Turkish Journal of Analysis and Number Theory, 2014, Vol. 2, No. 4, 119-124

Available online at http://pubs.sciepub.com/tjant/2/4/3
© Science and Education Publishing
DOI:10.12691/tjant-2-4-3

Some Properties of k-Jacobsthal Numbers with
Arithmetic Indexes

Deepika Jhala'”, G.P.S. Rathore?, Kiran Sisodiya®

1School of Studies in Mathematics, Vikram University, Ujjain (India)
%College of Horticulture, Mandsaur (M.P.)
*Corresponding author: jhala.deepika28@gmail.com

Received July 08, 2014; Revised July 17, 2014; Accepted July 23, 2014

Abstract In this paper, we derive various formulae for the sum of k-Jacobsthal numbers with indexes in an
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1. Introduction

The Fibonacci sequence and the Lucas sequence are the
two shining stars in the vast array of integer sequences.
They have fascinated both amateurs and professional
mathematicians for centuries. Also they continue to charm
us with their beauty, their abundant applications, their
ubiquitous habit of occurring in totally surprising and
unrelated places. Fibonacci numbers have been
generalized by different authors. Some authors have
generalized the Fibonacci sequence by preserving the
recurrence relation and altering the first two terms of the
sequence [10,12,17], while others have generalized the
Fibonacci sequence by preserving the first two terms but
altering the recurrence relation slightly [14,15,18].

More recently, Fibonacci, Lucas, Pell, Pell-Lucas,
Modified Pell, Jacobhstal, Jacobsthal-Lucas sequences
were generalized for any positive real number k. Also the
study of the k-Fibonacci sequence, the k-Lucas sequence,
the k-Pell sequence, the k-Pell-Lucas sequence, the
Modified k-Pell sequence, the k-Jacobhstal sequence and
the k-Jacobsthal Lucas sequence appeared (see [1-6,8,13]).
Falcon and plaza [7] has given several formulae for the
sum of k-Fibonacci numbers with indexes in an arithmetic
sequence. Falcon [9] defines the k-Lucas number with
indexes in an arithmetic sequence. Also, deduced
generating function and several sum formulae for these
numbers with indexes in an arithmetic sequence.

1.1. k - Jacobsthal and k - Jacobsthal Lucas
Numbers

1.1.1. Definition 1.1 (k-Jacobsthal Numbers)

For any positive real number k, the k-Jacobsthal
sequence say [13] is defined recurrently by

‘Jk,n+l =k‘]k,n +2Jk’n_1;n21 (].1)

with initial conditions J, g =0, Jy; =1.

Particular cases of definition (1.1)

If k=1, we obtain the Jacobsthal sequence [11]
{0,1,1, 3,5,11,21...} (A001045) [16]

If k=2, we obtain the
{0,1, 2, 6,16, 44, 120,...} A002605 [16].

First few terms of the k-Jacobsthal numbers (1.1) are

sequence

‘]k,O = O,kal :1, Jk,2 = k"]k,3 = k2 +2,
Jia =k +4k,Jy 5 =k* +6k? +4,
Jie =k +8k3 +12k

Some of the interesting properties that the k-Jacobsthal
sequence satisfies are summarized as below [13]:
1.1.1.1. Binet’s Formula

The Binet formula for the n™ k-Jacobsthal numbers is

A=A

‘]k,n = A1, 1.2)
2 [ 2
where ﬂizw, A =¥ are the roots

of the characteristic equation r? =kr+2 associated to
the recurrence relation defined in equation (1.1) and
U >0 Iyt lg =K, dg =2, i —dp =Nk +8.
1.1.1.2. Catalan’s Identity

Jn-rdkner — ‘sz,n = (_1)n+1—r ‘]kz,r 2"t (1.3)

1.1.1.3. D’Ocagne ldentity
If m > nthen
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n
‘]k,m‘]k,n+1_‘]k,m+1‘]k,n :(_2) Jk,m—n <1'4)

1.1.1.4. Convolution Product
‘]k,n+m = ‘]k,n+1‘]k,m +2‘]k,n‘]k,m—l (1.5)

Now, we introduce the k-Jacobsthal Lucas sequence,
whose recurrence relation is the same as the k-Jacobsthal
sequence.

1.2. Definition 1.2

For any positive real number k, the k-Jacobsthal-Lucas
sequence say [2] is defined recurrently by

jicne1 =Kk + 2k ng; forn=1 (1.6)

with initial conditions j, 5 =2, ji; =K.

As particular cases:

If k =1, we obtain the Jacobsthal-Lucas sequence [11]
{2,1,5, 7,17, 31, 65,...} (A014551) [16].

If k=2, we obtain the
{2, 2, 6,14, 34, 82,198,...} A080040 [16].

First few terms of the k-Jacobsthal Lucas numbers
equation (1.6) are

sequence

Jeo =2 Jka =K oo =k?+4, ji 5 =k +6k
jia =k* +8k% +8, ji 5 =k +10k* +20k
ji s = K® +12k* +36k? +16

Some of the interesting properties that the k-Jacobsthal
Lucas sequence satisfies are summarized as below [2].

1.2.1. Binet’s Formula
The Binet formula for the k-Jacobsthal numbers is

=+, (1.7)

[\.2 _Jr2
where 21=k+ l2< +8, /igzk I2< +8 are the roots
of the characteristic equation r®=kr+2 , 4 >4,

M+ =k, 44, =-2 and A —A, =\k? +8 associated

to the recurrence relation defined in equation (1.6).

1.2.2. Catalan’s Identity
jk,n—r jk,n+r - Jlgn = (_z)n—r ( Jlgr _4(_2)r) (1’8)

1.2.3. D’Ocagne ldentity

If m > n then
jk,m jk,n+1 - jk,m+ljk,n
m-n
JK2 (1.9)
~(-2)" k% +8 jhmn—z{fil—g—iEJ

Now, we prove some properties of the k-Jacobsthal
numbers that we will be needed later.

Jk,m+n :Jk,n+l‘]k,m+2‘]k,n‘]k,m—l (1-10)

Proof: Taking R.H.S. and applying the Binet’s formula
for k-Jacobsthal numbers

Jk,n+1‘]k,m + 2‘]k,n‘]k,m—l

[ﬂinﬂ_ﬂéwl][ﬂim _ﬂzm]

+2[ﬂi -4 {ﬂ{“ AQ””J

J{ ( )
ﬂin +1 /12n +1 ﬂl /12
n{

w2(4 -2 ) (A -2

m+n/11ﬂ/2}
m+nﬂ122

- (%] Jx. msn | From equation (12)]

Thatis Jy min = Ik net Jkom + 230 Ik, ma

2)" Jmon (11D

Proof: We will prove this by using the Mathematical
induction method. For

n=0,

Jk,m‘]k,n+1 - Jk,m+1Jk,n = (_

‘]k,m‘]k,n+1 - ‘]k,m+l‘]k,n = ‘]k,m‘]k,l - ‘]k,m+1‘]k,0

= ‘]k,m'l_‘]k,mﬂ'0 = Jk, m

we see that it is true for n =0.
Now for n =1, we have

JemIk2 = Jiemeadks = Jkm-K = Iy men-1
[ From equation (1.1)]
= ‘]k,m+1 _2‘]k,m—1 _‘]k,m+1 = _2‘]k,m—1

again we see that it is true for n=1.
Now, suppose the formula is true until (n—-1):
~Jemadin-z = (2)"

JemIkn- ‘]k,m—(n—z)

) (1.12)
n_
‘]k,m‘]k,n - ‘]k,m+1‘]k,n—1 =(-2) ‘]k,m—(n—l)
Then,
‘]k,m‘]k,n+1 _‘Jk,m+1‘]k,n

= ‘]k,m (k ‘]k,n + 2‘]k,n—l) - ‘]k,m+1 (k ‘]k,n—l + 2‘]k,n—2)
[ From equation (1.1)]
=k (‘]k,m Lk,n _‘]k,m+1‘]k,n—1)

+2(‘]k,m ‘]k,n—l - ‘]k,m+1‘]k,n—2)

= (_Z)n_l (k ‘]k,m—(n—l) - ‘]k,m—(n—z))
= (_Z)n I mon
That is ‘Jk,m‘Jk,n+l

- Jk,m+1‘Jk,n = (_z)n Jk,m—n :

2. On the k-Jacobsthal Numbers of Kind
an+r
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In this section, we shall derive some formulae for the
sums of the k- Jacobsthal numbers with index in an
arithmetic sequence, say an+r for fixed integer a and r
such that 0<r <a-1. Also, we have discuss generating
function for these numbers with index in an arithmetic
sequence.

First we prove following lemmas that will be needed
later.

2.1. Lemma 2.1
For all integers n>1,
ﬂ'ln +/12n = ‘]k,n+1 + 2‘]k,n—l

Proof: Taking R.H.S. and applying the Binet’s formula
for k-Jacobsthal numbersand 4.4, =-2.

2.1

Jk,n+1+2‘]k,n—l
:/111-22 (ﬂln+1_ﬂ,2n+l+221n—1_2/12n—1)
A+

That is Jy puy + 23k n1 =4 + 45

2.2. Lemma 2.2

Jk,a(n+2)+r - (2‘]k,a—1 + Jk,a+1)‘]k,a(n+l)+r
_(_Z)a ‘]k,an+r

Proof: Taking R.H.S. and applying Binet’s formula and
Lemma 2.1.

(2.2)

(ZJk,a—l + ‘]k,a+1) ‘]k,a(n+1)+r _(_Z)a Jk,aner

a(n+l)+r  ja(n+l)+r
_(j@ a ﬂi _12 (=223
(ﬂl +ﬁ“2)[ /11_/12 ] ( ) k,an+r
jia(n+2)+r _ﬂ;\(n+2)+r
) b=
af A2 - 2T a
+(-2) [WJ—(—Z) Jkansr = Jka(ne2)er

now, since jy n = Jy nyg +2Jy o1, then the above formula
can be rewritten as
. a
‘]k,a(n+2)+r = Jk,a‘]k,a(n+1)+r _(_2) Ik an+r
equation (2.2) gives the general term of the k-Jacobsthal
0
sequence {Jk an+r} s linear combination of the two
: e

preceding terms.

2.2.1. Generating Function for the

{‘]k,an+rﬁ,}:0

Suppose that 3, ,(k,x) be the generating function of

Sequence

the sequence {Jk’anﬂ}with 0<r<a-1. Thatis

Sa,r(k: X) = Jk,r + ‘]k,a+r X
) 3 (2.3)
+‘]k,2a+r X +‘]k,3a+r X"t
Now multiplying both sides by the algebraic expression
(L- jiaX+(=2)* %), we get
(1= JkaX+ (275 Tar (K X) = (A= jeaX+ (27 X7),
2 3
(‘Jk,r +‘]k,a+rx+‘]k,2a+rx +‘Jk,3a+rx +)
= ‘]k,r +(Jk,a+r - jk,a‘]k,r )X
. 2
+(‘]k,2a+r - Jk,a‘]k,a+r +(_2)a ‘]k,r)x +...
= ‘]k,r +(‘]k,a+r - jk,a‘]k,r )X
‘]k,a(n+2)+r - jk,a‘]k,a(n+1)+r

+ a X
n=2 +(_2) ‘Jk,an+r

n

Now, from equation (2.2), the summation of right hand
side of the above equation vanishes. That is

@~ jax+(=2)2x%) 3 r (k,X)

(2.4)
=Jir + (I arr — Jkadir )X
from equation (1.10), we have
Ik arr =Jkraadka +2dkr Jkat
Jeaer = Jkrdka = Jkraadka = Jkrdkan
Jeaer = Jkr Jea =(-2)" Jxarr [From (111)]
Hence equation (2.4) becomes
@- jax+(=22x) T, (k,X)
=Jir +(-2)" I arx (2.5)

_ ‘]k,r + (_2)r ‘]k,a—rx
(- jxax+(=2)%x%)

Tar (k. X)

Particular cases:
For the different values of a and r, the generating

function of the sequences {Jk,an+r} are:
1)If a=1 andthenr=0,
o tdkax X
@~ jex+(=2)x%)  1-kx-2x?

Spo(k,x) =

which is the generating function of the k-Jacobsthal
sequence [13].

2) If a=2,then
At r=0,
~ Jio+(=2)°3, ox kx
‘SZ,O(k’ ): . 2 2 = 2 2

1- i 2x+(-2)" x 1—(k +4)x+4x
Atr=1,

1

J -2)J _

Sz’l(k’ ): k,1+( ) k,lX _ 1-2x

1= iox (-2 x 1-(K2 +4)x+4x

3)If a=3,then
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At r=0,
(k2+2)x

1-(|<3+6|<)x-8x2

- J +(—2)0J X
\53’0(k,X): k’O k3'3 2 =
— JyaX+(-2)"x

Atr=1
~ ‘]k,1+(_2)1‘]k,2X 1—2kx
Faa(kix)=— 3.2 3 2
1- jeax+(-2)"x 1—(k +6k)x—8x
At r=2
2
J -2)"J
3, (KX) = k2 *t(=2)" Jax k+4Xx

1- jky3x+(—2)3 X2 1—(k3 + 6k)x —8x?

2.2.2. Sum of k-Jacobsthal numbers with arithmetic
index an+r

In this section, we have discuss the sum formula for the
k-Jacobsthal numbers with arithmetic index an+r, where

a and r are fixed integer suchthat 0 <r <a-1.

2.3. Theorem 2.3

Sum of k-Jacobsthal number of kind an+r is

‘Jk,a(n+1)+r - (_2)a Jk,an+r

Zn:‘] _ _‘Jkr_(_z)r‘lk,a—r
Kaitr =
i=0 o Jk,a+1+2‘]k,a—l_(_2)a -1

(2.6)

Proof: Applying Binet’s formula for the k- Jacobsthal
numbers, we have

n n a|+r ai+r
—
Z‘]k,aiﬂ Z[
i=0

| (PP
B
1 {(ﬂf("”’” i) @ —%)}
A =2 -1 2 -1
(A ) A8 = AET 228 4 2
~(W) " R e A
U~ 20) () = (45 + 28 ) +1)
(_2)3 (ilan+r _12an+r)_(ﬂlan+a+r _l§n+a+r)
= 2) = (W) O =25
U~ 1) (-2 = (4 + 2 ) +1)

‘]k,a(n+l)+r - (_2)a ‘]k,an+r

i\] _ _‘]k r _(_Z)r‘]k,a—r
k,ai+r —
i=0 Jian +2dkaq —(-2)7 -1

2.4. Corollary 2.4

Formula for sum of odd k-Jacobsthal numbers
If a=2p+1, then equation (2.6) gives

Ik 2 p+D)(n+D)+r
_(_2)(2 P+) J k,(2p+1)n+r

_‘]k,r - (_2)r ‘]k,(2 p+1)-r

n
D Ik 2psdyisr = @.7)
i—0

Ji,2p+2) +2k.2p
_(_2)(2 P+ _q

For example: (1) If p=0, then a=1 andr=0, we

have
3, = et =D = do =2
K,i Jk,2 +2‘Jk,0 —(_2)1_1
_ ki #2901
k+1
(2) If p=1, thena =3, we have
_(_Z)r‘]k,3—r

4 ‘]k,3(n+l)+r +8‘]k,3n+r _Jk,r
> I gisr =
‘Jk,4+2Jk,2 +7

If r=0, then

ZJ I3+ +8Jk.3n = Jk0 — k3
k.3i = Jk’4 +2\]k’2 +7

_ Jkana t8Jkan - (k*+2)

k3+6k+7

If r=1, then

n
D kzia =
i—0
_ Jiansa 83 3na —1+2K

k3+6k+7
If r=2,then

n
ZJ3i+2 =
i—0
_ Jkanis +8Jkanso -k-4

k3 +6k+7
(3) If p=2,then a=5, we have

‘]k ,5(n+1)+ ( 2) ‘]k 5n+r

Zn:‘] - kr_(_z) ‘]k,5—r
k,5i+r =
57T Je 2l -(-2°-1

1
Jansa 783k 30 —Jk1 —(=2) Iy 2
‘]k,4 +2‘]k,2 +7

2
Ji3nss 8k ani2 = k2 = (-2)" 1
Ja+2d o +7

If r=0, then
n
D si =
i=0
If r=1, then
n
D ks =
i=0

If r=2,then

Z‘]k 5i+2 =

Jicsnes +32 5n —k* —6k? —4
k® +10k> + 20k + 31

Jisnss + 323 nsa + 2k° +4k —1
k® +10k3 + 20k +31

Jusne7 +32y sns0 —4k% —k -8
k> +10k> + 20k +31
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If r=3, then

2
iJ I +32ygn00 kP +8K 2
koS K5 +10k3 + 20k + 31
If r=4,then

3
Zn:J Jsnso + 320y 5.0 —K2 —4k-16
Csind =
i kS +10k® + 20k + 31

2.5. Corollary 2.5

Sum of even k-Jacobsthal numbers.

If a=2p, then equation (2.6) is
‘Jk,2p(n+1)+r _(4)p Jk,2pn+r
_Jk,r - (_2)r ‘]k,2 p-r
Ji2ps1 T2k 2p1—(@)P -1

For example: (1) If p=1, then a=2, we have

n
Z‘]k,ZPiH = (28)
i=0

Zn:‘] _ ‘]k,Z(n+l)+r _4‘]k,2n+r - ‘]k,r _(_Z)r‘]k,Z—r
k,2i+r =
R Ja+2d—4-1

If r=0, then

i‘] k2 ~Hian -k
~ k,2i k2 1

n J -4] +1
If r =1, then ZJk ying = k,2(n+1)+12 k,2n+1
i0 k-1
(2) If p=2,then a=4, we have

i\] _ ‘]k,4(n+1)+r _16‘]k,4n+r - Jk,r _(_2)r ‘]k,4—r
k,4i+r =
A Jis+2dy5-17

If r=0,then

i‘]k o ‘]k,4n+4 _16Jk,4n _k3 -4k
A k* +8k2 -9
If r=1, then

Zn:‘]k _ Jiansa 163y 4 + 2k +3
ki k4 +8k% -9
If r=2,then

Zn:Jk _ Jkanee ~168J 402 —5K
A k4 +8k% -9
If r=3,then

2
Zn:‘]k _ Jkane7 7169k 4n.3 +K7 410
ks k4 18k% -9

Now, we have considered the alternating sequence

{(—1)”Jk’an+r}. By the previous method we can also find
the sum formula for this sequence.

2.6. Theorem 2.6

Turkish Journal of Analysis and Number Theory

Alternating sum of the k-Jacobsthal numbers with index
an+risgiven by

(_1)n Jk,a(n+1)+r
+(_1)n (_2)a J k,an+r

n , +r +(=2) Iy o
2D Iy iy =

- (2.9)
i—0 Jat+(=2)"+1

Proof: Taking L.H.S. and applying the binet formula
for the k-Jacobsthal numbers equation (1.2) we have

n (_1)i‘]k,ai+r
z 1 . i[ai+r ai+r
LY (4" -2

ﬂlr (1+ (_l)n ﬂla(n+1))
1 1+ ﬂf
= =, _/12r(1+(—1)nﬂ2a(n+l))
1+ 5

(_1)n(_2)a~]k,an+r + (_1)n~]k,a(n+l)+r

_ +‘]k,r + (_2)r Jk,a—r

Jeat(-2)2+1

that is

(_1)n J k,a(n+1)+r + (_1)n (_2)a ‘]k,an+r

n , +r +(=2) Iy o
Z(_l)l‘]k,aiﬂ = < = a
iz0 Jkat(=2)"+1

For different values of a and r, the above sum can be
written as

For a=1 thenr=0, we have

(—1)”Jky(n+1) —2(-" Jen+1
k-1

n .
Z(_l)l‘]k,zi =
i=0

For, a=2

(_1)n ‘]k,2(n+1)+r + 4(_1)n Jk,2n+r

+‘]k,r + (_Z)r Jk,2—r

Z(—l)i Ik 2ier =

i=0 kz +9

a) If r=0,then
n - -n"J +A4(-D)" ) o +K
S () _ D Jane2 i (D" J¢.2n
i=0 k“+9

b) If r =1, then

(D" Iy 203 FA(D" Iy 2ni1 -1
k% +9

n B
DD Iy g =
i=0
For a=3,

(_1)n ‘]k,3(n+1)+r - 8(_1)n ‘]k,3n+r

n . +3, +(-2)" 3 5
DD Iy gy = - -

i=0 Jian T2k 307
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If r=0, then
an(—l)i 5~ D ks +8CD" Jean + k?+2
= A K3 +6k—7
If r=1, then
" 1) (D" i znea +8(-D" Iy aner +1-2K
2D Iy g = S '
i=0 ’ k®+6k—7
If r=2, then
; i (_l)n‘]k 3n+5+8(_1)an ans2 Tk+4
2D I = e ’
i=0 ’ k®+6k-7
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