~X)(l - cdqa-X){\ - qa)

(1 - abcdq2a-2){\ - abcdq2a~x)

If we now define

(3.12) h (z) = («bq°,acq°,adq\abcdq°-x)„ (l)\'a{z),
{bcqa,bdq\cdq\qa+x)ao      \d )     a'

then it follows that (3.8) reduces to (1.11). Multiplying fa{z) and ga(z) by
the coefficient of h'a(z) in (3.12) we find that ra(z) and sa(z) defined in ( 1.12)
and (1.13), respectively, are indeed solutions of (1.11).

4. The associated Askey-Wilson polynomials

Let « be a nonnegative integer and let

(4.1) pan{x)=pan(x\ a,b,c, d\q) = Lara+n(z) + Masa+n(z),

be a linear combination of solutions of ( 1.11 ) with a replaced by a + n . The
initial conditions to be used are

(4.2) Pa_l(x) = 0,       %(*)=!•

These initial conditions force the linear combination in (4.1) to depend on z
only through the combination (z + z~x)/2 = x and hence to be a polynomial
in x.
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From the functional equation (1.11) it clearly follows that

(4.3) L  =W~Xs    Az),        M =-W~Xr   ,,\        / a a      a—l \   / ' a a      a—1 '

where the Wronskian-type function Wa is given by the Casorati determinant

(4-4) ^. = 'a(*)*a-i(*)-*.(*)'.-,(*)•
The nonvanishing of fP   provides the guarantee that ra(z) and sa(z) are
linearly independent. To compute Wa we find from (1.11) that

(4.5)
W =A WM,/C

-2(1 - aV)(l - acqa){\ - adqa)(l - abcdqa~x)(\ - abcdq2a~2) _,
(1 - bcqa~x){\ - bdqa~x)(\ - cdqa~x)(\ - qa){\ - abcdq2a)      a+x

Hence, for V — a~ aW , we obtain
7 a a '

(4.6)
_ (1 - a¿>g")(l - acgQ)(l - adqa)(\ - abcdqa'x)(l - abcdq2a~2)

a~    (I - bcqa-l)(l - bdqa~x)(l - cdqa~x)(l - qa)(l - abcdq2a)     a+x '

which, on iteration, gives

(4.7) V = ^bq\acq\adq\abcdqa-^    _ 2a-2
(Oc?      , 6d#      , cdq      ,q )oo n^°°

From (1.12), (1.13) and (4.4) it follows that
„'i1", V«+n = „ll1",0"2   'a){ra^n(z)sa+n_x{z) - rQ+n_,(z)ia+n(z)}

= a      lim {2    JWJbcd/zq; b/z, c/z, d/z, abcdq"        , q~n~a ; q, zq/a)

(4.8) ,1, ,.    j     2n+2d-2    ,     a+n —1     ,   ,  a+ii-1        ,  a+n-1      a+n —1 , .v     ' •sW7(bcdzq ; bcq , bdq , cdq ,q ,zq/a;q,az)

- z%W7{bcd/zq; b/z, c/z, d/z, abcdq   a~  , q ~ ~a ; q, z#/a)
riz iu  j     2n+2a    ,     a+n    ,,  a+n        ,  a+n      a+n . >■,• %w7{bcdzq ; bcq      , bdq      , cdq      ,q      , zq/a; q, az)}.

Now, for fixed ß , the limiting relation

lim JVJbcdzq "+    ; bcqn+  , bdq"+  , cdqn+  , q"+  , zq/a ; q, az)
n—*oc

(4-9) (Ä
\az\ < 1,(az)    'V       'oo

follows from the «^-binomial theorem [27, IV. 11], or [13, II.3, p. 236], while
the limiting relation
(4.10)

lim sW7(bcd/zq; b/z, c/z, d/z, abcdq"+      ,q "    ;q,zq/a)

bcd/zq, q(bcd/zq)l/ , -q(bcd/zq)x/ ,b/z, c/z, d/z _        2= 6^5

(bcd/z, bz, cz, dz)
(bcd/zq)x/2,-(bc/zq)x/2,cd, bd, be ,Q,Z

\z\ < 1 >{cd, bd, be, z )
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follows from the 6<¿>5 summation formula [27, IV.7] or [13, 11.20]. This yields
the limiting relation

(4-n) *» va+n = {b*;cz:,dz'bcd'z)~(az)-x •
v      ' n^oo a+n       (be, bd, cd, az)      v    '

Thus,

(4.12)

W =a2aV

a2a-i (bz, cz ,dz, bcd/z, abqa, acqa, adqa, abcdq" l)
3C

2 (az ,bc,bd,cd, bcqa~x, cdqa~x, bdqa~x, «f)c

• (1 - abcdq a   ).

The associated Askey-Wilson polynomials are then given by the explicit formula
(4.13)

P„(x) = -=—5-
(1 - abcdq20'2)

(be, bd, cd, bcqa'1, bdqa~l, cdqa~x, qa, az)x

(abqa , acqa , adq" , abcdq"~l, bz, cz, dz, bcd/z)œ

[ (abcdq2a~2 , bzqa, czqa , dzqa , bedzq0"1, abg"*"^
\ (bcqa~l, bdqa~l, cdqa~l, qa , bcdzq2a~l, beq^^

(acqa+n,adqa+n,bcdqa+n/z)00   _„_,

(bdqa+",cdqa+",azqa+")x    *

• g W7(bcdzq a     ; bcqa     , bdqa~  , cdq"~  , q" , zq/a ; q , az)

• 8 W7(bcd/zq ; è/z, c/z, ¿/z, abcdq"    '  , q~a~" ; ?, az/a)
/   i„j   2a+2n    i      a+n+1 a+n+K(abcdq , bzq , cza )

?a+„9a+n+.)oo

(¿zfla+n+1 , bcdzqa+n , afcq"-' , aCoa~' , adqa^ , bcdqa-l/z)oc

(bcdzq2a+2n+l , beq"-^ , bdqa~l , cdqa-1 , azq''-1)^
n+l   uz /1,   j      2a+2n     ,      a+n     ,,   a+n        ,   a+n       a+n+1 , ,z     %W7(bcdzq ; beq      , bdq      , cdq      ,q ,zq/a;q,az)

• %W7(bcd/zq; b/z , c/z, d/z , abcdq"     ,q    a ; q, qz/a)\

Using (4.1), (4.3) and (4.4) in (1.11) one can also show that pa(x) satisfies the
three-term recurrence relation

(4.14) (z + z~l -a-a'1 +Aa+n + Ca+X„^) = Aa+yn+i{x) + Ca+npan-l(x).

Although (4.13) is the more useful form of pa(x) it is far from clear that it is a
polynomial in (z + z~ )/2. It is possible, in principle, to use the transformation
theory of basic hypergeometric series to derive an explicit polynomial form of
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pa(x) from (4.13), but we shall use a simpler approach in §6 to show that

<*/ N     v^ (tf-" ' abcdq2a+r' "l, abcdq2" 'x, az, a/z),   k
p„(x)= >   -i--q

M        (« > ab(*a > aC<ia > ̂  > «*«/* a" * ),

' iza/    L    j   2a+k—2       a     ,      a—l     ,   ,   a—1 ,   a—1• x0W9(abcdq ; q , beq     , bdq     , cdq     ,
k+\       ,    j   2a+n+k-\       k-n 2,q      , abcdq ,q      ; q, a ).

For \z\ < 1, that is x e C/[-l, 1], and \a\ < 1, we can deduce the following
asymptotic formula for p°(x) from (4.13):

lim (-) pa(x)

(abcdq a~ , az, bzqa, czqa, dzqa, bcdzqa~ )

(4.16)
(abcdqa~x, abqa , acqa, adqa, bcdzq2a~x, z2)x

■ %W7(bcdzqa    ;bcqa    , bdqa    , cdqa    , q", zq/a; q, az),

_        (az)x~a(az, bcqa~x, bdqa~x, cdqa~x)oo

(1 - abcdq2a-2)(abqa , acqa , adqa , abcdqa-x)Ja~X      '

When we set a = 0, (4.16) agrees with the asymptotic formula for the Askey-
Wilson polynomials Pn(x; a, b, c, d\q) obtained in Ismail and Wilson [17]
and Rahman and Verma [24], when we set a = 0 in the above formula.

The asymptotic formula (4.16) enables us to evaluate the Stieltjes transform
of the measure of orthogonality of the associated Askey-Wilson polynomials
using (1.25). Let
(4.17)

/OO /-OOdp(t;a, \)= I, /     pan(t)pam(t)dp(t;a,\) = Q,        m^n.
-OO J —OO

The reason we used 1 in dp(t ; a, 1) is that we will introduce a second family
of associated Askey-Wilson polynomials and will denote the measure they are
orthogonal with respect to, by dp(t; a, 2). Applying (1.25) and (4.16) yields
(4.18)

dp(t; a, 1)
/:

2z(\-bcdzq2a'X)(\-bcdzq2a)
(1 - bzqa)(\ - czqa)(\ - dzqa)(\ - bcdzqa~x)

%W7(bcdzq a ; bcqa, bdqa, cdqa, qa+x, zq/a ; q, az)

' %W7(bcdzq2a-2; bcqa~x, bdqa~x, cdqa~x, qa, zq/a; q, az) '

provided that x is in the complex plane cut along [-1, 1].
This relation can also be obtained from the theory of continued fractions

in the following manner. The functions Rn(x),Sn(x), Rn(x) := r (x),
Sn(x) := sn+a(x), are linearly independent solutions of the three term recur-
rence relation of the associated Askey-Wilson polynomials.   When \z\ < 1,
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Sn(x) is the minimal solution of the above-mentioned recurrence relation, since
Sn(x)/Rn(x) —> 0 as n-»oo. When \z\ = 1 it is clear from the explicit repre-
sentations of rn+a(x) and sn+a(x) that both are oscillatory and their recurrence
relation will have no minimal solution. We then apply Pincherle's Theorem,
Jones and Thron [18], and conclude that the left-hand side of (4.18) must be a
constant multiple of S0(x)/S_x(x). The constant is then computed by letting
x -» oo and noting that the left-hand side of (4.18) is x    + 0(x   ) as x —► oo .

From (4.18) one may invert the Stieltjes transform of dp(t; a, 1) and find
the measure d.p(t;a, 1) explicitly. The isolated points in the support of
dp(t; a, I) coincide with the poles of the right-hand side of (4.18). Note
that the &W7 's in (4.18) satisfy the same three term recurrence relation and it
is possible to use this fact to prove that the %W7 's in (4.18) have no common
zeros. We conjecture that the %W7 in the denominator of (4.18) has no zeros
for \z\ < 1, a > 0, and -qa/2 < a, b, c, d < qa/2. We have been able to
prove this conjecture when a > 0 and -1 < a, b, c, d < 1. The proof is
given at the end of this section.

We now compute the absolutely continuous components of dp(t ; a, 1). Re-
call that the Perron-Stieltjes inversion formula implies

(4.19) p'(f,a, 1) = [F(t - i0+) - F(t + i0+)]/(2ni),
where F(x) denotes the right-hand side of (4.18). Since F(z) is single valued
for \z\ < 1 then one can see from (4.19) that p is supported on [-1, 1].
Observe that as we cross [-1, 1 ] from the upper or lower half planes the roles
of z,z~' are interchanged. Note that

(4.20) F(x) := f° dß{t''*; l) = Csa(z)/sa_x(z),
J— oo •*•       '

C being a constant. From (4.19) and (4.20) it follows that

2nis   A?' )\ p'(cosd; a, I)
(4 21)

= C{sa(e   )sa_x(e     )-sa(e     )sa_x(e   )}.

Using ( 1.13), ( 1.20) and the fact that the left-hand side of (4.18) is x~' +0(x~2)
as x —» oo , we get

aC= 2(1 -abcdq2a-2)(\-abcdq2a-x)
(1 - bcqa~x)(\ - bdqa-l)(l - cdqa~l)(l - qa)

since z ~ ~x~  .
We now evaluate the right-hand side of (4.21). It readily follows from (1.11)

that
(Am ^a{Kma+x(z) - ha(z)ha+xm
[ ■    ] = Ca{ha_x(z)ha(z) - ha_x(z)ha(-z)}.

Set

(4.24) Ua+X(x) := ha+x(z)ha(z) - ha+l(z)ha(z).
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The above functional equation when expressed in term of Ua(x) is

(4-25) Ua(x) = AaUa+x(x)/Ca,

which, when iterated, leads to

(abqa, acqa, adq", abcdqa~x)

(4.26) "      " ( W, W"1, cdqa~x, qa\

• lim a~2nU,  (x).

(1 -abcdq a   )

provided that the limit exists. When ha(x) - sa(x), then in view of (1.13), we
have

(4.27)

lim a   "   aU„. (x)

-n—a,   —x—n—a
= lim(az)    - (az)    ' {sn+a(z)sn+.(z) - sn+a(z)sn+.(z)}

= (az)-xfll^L
(az,az)^

(az) .i(qz2,qz2)c
(az,az)x

z — z
az

(Qz\
(az)c

This implies that

(4.28) lim a   "£/,,  (x) — -a"   (2/sinÖ)
2iOs(qel°)

(ae\

where z — e , x = cosö. We now combine (4.28) with (4.21), (4.22) and
(4.26), and find the absolutely continuous component of the spectral measure
to have the form
(4.29)
dp(cosd; a, 1)

de
(abqa , acqa, adqa , bcqa , bdqa, cdqa, abcdqa~X, qa+X)

2n(abcdq2a-x, abcdq20)^
i   2/0     ,    J   2a-1   ios(e    , bcdq      e  )oo

je je -i„i'0i
(ae   , bq e   , cq e   , dq e   , bcdq     e  )00

a—1        ai   ix/- ii.   j   2a—2   id     ¡_     a—1     ,   .   a—1 ,   a—1       a id , /Ô,,—2■\%W7(bcdq      e   ; bcq      , bdq      , cdq      ,q,qe/a;q,ae)\    .

The above weight function dp/dd is symmetric in the parameters a, b, c, d
but this symmetry is not manifested in the expression on the right-hand side of
(4.29). In order to exhibit the symmetry in a, b, c, d we apply the transfor-
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mation formula [13, (2.10.1)]

gW7(a ; b, c, d, e, f; q, a2q2/bcdef)

_  (aq,aq/ef, a2q2/bcde, a2q2/bcdf)00
(aq/e,aq/f, a2q2/bcd, a2q2/bcdef)oa

■sW7(a q/bcd ; aq/bc, aq/bd, aq/cd, e, f; q, aq/ef),
and establish the symmetric representation
(4.31)

dp(cos8; a, I)
dd

(abqa,acqa,adqa,bcqa,bdqa ,cdqa ,qa+x)00,,       ,   , 2a-2,

2n(abcdq2a)(l - abcdq"-2)(abcdqa~2)
abcdq

(abcdq a   )
,   2/0       «+I2ÍÍ,(e    ,Q    e    ).

/„„"¡„iO     j,„a„/0     „„a „id     J „a „id     „„2id\(aq e   ,bqe   , cq e   , dq e   , qe    )c
,   „, /   a   2/0 id i id it. id . id , j       a ,     j   a—2X, —2•\%W7(q e    ;qe  ¡a,qe   /b,qe  ¡c,qe  ¡d,q  ; q, abcdq     )|    .

We conclude this section by showing that the discrete spectrum is empty.
Since An+a, Bn+a and Cn+a of ( 1.11 ) are bounded, the support of dp(x ; a, 1 )
will be bounded, Chihara [12, Theorem IV 2.2], and the moment problem is
determined. Therefore a point x = Ç supports a discrete mass if and only if

oo

(4-32) YXnUrflZn
n=0

converges, Shohat and Tamarkin [26], where t,n is as in ( 1.7), (1.18) and (1.19).
To show that x = ± 1  do not support masses we need to show that the series
(4.32) diverges at £ = ±1. To determine the asymptotic behavior of pan(±\)
we use the Birkhoff-Trjitzinsky theory of difference equations, Wimp [32]. We
assume
(4.33) pan(±\) « r"nk{\ + yn~x + ôn~2 + 0(«"3)},

then substitute for /?°(±1) from (4.33) in (4.14) and equate coefficients. The
result is r = ±a at x = ± 1 and the possible values of k are k = 0, 1. This
shows that there are two linearly independent solutions of (4.14) at x = 1 and
as n —» oo they are 0(a") and 0(nan). The solutions at x = -1 have the
same orders of magnitude. In the case under consideration, <¡fn « Ca " , for
some C t¿ 0, and the series in (4.32) will diverge at Ç = ±1.

It now remains to show that there are no masses outside [-1, 1], i.e. the
true interval of orthogonality is [—1,1], Chihara [12, p. 29]. Recall that for
{pn(x)} of (1.7), an interval [r, s] contains the true interval of orthogonality
if only if r < bn < s, «>0, and {ß^x)}^ is a chain sequence at x = r and
x = s, where

(4.34) ß„(x) = an_xcj[(x-bn)(x-bn_x)],        «>0,
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[12, p. 108]. In our case of interest, namely, an = An+a , bn = Bn+a , cn = Cn+a ,
denote ßn(x) by ßn(x; a). The true interval of orthogonality of the Askey-
Wilson polynomials is [-1, 1], thus Bn e (-1, 1) and {/?„(±1 ; 0)} are chain
sequences. When a = k, ßn(x;k) = ßn+k(x;0) so Bn+k G (-1, 1) and
[ßn(x ; k)}0^ is a chain sequence when x = ±1. Therefore,

(4.35) Í   p'(x;a,l)dx=l,        a = 0,l,2,....

Since the left-hand side of (4.35) is analytic in w = qa for |u;| < 1, then (4.35)
will continue to hold for a > 0, by the identity theorem of analytic functions.
On the other hand, dp is a positive measure normalized to have total mass 1,
so it cannot have a discrete component. This proves the first part of Theorem
3.

Bustoz and Ismail [10] studied the associated continuous o-ultraspherical
polynomials {C^(x; ß\q)}, which correspond to a = -d = ^fq, b — -c —
ßy/q > J = <t ■ They proved that the discrete spectrum is empty if 0 < ß < 1,
0 < ff < 1, 0 < a < 1, or if ff2 < /? < 1, 0 < ff < 1, -1 < a < 0. Observe
that our result concerning the absence of a discrete spectrum shows that the
discrete spectrum of the associated continuous ff-ultraspherical polynomials is
empty when -\ < ß < 1, 0 < q < 1, and a > 0. This extends some of the
results in [10] to much wider range of the parameters.

5. A SECOND SYSTEM OF ASSOCIATED ASKEY-WlLSON POLYNOMIALS

Let us now consider the linear combination:

(5.1) qan(x) = qan(x;a,b,c, d\q) = L'ara+n(x) + M'asa+n(z),

subject to the conditions

(5.2) ffg (x) = 1    and   q"(x) = 1 + A~ (z + z~  - a - a~ ).

Use of ( 1.11 ) then gives:

if =-W~xA~XC (s (z)-s    Az)),
/c t\ a a        a       av av    ' a—1v    '''

M' = W~XA~XC (r (z)-r    Az)),a a a        ax  av    ' a— lv    ' ' '

where,

W =r ^,(z)s (z)-r (z)s MAz) = A J.1 WMJC M.a a+lv    >  a\    * a^    '  a+\\    > a+1      a+1'     a+1

= (1 - abqa+x)(\ - acqa+X)(l - adqa+x)(l - abcdqa)(\ - abcdq2a)
(5'4) ~        (\-bcqa)(\-bdqa)(\-cdqa)(\-qa+X)(\-abcdq2a+2)

■*~2-K+i-

As in the previous section we can solve this functional equation by iteration
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and obtain

Wa = -       (\-abcdq2a)
z

(5"5) (abqa+l, acqa+x, adqa+x, abcdq",bz,cz,dz, bcd/z)^

(bcqa, bdqa, cdqa, qa+x, be, bd, cd, az)x

Hence we get

(5.6)      qan(x) = W~Xx{[ra(z) - ra_x(z)]sa+n(z) - [sa(z) -sa_x(z)]ra+n(z)}

As for the asymptotics it is clear that for |z| < 1,

¿ \        alim (-)   qa(x)
n->oo \aJ     "

(5.7) =K-iK-iW-saW£) a\a (bed/z, bz,cz, dz)c
2"T

= (az)

(be, bd, cd, z )oo
,_a (bcqa-X, bdqa~X, cdqa-X, qa, az)^ [sa_x(z) - sa(z)]

a-i     ,2x        ,       „L„j„2a-2(abqa, acqa, adqa, abcdq"    , z )     1 - abcdq

We will now show that sa_x(z) - sa(z) can be expressed as a multiple of an
fW7 function, namely,
(5.8)

, _ (abcdq20 2,bzqa,czqa, dzqa,bcdzqa ') i

• %W7(bcdzqa~ ; bcqa~ ,bdqa~ , cdqa~ , qa, z/a; q, aqz).

After we prove (5.8) we will show that {q°(x)} are orthogonal with respect to
an absolutely continuous measure dp(x ; a, 2) supported on [-1, 1]. We will
also find p'(x; a, 2) explicitly.

To prove (5.8) observe that (1.13) implies

Vi<z)-JJz)
_ (abcdq a~ , bzqa, czq", dzqa, bcdzqa~ ) Q_i
= (bcqa~x, bdqa~x, cdqa-x , qa, bedzq2*-1^ (°Z)

f, (abcdq2a+k-x, bzqa+l+k, dzqa+x+k, bedzq^)^
¿—'/Us.„a+k    UJ„a+k    „J„a.+k     „a+l+k     i    j„~2a+k-\ \k=0 (beq     , bdq     , cdq     , q        , bedzq )oo

(5'9) .{l-bcä^^la)^"rk-

(abcdq2a+k, bzqa+x+k , czqa+l+k, dzqa+x+k, bcdzqa+k)
¿—' lU~„<*+k     UJ„a+k    „J„a+k    „a+\+k     u~J ^„2a+k(bcqa+K , bdqa+K , cdqa+K , qa+l+K , bedzq^)^

a+k
A-bcdzq2°+2k){Zq/ay"Z)
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Since

(abcdq2a+k~x)oo(zq/a)k+x     (abcdq^Jzq/a),

(bcdzq2^-1)^)^ (bcdzq^Jq),

_ (abcdq^Jzq/a),
(bcdzq2a+k-xUq)k+x

{(1 - abcdq2a+k-l)(l - zqk+X/a) - (1 - qk+l)(l - bcdzq2a+k-1)}

qk+\l-abcdq2a-2){abcdq2a+k)o0{z/a)k+

(bcdzq^-'Uq)^
we find that

sa_x(z) - sa(z)
2a—2     l_   a a     j      a    u   j     a~ 1

' Haz)(abcdq "    , bzq" , czq" , dzq", bcdzq"
(bcq"-1, bdq"'1, cdq"-1, qa, bcdzq2"-1)0

1+E (1 - bcdzq2a+2k-2)(bcdzq2a-2 , beg"'1, bdqa~l, cdqa~l, q" , z/a)k

£{      (1 - bcdzq2a~2)(q, bzq",czqa,dzqa,bcdzqa'1, abcdq2c,-[)k

■ (aqzf \ ,

which immediately leads to (5.8).
We now proceed to find dp(x; a, 2) explicitly. It is easy to see that (q°(x))*

= iPa„{x))*, hence

/c ,m ! a    f°° dp(t; a, 2) a+1,  w a,  .
(5.10) 2A°J_00~^r~ ^hsa-i (*)/*» w»
which follows from (1.23), (1.24) and (1.25). Using (4.16) and (5.7) we find
that
(5n) f°° dp[t;a,2)_       Dasa(z)

where,

fJ —i x-t sa_x(z) - sa(z) '

D  =2/Ca i      a.

(5.12) 2(1 - abcdq¿a-x)(\ - abcdq2a~2)
ff(l - bcqa~x)(\ - bdqa~x)(\ - cdqa~x)(\ - qa)

Now the Perron-Stieltjes inversion formula, as in (4.19), implies

2nip'(x; a, 2)
=D {_ s^~,e) sye)

(5.13) " [s^ie-*) -sa(e-i9)    sa_x(ew) - sa(eie)

DaK(e-'e)sa_x(eie)-sa(e,e)sa_x(e-6)}

K-¿em)-sa(ew)\2
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with x = cos 8 , as usual. Recall that in §4 we proved that
-/0, ,   /0, ,   10, ,   -10,

(abqa,acqa ,adqa,abcdqa~x)nníi       ,   , 2a-2, 2a-1

(5.14) (bcqa~x, bdqa~x, cdqa~x, qa)c

• 2/sinö

L(l - abcdq      )a

«ie2\

Applying the transformation (4.30) on the gW7 series on the right-hand side of
(5.8) we then obtain from (5.12), (5.13) and (5.14) that
(5.15)

dp(cosd; a, 2)
do
(abqa, acqa, adqa, bcqa, bdqa, cdqa, qa+l)00

~ 2n(abcdq2a)oo

_ (fffecff'ff2a"1)oo(l-2ffXffa + ff2g2Q)

' (abcdqa-x)œ      (l-2ax + a2)
,,2/0       a+1   2/0, ,2_l(g       ,Q        e      )Iqq_
a   id_a   id     j„ajd     „„2/0 m 2|(ffff V, bqaew, cqaew , dqaew, qe¿w)\

OC

■   TT, ,   a   2/0        id , id ,j id , id i j       a i     j   a— 1*,— 2■\%W7(q e    ;e  /a,qe   /b,qe  /c,qe  /d, q  ; q, abcdq     )|    .
Finally we prove that dp(x ; a, 2) has at most one discrete mass if 0 < q < 1,
a>0, -I < a, b, c, d < I. Nevai's theorem, Theorem 1, shows that (-1, 1)
is free of discrete masses. It can be shown, as was done for {p°(x)}, that
x = ± 1 do not support discrete masses. If the zeros of polynomials are arranged
in increasing order then the 7'th zero of q"(x) lies between the 7'th zero of
p^(x) and the jth zero of p^x(x), since (p°(x))* is a constant multiple of
P^-\(x) ■ Thus, with at most one exception the zeros of q„(x) lie in (-1, 1)
for all « in the appropriate range of the parameters. This proves the part of
Theorem 3 concerning the gW7 in (5.15).

Finally we note that if a > 1 or a < -1, the dp(x ; a, 2) will have a mass
at (a + a~x)/2 . This is the case since ff^((fl + a_1)/2) = 1, which can be proved
by induction, implies the convergence of the series Ylo'[%{(a + a~l)ß)\ /£n ■

6. Proof of (4.15)

We shall now give an inductive proof of equation (4.15). Recall that
pan(x; a, b, c, d\q) satisfies the recurrence relation
(6.1)

-a    (\-az)(\-a/z)pan(x;a,b,c,d\q)

= Aa+n(a,b,c, d){pan+x(x; a, b,c, d\q) -p°(x; a, b,c, d\q)}

-Ca+n(a, b, c, d){pan(x; a, b, c, d\q) -pan_x(x; a, b, c, d\q)},
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where pa_x(x) = 0, p%(x) = 1, and the coefficients are defined in (1.14) and
(1.15). Using (6.1) it can be easily verified that

ic -n ai l        j, ^     (bdqa ,cdqa) „ a
(6.2)       pn(x;a,b,c,d\q)= "(a/d) pn(x; d, b, c, a\q).

The proof of (4.15) depends heavily on the use of the following transformation
of Sears [26]:

'q~n , a, b,c
d,e, f
(d/a,e/a)n

where defq" = abcq, (see for example, equation (2.10.4) in Gasper and Rah-
man [13]), Watson's formula,

4^3

(6.3)
\q,Q

-4^3 q-n,a,f/b,f/c
f,aqx-n/d,aqx-n/e>g'q

(6.4)
%W7(de/cq; a, b, d/c, e/c, q " ; q, deq"/ab)

(de/c, de/abc)
(de/ac,de/bc)n^

q n,a,b,c
d,e,abcqx~"/de,q,q

(equation (2.5.1) of [13]), and the expansion,
3   wi+3WJa;b,c,d,e,f,g,q     ;q,aq     /bcdefg)10"9

(6.5)
(aq,aq/fg)m A       (<? m , f, g, aq/de)j        ,

/   j   / /   i i r —m  ,    ,    "

;q, Q

(aq/f, aq/g)m j¿ (q,aq/d, aq/e,fgq m/a)j

,   I"    q~J ,d,e, aq/bc
4 3[aq/b, aq/c, deq~j/a

see Exercise 2.20 in [13].
Assuming (4.15) to be true one can verify that

Pn+l(x)-p„(x)
_ a(z + z~  - a - a~ )(1 - abcdq a~ )(1 - abcdq a+ n)q~"

(I - abqa)(l - acqa)(l - adqa)(l - abcdqa~l)

(6.6) A (ff ", abcdq a+n , abcdq a, aqz, aq/z)k  k
h>  (q, abqa+x, ffCffa+1, adqa+x, abcdqa)k Q

WAabcdq2a+k-\
10rr9

a     ,       a—1     »   j   a—1 j; q , bcq      , bdq      , cdq a-l

k+2       ,     ,   2a+n+k       k—n 2,
ff      , ffôcffff , q      ;q,qa )

By (6.5), the XQW9 series in (6.6) can be expanded as

(abcdq2a+k,adqk+x)n_k ^     (qk~n , qa, bcqa~x, aqk+2/d)j      ,

(abcdqa+k,adqa+k+x)n_k ^ (q, abqa+k+x, acqa+k+x, q-'/ad)/

\q-J,bdqa-x,cdq°-x,q-k—2
4^3 u   J   2a-2       -n      ,   -k-j-\,       , H , Q4 J L abcdq       , q    , off /ff
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and the 4</>3 series is, in turn, transformed to

(abqa+X+k,qX-a-n/bd)j

(q-",aqk+2/d)j
"4^3

q-J , abcdq2a+n+k , abqa~X , bdqa~x
2a-2 a+\+kabcdq    ' , abq        , bdqa+n-j      > q,q

by (6.3). Denoting the series on the right-hand side of (6.6) by Sn, we then
find that

(6.7)

(abcdq ", adq)n    "(qn, abcdq2a+" , aqz, aq/z)k  k
" " (abcdqa, ffff-ffa+1)„ ¿J    (q, adq, abqa+x, ffCffa+1),    9

"~k (qk-n , qa, bcq a—1        1—a—n /j. j,ff /bd)j j
§    (q,q-\q-nlad,acqa^x)j

M (g-J,abcdq2a+n+k,abqa-x,bdqa-x)iJ
J.a-2—^ (q, ffècff*ff a " , abq

2a

a+1+í: , bdqa+n-j

(abcdq2a, adq)n     "   (ff~" , ff", bcqa~x, ^'"/bd^   .
a+\\     / ^        - — «        —m -      » #»x1*(abcdqa,adqa+i)n %     (q, q~n ,q~n¡ad, acqa+x)j

À (g";, ff^ff2a+" , ff¿>ffa"', W1),-  ,
tí (q, abcdqa , abqa+l, bdqa+n~J)i

, aqz,aq/zr "J~n, abcdq2a+n+i
4^3 adq, abqa+x+', acqa+X+j \Q, q

Applying (6.3) to the last 403 series in (6.7) and simplifying the coefficients we
get
(6.8) 2a+n+/' q1 ", abcdq¿a+n+', aqz, aq/z

403 [     ffff-ff,ff6ffQ+1+',ffCffQ+1+J      'g'g

aqy    (cdqa,bdqa)n    (abqa+X, bdq^"^),-ffl ,a+l „a+1(abqa+l,acqa+l)n(cdqa,ql-a-"/bd)J

,        a+1        —a—n(acq     , o /ab)j r~J-i

(bdqa, abq a+\+n-j\ A q      , abcdq 2a+n+i , dz, d/z
adq, cdq   ', bdq ; ff, q

Substituting  (6.8)   into  (6.7)   and  interchanging the  order of summation
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(bdqa, cdqa, abcdq2a , adq) ,
S„ =-n-n-n-—(aq/d)n     (abqa+x, acqa+x, adqa+x, abcdqa)n

"(q-n,abcdq2a+n,dz,d/z)k  k
' 2—t        i -     »J~    UJ~a     „j_a\ q

(6.9) fc=0
(ff, adq, bdqa, cdqa).

^(qk-n,qa,bcqa-x,q-a-n/ab)j  J

h>   iq,q'\q~nlad,cdqa+k)j q

'4^3

-n    „—n

q-j, abcdq2a+n+k
abcdq2a-2 , bdqa+k , abqa+X+n-J

, abqa    , bdq"
q,q

Incredible as it may seem we now have to transform the 4</>3 series in (6.9) into
an %W7 series by (6.4). Thus we have

(6.10)

4^3
q-j, abcdq2a+n+k , abqa~x, bdqa~x

J.a-2 a+kabcdqia~L , bdqa+K , abq
i„j„a+k       — n—1,(cdq      , q       )j

a+\+n-j  \ q ) q

2a+k-\     „—a—n
> q(abcdq

Ti/ /    l    j   2a+k—2        i    a—1 a—1       fc+1%W7(abcdq ; abq     , acq     ,q

abcdq

lab),
a-l

,q~J;q,dqJ       /a).

This leads to the following expression for Sn :
(6.11)

^{aq/d)"
(cdqa, bdqa, abcdq a, adq)

(abqa+x , acqa+x , adqa+x , abcdqa)n

"(q-n,abcdq2n+n,dz,d/z)k   k
'¿J      (q,adq,bdqa,cdqa)k     Q

"^ (abcdq2a+k-2, abqa-x, acff""', qk+x, abcdq2a+n+k, g*-"),.

/=o
,a+k

(1 - abcdq

(q, cdqa+K , bdqa+K , abcdq2a~2, q~n , q~"/ad)i
2a+k-2+2i^/„a    ¡_a—1\ ...    ///,—/

(1 - abcdq2a+k~2)(abcdq
W'bcq-)      „UÖ/VT
ibcdq2a+k-\:[    )q     \d )

4^3

i+k-n       a+i     l„   a+/-l        /'—n—Iq ,q,bcq ,q
„¡.„¿„la+l'+k-l       i—n     J-n i     , > q > Habcdq , q     , q     /ad
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Since (6.5),

(6.12)

4^3

i+k-n       a+i     i      a+i —1        i—n—lq ,q,bcq        ,q
,    j   2a+2i+k+l       i—n       i-n ,     iiïiîabcdq , q     ,q    /ad
(qa+i, adqa+1)n(q'n , g-"/ad)¡{g, adq)k,      a+n+k+W

(adq

<f>34V3

(q,qad;q)n(qa+l,adqa+l)i+k

qi+k-n, abcdq2a+n+k+i, adqa+i+k , qa+i
. abcdq2a+2i+k'x, qa+x+k+i,adqa+x+k+l 'Q'Q

we find that
(6.13)

(bdqa, cdqa, abcdq a, qa   )        1-0. ~»
•j„ =-n-n- (aq     /")"     (abqa+x,acqa+x, abcdq", q)„

£
(dz,d/z)k (a+\)k

:0(qa+x,adqa+x,bdqa,cdqa)k

1    u   J   2a+k—2        1    a—1 a—1       k+\     «       a—1       a,(abcdq , ff¿ff      , ffco      , ff      , flcff      , g )fB-fc
V-_
^ (ff, bdqa+k , cdqa+k , abcdqa+k , abcdq2"'2, qa+x+k , adqa+x+ki=0 )/

(l-a6cff'ff2a+fc+2'-2)(ffa+/c+1ff'2)'
„2a+fc-2\ „2a+ifc-L(1 - abcdq¿a+K-¿)(abcdq¿a™-')2¡

,     ,,/   /(¿-l)/2,   —n        ,      ,   2a+n.
(-l)tfl        (ff    , ffèa/ff      )¿+fc+1

We now substitute the above expression into (6.6), use the definition of A
and Cn+a from (1.14), and (1.15), respectively, and simplify the coefficients to
get

Aa+n{pan+l(x) -pan(x)} - Ca+n{pan(x) -pan_x(x)}

(6.14)

,    L   -. -i,      (bdqa,cdq,qa+x)n
(z + z    - a - a    )—

(abqa,acqa,abcdqa-x)n
—an /     / j\fiq     {a ¡d)

•2tt+2n~l)(l - adqa)

E £ £ ' ' ' (q~n)i+j+k-Mbcdq2a~X)n+i+]+k/(q)n

(abcdq)n(\ -abcdq
i-«,

{(1 -adqa+n)(\ - ff ")(1 - abcdq 2a+n+j+k+i-l

-(l-qn)(l-bcqa+"-l)(l j+k+i—ns    j   a,q )adq },

where the summands over k, j and / in (6.14) are the terms on the right-
hand side of (6.13) that are independent of « . The expression within the curly
brackets now factors into (1 - o~")(l - abcdq2a+2n~x)(\ - adqa+j+k+i). This
converts the right-hand side of (6.14) into the following expression:
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(6.15)
-i,r w,        , Abdqa, cdqa, qa+x, abcdq2" ') c

a    (1 -az)(\ -az)-¡-"(adq
(abqa,acqa,abcdqa-x,q)n

A (g~" , abcdq a       , dz, d/z)k   (a+1)fc
'¿J    (qa+x,adqa,bdqa,cdqa)k   Q

"^(l-abcdq2a+k+2j-2)
' 2—t     n        „u„J„2a+k-2\;=o   ( 1 _ abcdq

2a+k-2c — ¿        i    a—1 a—1        k+l(abcdq , abq     , acq     , q „u„j„2a+n+k-l      k—n\abcdq , q     )j
(q, cdqa+k , èff-ffQ+/:, abcdq2a-2, qa+k+x, adqa+k)j

/   a     i      a—1,   ,     ,,/    /(/— l)/2/j2   a+/c+l,/(ff , ¿?cff     )/-!) ff (¿ g        )

•3^2

(abcdq2a+k-%

jj+k-n, abcdq2a+n+k+j-1, qa+j .
,2a+2;'+i-l        a+fc+l+J ,q,qabcdq' ', q

By the ff-Saalschiitz formula [13, (1.7.2)]

3^2

i+k—n        1     j   2a+n+k+i— 1       a+iff , abcdq ,ff
„J,„,/„2a+2/+A:-l       a+l+/c+/        ig, gabcdq ,ff

/„l„ j   a+/+i-l     J-n-,(abcdq , g     )„_/_fc

(6.16) (abcdq2a+2i-
a-l

' ö >n-i-k

qan(abcdqa    , q)n (abcdq2a X)k(qa+X ; q)i+k

(abcdq2a-x, qa+x)n (q~n , abcdq2a+n-x)i(q)k(abcdqa-x)i

,     ,,/   -i(i+\)/2-a(i+k)-ik•(-l)ff
Substituting (6.16) into (6.15) we find that

An+a{pan+l(z) -Pa„(z)} - Cn+a{pan(z) -pan_x(z)}

+k

(6.17)

,    ,    -i -u(bdq  , cdq )   /a\n
(z + z    -a-a   ) . ,  a-äT^j(abqa ,acqa)n VffV

A {g'", abcdq2a+n~x, abcdq2a~x, dz, d/z)k  k
'¿S       (q,adqa,bdqa,cdqa,abcdqa-x)k      Q

„, /    »     j   2a+k — 2       a        ,    a—1 a—1     ,       a —1        k+\■ x0W9(abcdq , q  , abq      , acq      , bcq      ,q     ,
,     ,   2a+n+k-l       k-n ,2,abcdq ,q      ;q,d )

(z + z
-i _i (bdqa,cdqa)n /a\"   a.

a~a   Ww).U) Pn^d,b,c,a\q)(abqa,acqa)n \d

= (z + z~X -a-a~X)pan(x;a, b,c, d\q),

by (6.2). This completes the proof of (4.15).
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7. Associated continuous ff-JACOBi polynomials

Some special cases of the associated Askey-Wilson polynomials are worth
noting. One such case is the continuous ff-Jacobi polynomials when we choose

(7.1) a = y/q,    b = qa+l/2,    c =-qß+l/2,    d = -y/q,    a = k

in (4.15). Then (4.15) gives

X, r-      a+l/2 ß+\/2 ,-,   .P„(x; Vq,q        ,-q        , -y/q\q)
(q- , q—^', q—^ , Jqz, Jq/z)k  k

(7.2) ~to    (q, qa+M, ~qß+M, ~qM , qX+°+ß+X    *ß+l+X    _nM       X+a+ß+U
Í g 5    g >

2X+a+ß+k .     l a+ß+X a+X       ß+X       k+l
^9(g ;q ,-q ,-q     ,q,q10"9

2A+a+fi+l+£+n       A:-n ,
g ,g      \q,q)-

The continuous ff-ultraspherical polynomials of L. J. Rogers correspond to the
case a = ß, A = 0. When A > 0, a = ß we get the associated continuous
ff-ultraspherical polynomials [10]. By (6.2) we also have

,   X+ß+l A+a+1,
X, r-      a+l/2 0+1/2       r-,   ,        (q ,-q )nl     ..n

Pn(x;Vq,q        ,-q        , Jq\q) =    x+a+x   _,+      "(-l)
\g >     g J«

«    /„-«       2A+/l+a+£+l       2A+a+/?+l ,- ,-,   ,,_., vM?    .0 >g ,-Jgz,-y/q/z)k  k

k=o      \q i q        >   q        ,   y     , y ¡k
„, ,   2X+a+ß+k        X a+ß+X ß+X       a+X       k+l

• io^(g ;q ,-q       , -q    , q    ,q
2X+a+ß+l+k+n       k-n ,

g ,g     \g,g).

In both cases the l0W9 series are terminating and balanced, and hence can be
transformed by Bailey's formula, Gasper and Rahman [13, (2.9.1)]. Thus

(7.4)
;Ir /   2X+a+ß+k        k+l        a+X a+ß+X ß+X       XW9(q ; g      , g      ,-q ,-q      ,q ,10"9

2X+a+ß+l+n+k       k-n ,'
g ,g    ;q,q)

{q2X+a+ß+l+k^_qa+l^_qß+X+l^X+l)n

{_qa+X+lqX+a+ß+lq_q2X+ß+l)n

{qX+a+ß+^_qX+a+^_q2,+ß+l^h

(q2Ua+ß+X,-q°+X,-qX+ß+X,qM)k
„, ,       2X+ß+k k+l-a X       ß+X ß+X       X

■ ww9(-q       >-Q      ,-q,q    ,-q    >g .
2X+a+ß+l+n+k       k-n ,

g , g     ; g, g).
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Hence it follows from (7.3) and (7.4) that

X. ,-      a+l/2 0+1/2 /-.   .
Pn(x; sfq,q        ,-q        , -y/q\q)

(q2X+a+ß+l,-qa+\qX+ß+l,qU\(   .,„

-   (9a+A+l) ^a+ß+l^^fX+ß+l^       )

-n       2X+a+ß+l+n 2A+^-(-l
(7.5) "   (ff"", q"+°+P™, _g^+' , _^z, _ ^/^  fc

'¿       (qß+X+\-qß+M,-qa+l,qM,-qM)k      *

2X+ß+k _ /t+l-a X       ß+X ß+X       X■w-rr   Í ¿«TfTft ATI—« A UTA UTA AW9(-g ; -g ,-q ,q      ,-q     , g10r,9

2A+a+S+l+n+fc       &-« ,
. , g    ;g,g)

The explicit representation (7.5) is a ff-analogue of a formula Wimp [33] ob-
tained for associated Jacobi polynomials.

8. Explicit form of qan(x; q, b,c, d\q)

It is obvious that p°(x) and q^(x) both satisfy the same recurrence relation,
namely

(81) (z + ^' -a-a~l +Aa+n + Ca+n)yan(x)

= Aa+nyan+x(x) + Ca+nyan_x(x),    for « = 0, 1, ... .

They, of course, satisfy two different initial conditions, namely

pa0(x) = \,       pll(x) = 0,

and

g¡¡(x) = 1,        q"(x) = l+A~l(z + z~* -a-a~l).

We shall prove that

(8.2) qan(x)=pan(x)-^pan+_\(x).
a

It is clear that q"(x) = p"(x) - CJAa , so (8.2) holds for « = 0,1. Since
p^(x) and P°*\(x) satisfy (8.1) it follows that the right-hand side of (8.2) is a
solution of (8.1) which agrees with q°(x) initially. Thus (8.2) holds.
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Hence, by (4.15)
(8.3)

qan(x;a,b,c,d\q)

= A (q~n , abcdq2a+"-X, abcdq20'1, az, a/z)k  k
"¿Í       (q,abqa,acqa,adqa,abcdqa-x)k      Q

... iij   2a+k—2       a     ,       a—1     .   ,   a—1 .   a—1       k+l• wW9(abcdq ;q  , bcq      , bdq      , cdq      ,q
i     j   2a+n+k—1       k—n 2,abcdq , q      ; q , a )

(1 - bcqa'x)(\ - bdqa~x)(\ - cdqa~x)(\ - qa)(\ - abcdq2a)     2

1 - ffèffa)(l - ffcffa)(l - ffff-ffa)(l - abcdqa~l)(\ - abcdq¿a~¿)

k^ (ff1-n , abcdq2a+n, abcdq2a+x, az, a/z)k _k

£J   (g, fffcffa+1, acqa+l, adqa+i, abcdqa\
w-wT ill   2a+k        a+1      »       a     ,   ,   a ,   a        fc+1WJabcdq       ; q     , bcq  , bdq  , cdq  , q10"9

.    j   2a+n+ir       &-«+l 2,abcdq ,q ;q,a),

for n — 1,2,.... We shall now combine the two double series on the right-
hand side of (8.3) and express q„(x) as a linear combination of lQW9's. First,
let us rewrite (8.3) in the expanded form

n-k ,_.    j   2a-l     __       ,_,   _k

(8.4)

a,  ,     ^"^(abcdq¿a-',az,alz)kq
qnW-l^l^ ()

4=0 y=0 yH'k

(1 - abcdq2a+k-2+2j)(abcdq2a+k-2 , qa , ¿>cíq_i , W"1 , cdqa~l)j

(1 - abcdq2a+k~2)(q)J(abcdqa-x , abqa , aa?a , adqa)J+k

(qM)j(q-'',abcdq2a+''-')jy

(abcdq2a-2)](q-n, abcdq2a+"-'i)J

_ yl "^T* (abcdq2a+[,az,alz)kqk

k=0    j=0 w'*

(\ - abcdq2a)(l - abcdq2a+k+2j)(abcdq2a+k , qk+1)j(qa , bcqa-l)j+i

(1 - abcdq2a-2)(\ - abcdq2a+k)(q, abcdq2a)j(abqa , acqa)J+k+l

m (bdqa-l,cdqa-,)J+l(qi-n,abcdq2a+'')J+k^2u+l)

' (adq\abcdqa-])J+k+i(ql-",abcdq2o+n)ja

The key step now is to separate the j = 0 term from the first term on the
right-hand side and combine the rest of the term with the second term. Thus
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we find that

„,  .     ^(q-",abcdq2a+n-x,abcdq2a-l,az,a/z)k  k
q„(x)=)   -¡—■—-q

kTo       (q, abq", acq", adqa, abcdqa~x)k

^"^ (az, a/z)kqk(qa, bcqa~l, bdqa~x, cdqa~x)
7+1

k=o  j=o        (q)k(abcdqa    , abqa, acqa, adqa)j+k+x

(qx-n,abcdq2a+n)j+k(l-abcdq2a+k+2j)  2j+2

(qx-\abcdq2^)j *        >■*'

where

E (abcdq2a-l)k(abcdq2a+k-2,qk+x)j+x

j'k     (1 - abcdq2a-2+k)(q, abcdq2a-2)j+x

(abcdq2a+X)k(\ - abcdq2a)(abcdq2a+k , qk+X).

(1 - abcdq2a-2)(\ - abcdq2a+k)(q, abcdq2a)j

_ (abcdq2a-x)J+k(qk+x)j+x (abcdq2a)j+k(qk+x)j

(ff, abcdq2a-2)j+x (1 - abcdq2a~2)(q, abcdq2a)i

Using the factorization

(l-qJ+k+x)(l-abcdq2a+J~l)-(l-qj+l)(\-abcdq2a+j+k-X)

= qj+l(l-qk)(l-abcdq2"-2),

it follows that

,8 71 F Wcdq2°-X)j+k(qk)J+x       ,
(8-?) ^ =        ,„     .W.2a-K

(q, abcdq"-1 )J+

Substituting (8.7) into (8.5) we obtain
(8.8)

„, "(q-n,abcdq2a+n-x,abcdq2a-x,az,a/z)k  k
g„(x) = >   -r-:—^q

fo       (g. abqa, acqa, adqa, abcdqa~ ' )k

| ^"^fc (ffz, a/z)kqk(abcdq2a-2, q~n , abcdq2a+n-x)j+k+x

+ hh (q)k(abcdqa-x,abqa,acqa,adqa)J+k+x
(qa, bcqa-x, bdqa~x, cdqa-x, qk)j+x(\ - abcdq2a+k+2j)      2j+l

2a+n-l     „t„j„2a-l     _\       11       „i.„ j„2a-2\(q~n , abcdq¿a+n~x, abcdqla-x , q)j+x(\ - abcdq
-(qa)J
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It is obvious that the single series on the right-hand side is the one that one
would obtain by setting j; + 1 = 0 in the second series. So, after replacing j + 1
by j in the second series we may combine the two terms to obtain the following
expression

qan(x;a,b,c,d\q)

^ (q~n , abcdq2a+r _1, abcdq2a~x, az, a/z)k k
= )   -—¡--g

(8.9) •    kTo       (q, abqa, acqa, adqa, abcdq"  l)k
ur i    L   J   2a — 2+k        a     ,       a—1     ,   .   a—1 ,   a—1• xoW9(abcdq ; q , bcq     , bdq     , cdq     ,

k       ,    j   2a+n+k—1       k—n 2,ff  , abcdq ,q      ;q,qa).

1/2When a - q ' , the X0W9 series on the right-hand side of (8.9) is not balanced
and hence cannot be transformed directly into another X0W9 series as we did in
(7.4). However, we could use the representation (8.3) where both xoWg series
are balanced when a = ff1' and hence can be transformed in the same way as
in (7.4). It can then be shown by the same procedure as used in the previous
section that as g -* 1,

X, 1/2       a+l/2 0+1/2 1/2,   .
qn(x;q     ,q        ,-q     '  , -g    |g)

approaches the formula (3.4) in Ismail and Masson [16].

9. Miscellaneous results

We mentioned before that for \z\ < 1, the %W7 series in the expression
(4.13) for pan(x; a, b, c, d\q) are convergent provided 0 < q < \a\ < 1. This
restriction can be weakened if we use the transformation

sW7(bcd/zq ; b/z, c/z, d/z, abcdqa+n~l ,q c '" ; q, qz/a)
(9l) _ (bcd/z, bz, cq/a, dq/a)^

(be, bd, qz/a, cdq/az)c

%W7(cd/az; c/z, d/z, q/az, cdq" ",q   a "¡ab; q, bz),

which follows by applying (4.30). Since the left-hand side is symmetric in
b, c, d the right-hand side must have the same property, which means that
there are two other forms of the expression on the right-hand side with b, c, d
interchanged. The use of (9.1) gives the following alternative form of (4.13)
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p°(x;a,b,c,d\q)
(cd,cq/a, dq/a,bcqa~l, bdqa~x, cdqa~x, qa,az)c

(9.2)

(abqa , acqa , adq" , abcdqa~', qz/a,cz,dz, cdq/az)œ (1 - abcdq2a~2)

\(bcdqa+n/z)lx   _„_,

(abcdq2"-2 , bzqa , czqa , dzq" , bcdzqa~l, abqa+n , acqa+n , adqa+n)x

' (bcq"-x, bdq"-x, cdq°-x, qa, bcdzq2"-1, bcqa+" , bdqa+n , cdq^^

■ %W7(bcdzq a~ ; bcq"~  , bdqa~  , cdq"~  , q" , zq/a; q, az)

• %W7(cd/az; c/z, d/z, q/az, cdqa+n , q ~a~"jab; q, bz)

(abcdq2a+2n , bzqa+n+x, czqa+n+x, dzqa+n+x, bcdzqa+n , abq"-1^

(bcqa+X , bdqa+n , Cdqa+n , qa+n+X , bcdzq2a+2n+X , bcq"'1 , W"1),»

. (acqa-i,adqa-1,bcdqa-l/z)go_n+i

(cdq^^zq''-1)^
Yir/,    j     2a+2n    ,      a+n    ,,  a+n        ,  a+n      a+n+1 , ,• %W7(bcdzq ; bcq      , bdq      , cdq      ,q ,zq/a;q,az)

• 8 W7(cd/az; c/z, d/z, q/az, cdq"    , q ~a/ab; q, bz) >

Note that the %W7 series in (9.2) are convergent when \z\ < 1 and max(|a|, \b\)
< 1, and hence (9.2) constitutes an analytic continuation of (4.13).

Now we will show how to obtain a complete asymptotic expansion of
pan(x; a, b, c, d\q) from (4.13), when \z\ < 1. The important step is to use
Bailey's formula [9, 8.5(3), p. 69] that expresses a very well-poised g</>7 series
in terms of two balanced nonterminating 4</>3 series. Thus, we have
(9.3)

%W7(bcd/zq; b/z, c/z, d/z, abcdq"^      ,q      n;q,qz/a)
_ (bcd/z, bz^z^z)^

(bc,bd,cd,z2)x    4<P3

(bcd/z, b/z, c/z, d/z, q/az, bcdzqa+n, zqx~a~"/a)c

b/z, c/z, d/z, q/az
„ I _2     /,„ j„a+n /        „-1-a-«/„_ ' g ' gff/z , bcaq     /z,q /az

(cd, bd, be, bcdqa+n/z,qx-a-"/az,qz/a, z~2) oo

4^3
bz, cz, dz, qz/a

„   2     .     j      a+n 1-a-n /     ', g> gqz ,bcdzq      , zq ¡a

and
(9.4)

nr ii.   j      2a+2n     ,      a+n     ,   ,   a+n ,   a+n       a+«+l , ,%W7(bcdzq        ; bcq      , bdq      , cdq      ,q , zq/a; q, az)
ii     j      2a+2n+l        i     i   a+n—1 a+fl+1 2,_ (bcdzq , abedq , azq , qz )oo

(bcdzqa+n , abcdq2a+2n , az, z2qa+n+2)oo
„, ,   2   a+n+1 , ,, , ,,      a+n+1 ,     ■   a+n-K•%W7(zq ; zq/a,zq/b, zq/c, zq/d,q ;q,abcdq        ),
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by (4.30). Thus the left-hand side of (9.4) is given by

L.H.S. of (9.4)
(bcqa+n,bdqa+n,cdqa+\

(bzqa+n+x, czqa+n+x, dzq a+n+1

(bcdzq' , abcdq0
loo

, azq^ , gz\

(9.5)

+

(bcdzqa+n , abcdq2a+2n , az, bcdqa+n~l¡z\

zq/b, zq/c, zq/d, az
4^3     „~2     „~„a+n+x     ~„2-a-n ,, „ . ', g, g[qz , azq , zq /bed

(zq/b, zq/c, zq/d, bcdzq2a+2n+x)oo
(bzqa+n+X, czqa+n+x, dzqa+n+x, zqX-a~n¡bed)^

,   \bcqa+n , bdqa+n , cdqa+n , abcdqa+n

*4<M   bcdqa+n/z,bcdzqa+n,abcdq2a+2n    '' Q'' Q

Using (9.3), (9.4), and (9.5) in (4.13) and simplifying the coefficients we
obtain the complete asymptotic expansion
(9.6)
pan(x;a,b,c,d\q)

(abcdq a~ , be, bd, cd, az, bzqa, czqa, dzqa, bcdzqa~x, bcdqa/z)c

~ (abcdqa~x, bcqa, bdqa, cdqa, azqa, bcdzq2a~x ,bz,cz,dz, bcd/z)c

(bcqa, bdqa, cdqa, azqa)n „
' (abqa,acqa,adqa,bcdqa/z)n(a/Z)

• gW7(bcdzq "    ; bcq"    , bdq"    , cdqa~ , q", zq/a; q, az)

(bz, cz, dz, bcd/z) 4>*(bc,bd,cd,z2)       4Ynq/z,bcdqa+n,q
b/z, c/z, d/z, q/az

a+n        l—a—n /az \q,q

+
(b/z, c/z, d/z, bcd/z, q/az, bcdzq", zq   a/a)

(be, bd,cd, l/z2,bcdqa/z,qx-a/az,qz/a)00

(bcdqa/z, aqa/z)n   ln <f>.(azqa,bcdzqa)n 4^3

(1 - abqa~x)(\ - acqa~x)(\ - adqa'x)

bz, cz, dz, qz/a
2     »      i      a+n l—a—n ¡     , q ■> qqz , bcdzq      , zq /a

1 - abcdq 2a-2

(be, bd, cd, qa, abcdq a, az)
(abcdqa~l , bcqa , bdqa,cdqa,qn+l , azq ,a+l-

a+1(bzqa+l , czqa+l , dzqa+l, bcdzq" , bedq^'/z)

(bz,cz,dz, bcd/z, bcdzq2a+x)x
(bcqa,bdqa,cdqa,qa+X)n(bcdzq2a+X)2n

a+l „a+1(bzqa+l , czqa+l, dzqa+l , bcdzqa)n(abcdqZa)2n
-a z
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&W7(bcd/zq; b/z, c/z, d/z, abcdqa~ , q ~" ; q, qz/a)
f   (bcqa, bdqa, cdqa, abcdq"'1, azqa+x, bcdzq2a+x, qz2)
\ (abcdq2a, az, bzqa+x, czqa+x, dzqa+x, bcdzqa, bcdqa/z)

(bzqa+ ,czqa+ ,dzqa+ , bcdzq", bcdqa~x)n(abcdq a)2n

(bcq", bdq", cdq", abcdq"'1, azqa+x)n(bcdzq2a+x)2n
zq/b, zq/c, zq/d, az

235

oo

oo

<f>4V3 2 a+n+1 2—a-nqz , azq , zq /bed \q,q
2a+l,

+
(zq/b, zq/c, zq/d, bcdzq      )
„a+l „a+l a+l 1-a(bzqa+1, czq"+i, dzq"+1, zq^/bed)^

(bzq"+   ,CZq"+   ,dzq"+)n „   n(n+l)/2+na   -n

(bcdq"/z)n(bcdzq2a+x)2n

•4^3 bcq" n , bdq" ", cdq" ", abcdq"
abcdq , bcdzq"+n, bcdq"+n/z

We conclude this section by proving a theorem concerning the positivity of
linearization coefficients for a special family of associated Askey-Wilson poly-
nomials.

Theorem 4. If a = -b, c = -d then the linearization coefficients

Cm,n,k(-b,b,-d,d)

in (1.29) are nonnegative when -q < b, d < q and a > 0.

Proof. We apply Askey's theorem, Theorem 2. In the present cases, an and ßn
of (1.30) are «„ = 0, ßn = An+a_xCn+a , with Aa, Ca as in (1.14) and (1.15).
We have

K = (\-y)(q + b2y)(q + d2y)(q2-b2d2y)
2j2,.2,(ff - b¿dzy¿)(q - bLdlyl) y:=q

To show that ßn increases with « we show that ßn decreases with y for 0 <
y < 1. Let D and N be the denominator and numerator of ßn , respectively.
MACSYMA was used to prove that

D^-N^ = Ay6 + By5 + c/ + Dy2 + Ey + F,

with

A = b6d6(q - b2)(q -d2),        F = -q\q - b2)(q - d2),

B = 2qb4d4H, -2qG,
„ ,2  ,2   2   ,     ,2   2   ,   ,2   2       _,2  ,2      ,   .2  ,4   ,     ,2,4       ,2  ,2G - -b d q  +d q  + b q  -2b d q + b d +d b  - b d ,
C = qb4d4H, D = -qib2d2H,
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H = ff4 - ff3(Z>2 + ff12) + 3ff3 + ff Va"2 - 3ff2(è2 + i/2)

+ff2 + 3gb2d2 - q(b2 + d2) + b2d2.

Simple manipulations lead to

G = b2(\ - d2)(q2 - d2) + d2(l - b2)(q2 - b2) + b2d2(\ - q)2,

H = (q-b2)(q-d2)(l + 3q + q2),

and we find that -^ is a negative multiple of the positive quantity

(q - b2)(q - d2)(q6 - b6d6y6) + y2qb2d2H(q2 - y2b2d2) + 2yqG(q4 - b*d*y*),

since 0 < y < 1. This shows that ßn increases with « and Theorem 4 follows
from Theorem 2.

Remark. We believe that the coefficients c"m n k(-b, b, -d, d) in (1.29) are
i io \ l'ynonnegative in the region -q '   < b, d < q '    and a > 0 but the method of

proof of Theorem 4 does not seem to be sharp enough to prove this stronger
result.
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