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Abstract

In this paper, by using generalized hypergeometric functions of the type
» >, an extension of the Laguerre polynomials is introduced and similar to those
relating to the Laguerre polynomials, a number of generating functions and

recurrence relations for this extended Laguerre polynomials have been
determined.
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1 Introduction

This note concerns with the polynomials A, (X) based on ,F, similar to

the Laguerre polynomials dealt with in [4] and [12]. Most of the classical results
on the Laguerre polynomials can be generalized straight away by using relation
involving hypergeometric functions. A large number of relevant properties of the
Laguerre orthogonal polynomials, its extensions and its applications are available
in books and journals. In this regard we can refer numerous recent works e.g. [1],
[31, [3], [6], [9]. [10], and [11].
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There is a wide range of applications of the Laguerre polynomials in many
areas including in permutation statistics. The moments of the measure for these
polynomials are the generating functions for permutations according to eight
different statistics. Gurland et al. [7] has considered a discrete distribution in
which the probabilities are expressible by the Laguerre polynomials, is formulated
in terms of a probability generating function involving three parameters. Many
authors (see [2], [8], and [13] for details) have studied problems of permutation
polynomials modulo m, polynomials with integer coefficients that can induce
bijections.

We follow the well known techniques to describe the properties of the extended
Laguerre polynomials Az,n (X) defined by
n -n+l1
L)

Az,n(x):ze(_?, 5 Ty

where N is any non-negative integer. Rewriting it in series form, we have

[ﬂ_ -n) (-n+1 "
e (2%)( o : (@
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By direct evaluation and using Lemma 5, pp 22 of [12], we obtain

e
Aon(X)= n!;){(n—Zk)!(Zk)!}(Zk)!' @D

Also note that

i{%g(x)}t%i [Z{(nm(l)!(Zk)!}()Z(zkk)! v (12)

n=0 n=0| k=0

NS

which leads to the generating function
© x)t" 2
ZmzetOFZ _’l’l’(x_t) ] (13)
= N 2 2

2 Main Results

In this section, we prove main results and determine recurrence relations for
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the extended Laguerre polynomials Ay , (X).

Theorem 2.1:
If C isany positive integer, and N is any non-negative integer then

2 (), An (X))t 1 ccll [ xt)
é " e t)CZF{Z > Zl(EJ e

Proof:
From Equation (1.2), we note that
) AQ,n(X) o0 |:2} X2k ;
;)(C){ e AR NC AP e 2k W2kt (2|

By using Lemma 11(8), pp. 57 of [12], we obtain

so that

(a1 L foerll (Y
nz:(l) n! _(1_t)°2F{2’ 2 ’2’1’( —J J

With ¢ =1, it reduces to
xt
_—ex 2.2
ZAz — p(l t) (22)

Theorem 2.2:
If n>1, then

XDA, 5 (X) = Ay 1 (X) — Ny 1 1(X). D:%. 23)

Proof:
From Equation (1.3)
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AL 143))

Set O-Z,n(x):

Suppose that

Then F=e ‘//[ ] Z oan( : (2.4)

provided that the series is unlformly convergent
Partial derivatives of F leads to

L F e 29
oX ot

. oF > n oF = n
Furthermore together with—— = E o X))t and t—= E No X)t
g ax —r 2,n ( ) at - 21”( )
Equation (2.5), then yields

o0 o0 o0
XZ o5 n(X Z noy o (X)t" = —z oy noa (X)t"
=0 n=1

It then follows that O'ZO(X) 0,and for n>1,

X02,n( ) nO-Zn( )_ ~O2n 1( )

XDAy  (X) =nAy , (X) —nAy 1 1(X).

Theorem 2.3:
If n>2,then

DA, ,(x)=2DA, ,_1(X)— DA, ., (X)+2xA, ,_»(X).  (2.6)

Proof: Let

2 0
t
F= A(t)eXp[xz(ﬁj ]= nZ;,) Yo (¥)t", (2.7)
oF t ) t V| &
so that 5 = ZX(EJ A(t) eXp|:X2 (Ej } = nZ:(:) y,Z,n (X)tn . (28)
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2
(1—t)2%:2xt2A(t)exp[x2 (;—tj ]:2xt2F. (2.9)

Consequently

2 Vo (" =22 Yo na (M) + D ¥on o ()" =2X3 Yoo (X)L
n=0 n=1 n=2 n=2
It thus follows that Y5 (X) =0, y5,(x)=0,and for n>2,

DA, , (X)=2DA, ,_1(X)— DA, 5 (X) +2xA, 15 (X).

Theorem 2.4:
If n>2,then

n-2
DA, ,(X)=2xD (n—k -1 A, , (). (2.10)
k=0

Proof:
By using Equation (2.8), we obtain

g%m (x)t" = ZX{i ””Cnt””}{i Yon (x)t”}

n=0 n=0
o Nn-2
=2x> > (n—k=1)y,, (x)t".
n=2k=0

Hence, we get DAz,n(x):Zxrf(n—k—1)A2,k(x).
k=0

Similarly we can show that if n >3, then

Ay 0 (X) = (N=2) A p5(X) = (B0 =4 =2x*) Ay 5 (X) + (3N = 2) Ap 4 (X).
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