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In this paper the Bernoulli and Euler polynomials, the study of which has done
much good in the field of theory of numbers, have been unified. The genera-
ting function technique has been used to obtain pure and mixed recurrence
relations and many more generalizations investigated by Nérlund (1924) and
Carlitz (1962) in the unified form. Incidently the present approach also leads
to the generalization of Carlitz's ‘Eulerian polynomials’. Qur polynomials also
give as special cases the Bernoulli and Genocchi numbers.

1. INTRODUCTION

The Bernoulli polynomials {B,.(x)}, n=0, 1, 2, ... are defined by

[e o]
temt tn
et—1 =z Ba(x) n!
n=0

and the Bernoulli numbers are given by

Similarly the Euler polynomials {E,(x)}, n=0, 1, 2, ...; are defined by

o0
zeact tn
_-éq—l— —_ Z E”(X) n .
n=0

Carlitz (1962) defined Eulerian polynomials {®, (x, £)} by

[+ o]
1— "
l—Eae‘ et = Z On (%, 8) n!

n=0
Vol. 6, No. 1

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

ON THE UNIFICATION OF BERNOULLI AND EULER POLYNOMIALS 99

with § 3£ 1, but otherwise arbitrary. They are connected with Euler polynomials by
the relation
@, (x, — 1) = Eq(x).

The purpose of this paper is to unify the polynomials of Bernoulli, Enler and
Eulerian polynomials. Our approach also gives as special cases the Bernoulli numbers
and Genocchi numbers for x=0.

We define the polynomials D, (x ; a, k), where a is a non-zero real number and
k is an integer, by the following generating relation

2 et

t )’C ©
2 . "
—— :Z Du(x; a, k) —- (LD
n=0

We state the following relationship between our polynomials D, (x ; a, k) and
Bernoulli and other polynomials.

(1) Bernoulli polynomials : When a = k = 1, we have
D (x : @, k) = Ba (%). (12)
(i) Bernoulli numbers : When a = k = 1,and x = 0 we have
D, 0;1,1) = B,.

(iit) Euler polynomials : When a = -1, k = 0, we have
D, (x;a, k)= E.(x) . .(1.3)

(iv) Genocchi numbers : When —a = k = 1, x = 0, we get
2D,(0; —1,1)=G,

where these numbers are defined by
[e e}
2t "
P ZG" nl
n=0

(v) Eulerian polynomials : When we put k = 0, a = 178, with § £ 1, we get

D,,(x; —gl—, 0):-&—2_%—1—(1),.():,6).

2. SoMme REsULTS IN THE UNIFIED FORM

Differentiating both the sides of (1.1) with respect to x, we get

o0 w0
ln«)—l ’ tn
D, (x; a, k) = D, (x; a, k) T
n=0 n=0
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where prime denotes the differentiation with respect to x. Equating the coefficients of
t7 on both the sides we have the following recurence relation

D:, (x; a, k) =nD,, (x; a k). 2.

It is also evident from (1.1) that

«©
Z { D, (x+1;a, k)y—aDa (x:a, k) } .

n=0

Equating the coefficients of ¢ on both the sides we are led to

D, (x+41;a,k) — aD, (x; a, k)

= 22_1 ( Z) klxr*, withn 2 k. 22)

The result (1.1) can also be transcribed as

e ]
Z D, (x+1; a, k) Lﬁl—%’@i
n=0_Q
o0
_2(/2* e Z m
T et—a nt
n=0

(o] €K
_ o
= Z D, (X, a, k) —;—" W‘
r=0 n=0
Z D (x a, k)

kMS
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This relation explicitly implies that

n

D,,(x+l;a,k)=z(:)D,(x;u,k).

r=0
Elimination of D, (x + 1; a, k) from (2.2) and (2.3) leads to

n

|
Z(:’)D,,(x; a,k)—ﬁj(z)k!x"—"—{-aD,,(x;a,k).

r=0

From (1.1) it is also possible to write

= 1 /n 2a(—tz—)‘ ext
z D, (x; ;,k) T

aet—|
n=0
and also
[+ 0}
] m 2 (t/2)k et-=
z D, (1—x;a,k) TS g .
n=0

101

.(23)

(2.8

(2.5)

(2.6)

Using (2.5) and (2 6) and as well changing the sign of ¢ we get the symmetric relation

Dell=xia = % (=1¥i+n D, (x; 71; k).

Replacing x by —x in (2.2) and eliminating D, (1—x; a, k) from (2.7) we get

(_l)”+k+1 a? Dn (___x’ a, k)
. l a_ n | 8-k
::D,‘(x,—a—,k)—i* 7k_1(k)k.x .
The result (1.1) allows us to write
k
© 2 (;_—) e
2 D, (x; @ k) —p= st

el—a?
n=0

Replacing t by 27 we get

k-1
o0 2 (__t__) este
nyn k-1 2
E D, (x; a% k) 2':, =2 .

T et—a eta

n=0
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On account of (1.1) the right-hand side of this expression can also be written as

[e e}
28
Z D (x: @ k) ———
n=0
s @
k m tr
= 2k-1 D,,(O;a, l) 7!—' D,(Zx, —a,k-*‘)T!—
n=>90 r=0
© n
= k-1 Dnr 0;a.1) D (2x; —a, k1) | .
rt (n—r)!
n=0 r=0

This gives the following interesting result
n
2k—1 n
D, (x; a2, k).—_—-zﬂ—z (r)D"_’ 0;a, 1) D, 2x: —a; k—1). . (2.9
r=0

Let us now consider the identity

21/2)* exp (’%) _> (zi)k oo l: 5(x2+1) :\ 2a(t2): exp (sz)
exp (#/2)4-a exp (1)—a? BTy

Because of the generating relation (1.1) we now get

0

2k—1 t"+1
ZD,(x; —a, k— l)—z;;;l T
n=0
© o .
== E:D,.(xgl ; a?, k)% —-aZD,,(%—; az, k) ;L,
n=0 n=0

Equating the coefficients of r» on both the sides we get

Duy (x5—a, k—1) 261
2n x+1, LI
=— {D,.( 7 @ k) — aD,,(——2 ; a2, k)} - 12.10)

3. PARTICULAR CASES

Here we enlist the results for the Bernoulli and Euler polyromials as particular
cases of our results obtained in §2.
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Cask 1 : Bernoulli polynomials—On account of the relation ( 1.2) we get from the
results (2.1), (2.2), (2.4), (2.7) and (2.8) after effecting the substitutions @ = k = 1 in
each, the following results for the Bernoulli polynomials respectively.

B;(x)—:—-n Bn—l(x),
B,(x 4+ 1) — Bu(x)=nx"1,
n—1
Z( ’: )Br(x) = nx",
r=90
Bu(l — x) = (—1)* Bu(x),
and
(— DB (—x)=nx""14 B, (x).

Case ll : Euler polynomials—In view of the relationship (1.3) tetween our
polynomials and Euler polynomials we get from (2.1), (2.2), (2.4), (2.7) and (2.8) after
making the substitutionsa = —1, k = 0 in each the following results involving
the Euler polynomials respectively.

E, (x)=nE,_; (x),

E, (x+ 1)+ Eu(x) = 2x",

n

Z( ': )Er(x)+En(x) = 2xn,

r=0
E.(1—x) =(—1)* Ex(x).
and
(— ) Ef(—x) = Ea(x)—2x™

It is of interest to observe that, if we put a=k=1 in (2.9), we get the usual rela-
tion between the Bernoulli polynomials and Euler polynomials in the form

n

Bn(x)=—;—n2( " )B E/(2%)
r=0

where {B,_,} are Bernoulli numbers. In a similar manner this very 'substitution in
(2.10) also yields the well-known relationship between the Euler polynomials and
Bernoulli polynomials as
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4, NGRLUND’S RESULTS

Norlund (1924, chapt. II) states the following results for Bernoulli and Euler
polynomials :

n—1

ZB,( x + —fl—)———nl—’B,(nx), . (41
s={

n—1 .

Z(~-1)8E,( x+ 37)=n-r E,(nx) ., (n 0dd), . (4.2)
s=0

n—1

(r+
Ny B,+1< x + i)_—. - E.nx), (n even). @3
’ 2n"
= ' |

We establish these results by our approach. Starting with (1.1) we get

0 n—1
ty |
@ 0w+ 2 k)
r=0 s=0

n—1

t \*
ZZn"(—z—) exp (nxt-+st)
§=0

(exp (nt)—a"). a*

n—

t\k ‘ \
n* 2(7) exp (nxt) P (e Zexp (s1)

= exp (1)—a " exp (nt)—a as
s=0
o0
nk Iy
=— D, (nx; a, k)—r—! .
r=0

Equating the coefficients of 17 on both the sides we get

~1
< 5 o k —_— nk_' D .

ZD,(x—i—-;—,a, = ZD, (nx;a, k) o (44
5s=0

Putting a=k=1 (4.4) reduces to (4.1) and putting a= —1, k=0 and for n being
odd (4.4) reduces to (4.2).
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105
Similarly it follows from (1.1) that

© n—1
Hr 1
(n’) — D| x+ N ar, k
r. as n
r=0 .5=0
n—1 t \k .
_ Z Ik 5 exp (nxt) exp (st}
exp (nf)—an’ a
s=0
t k
2/1"(—2— ) exp (nxt)
= a*Yet—a)
2 t \k-1
ok t(7) exp (nxt)
T2t - et—a )

The use of (1.1) again gives us

© n—1
nt)y 1
Srstoliie
=0 §s=0
i 1
nk tr+
=2—a—ﬂ:—l‘zDr (”IX; a, k—l) IR
r=0

Hence we have

n—1

| (s o N _(r+) nk )
ZFD,_H (XT;,G,A)—W— D,(llX,a,k'—l).

an—1
5=0

The substitutions —a=k=1 transform this to the resuit (4.3) when n is even.

3. CARLITZ’S GENERALIZATIONS

Carlitz (1962) gave generalizations of the multiplication formulae (4.1) to (4.3) as
1

m—1
X msy X np
B (24 ) S (2472 6

p=0

n

ni‘—-l

M

S

i

YL o

n m—1

s X ms - , . i VL‘D—
S Ea O )
p=0

(m, n both odd) ...(58.2)

nt

s=0
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ms
Z(—DSB,H zm)
m—1

= :21, (r—l—l)m’zEr(%’*' ':—z- ), (neven) ...(5.3)

p=0
respectively

We prove the results as follows. On account of (1.1) we have

<o) n—1
nt T x Sm
) — 4 = a% k
as’" n n
s=0

;i \k
n—1 2 i’_ ettt pmst
!

_ R 2
- asm ent__gn i
s=0
nlc 2 _t_ )k ext (emnt_famn)
2 ..(5.4)

= um(n—l) (ent_un) (emt_ayn)
From (5.4) and using the symmetry in /1 and n, we obtain

n—1

amn-LHpr-k l—D (f-'L Sﬁ; ar, k)
T\ n ' on
s=0
n—1
| X np
— on(m—1) pr—k Soprf S gm . ...(5.5
ar mr Za“pD(m+nl’a’k) (5.5)
p=>0
Putting @ = k=1 we get the result (5.1). Form, and n both odd, a = —1,

k = 0 the result (5.5) is reduced to (5.2).

In order to obtain (5.3) we have because of (1.1) the relation

o) m-1
mz)f 1 x L )
ZT N T 9 /
r==0

p::

m—1
_2(1/2)1 exp (xt) exp (npt)
T exp (mt)—a™ an?
p=0
t O\t )
2(7) exp (xt) (exp (mnt)—a™") ...(5.6)
a™m™=1) (exp (mt)—a™) (exp) (1t)—a™)
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From (5.4) and (5.6) we can now obtain the following result :

m—1
- ntmt 1 x , np
5%1 gmin-1) ,!‘ZaT,p D'(E + > am™, k—1 )
p=0
—1
mk——l nr-q-l n X ms
=2k_2 amm-—l) (r+l)!ZDr+1 (;"‘*‘ n—;an, k)
§=0
and also
n—1
nr+1 k x ms
anim— on(m—1) Zam: 41 7 4 — ’ ;an k) . (57)
—1
I (r41) < I x np
=7 g ’"'“‘"Zam Dr(; d—sam, k—1 ) L(5)
p=0

When —a=k==1 and for even n and odd m (5.7) yie!ds 15.3) as a particular case.
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