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1 Introduction
Let C be the complex number field, and let F be the set of all formal power series in the
variable ¢ over C with

F- {f(t) =Z%tk‘akeC}.

We use notation P = C[x] and P" denotes the vector space of all linear functional on P.
Also, (L|p(x)) denotes the action of the linear functional L on the polynomial p(x), and
we remind that the vector space operations on IP" is defined by

(L+Mip)) = (LIp&)) + (M|p(x)),
(cLip(x)) = c(LIp())  (see [1]),
where ¢ is any constant in C.
The formal power series
FO=Y"%¢ecF (see[12]), M)

k!
k=0 <

defines a linear functional on P by setting
(f(t)lx”) =a,, foralln>0. 2)
In particular,

(tk|x"> =n8,k, (3)

(LIxF)

where §,, is the Kronecker symbol. If f; () = Y22, =7

and so as linear functionals L = f; (¢) (see [1, 2]).

£k, then we get (f;(£)|x") = (L|x")
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In addition, the map L — f; (¢) is a vector space isomorphism from P" onto F (see [1, 2]).
Henceforth, F will denote both the algebra of formal power series in ¢ and the vector space
of all linear functionals on IP, and so an element f(¢) of F will be thought of as both a formal
power series and a linear functional. We shall call F the umbral algebra (see [1, 2]).

Let us give an example. For y in C the evaluation functional is defined to be the power
series &”*. From (2), we have (¢”|x"") = " and so (¢"*|p(x)) = p(y) (see [1, 2]). Notice that for

allf(¢) in F,
f =30 YO @
k=0 ’
and for all polynomial p(x)
k
Py = Y P (e 1,2 )

1
pes k!

For fi(t),2(t),...,.fm(t) € F, we have
(@) fuD)1x")
> ( n )(ﬁ(t)lx“>~~~(ﬁ4(t)|xl’m),

iyeeerim
where the sum is over all nonnegative integers iy, iy, ..., i, such that iy + - - - + i,, = n (see
[1, 2]). The order o(f(t)) of the power series f(£) # O is the smallest integer k for which
ay does not vanish. We define o(f(£)) = oo if f(£) = 0. We see that o(f(£)g(¢)) = o(f(¢)) +
o(g(2)) and o(f (¢) + g(¢)) > min{o(f(¢)), 0(g(¢))}. The series f(¢) has a multiplicative inverse,
denoted by f(£)™! or f(%), if and only if o(f(¢)) = 0. Such series is called an invertible series.
A series f(t) for which o(f(¢)) =1 is called a delta series (see [1, 2]). For f(¢),g(t) € F, we
have (f(£)g(8)lp(x)) = {f(D)Ig(t)p(x)).
A delta series f(£) has a compositional inverse f(¢) such that f(f(¢)) = f(f(¢)) = ¢.

For f(¢),g(¢) € F, we have (f(£)g(t)|p(x)) = {f(£)|g(t)p(x)).
From (5), we have

dp(x) < (|p(x)) }
PP x) = T :lgk: I (-1)---(I-k+1)x-
Thus, we see that
pR0) = (¢ 1p)) = (1Ip™ (). (6)
By (6), we get
dk
Ep) = p 9 = T (see 1,2, )

By (7), we have

&'p(x) =p(x+y) (seel[L,2]). (8)
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Let S,(x) be a polynomial with deg S,,(x) = n.

Let f(¢) be a delta series, and let g(¢) be an invertible series. Then there exists a unique
sequence S,(x) of polynomials such that (g(t)f(£)¥|S,(x)) = n!8,x for all n,k > 0. The
sequence S,(x) is called the Sheffer sequence for (g(t),f(¢)) or that S,(¢) is Sheffer for
HON0))

The Sheffer sequence for (1,£(¢)) is called the associated sequence for f(£) or S,(x) is
associated to f(t). The Sheffer sequence for (g(¢),¢) is called the Appell sequence for g(¢)
or S,(x) is Appell for g(¢) (see [1, 2]). The umbral calculus is the study of umbral algebra
and the modern classical umbral calculus can be described as a systemic study of the class
of Sheffer sequences. Let p(x) € P. Then we have

o - y

(S5 o) - [ o ©)

0] = (3 Olptw) = [ O o), (10)
and

(¢~ 11pw) = pl) ~p(0) (see [1,2). a

Let S, (x) be Sheffer for (g(¢),f(¢)). Then

noy= 3 PO o, wo ek, (12)
k=0 :
k
p =Y CVOWD 50, pyer, (13)
k>0 :
1 o Sk(y)
S— t*, forallyeC, (14)
g(f @) ,; k!
FOS,5) = 1S,2(0). (15)

For A (#1) € C, we recall that the Frobenius-Euler polynomials are defined by the gener-

ating function to be

1-X
el — A

00 o
T A Hy(el2)— (16)
n=0 :

with the usual convention about replacing H"(x|A) by H,(x|)) (see [3]). In the special case,
x =0, H,(0|A) = H,()) are called the nth Frobenius-Euler numbers. By (16), we get

Hawln) = (H®) +2)" =3 (?)qu{),xl, (17)
1=0

and

(H(A) +1)" = AH,(A) = (1= 1)8o,s  (see [1, 4-13]). (18)
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From (17), we note that the leading coefficient of H,(x|A) is Ho(A) = 1. So, H,(x|1) is a
monic polynomial of degree n with coefficients in Q(%).

In this paper, we derive some new identities of Frobenius-Euler polynomials arising from
umbral calculus.

2 Applications of umbral calculus to Frobenius-Euler polynomials
Let S,(x) be an Appell sequence for g(¢). From (14), we have

@x” Sq(x) ifandonlyif «x”=g(t)S,(x) (n>0). (19)
For A (#1) € C, let us take g, (¢) = elt_;f eF.

Then we see that g; (¢) is an invertible series.

From (16), we have

N Hexh) 1,
th = ev. 20
) 0 (20)

By (20), we get

ﬁx" =H,(x}) (A (#1)eCn=>0), (21)

and by (17), we get
EH, (312.) = H(x12) = nF, 1 (x12). (22)
Therefore, by (21) and (22), we obtain the following proposition.

Proposition1 For A (#1) € C, n > 0, we see that H,(x|)) is the Appell sequence for g; (t) =

e-h
1-1°

From (20), we have

i Hi@lh) i xg. ()" — g} ()™
Tkt A 7
k! a.(2)?

k=1

= FRACK }t_k
ZO{ PCRACYACAE I} 2%
By (21) and (23), we get

&.(t)

Hiey1(x]2) = xHj (%[ 1) — 7.0

Hi (x| ). (24)

Therefore, by (24) we obtain the following theorem.

Theorem 2 Let g, (¢) = ef_‘f € F. Then we have

8.(t)
o)

Hya(x|A) = <x - )Hk(xlf\) (k=0).
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From (16), we have

o0
" 1-A 1-A
D (Hal+112) = A, (x]0) = = —— e -3 e = (1-A)e. (25)
= n e-A el — A
By (25), we get
H,(x+ 1)) — AH,(x|A) = (1 - A)«". (26)

From Theorem 2, we can derive the following equation (27):
S (OHka(x[2) = (2.(0x - g, () Hi (x12). (27)

By (27), we get

t

Hi(x|)). (28)

C RN Hn @) = S e (w1) - =
1y ) e = A) =

From (8) and (28), we have

Hiq(x + 1|A) = A (x| A) = (6 + D H(x + 1|A) — AxH (x|A) — Hi(x + 1]1)

= xHj (x + 1|1) = AxcH (x| )).
Therefore, by (26), we obtain the following theorem.
Theorem 3 For k > 0, we have
Hin(x +113) = AHja (x11) + (1= 1)

From (16), (17), and (18), we note that

.X+y 1
/ Hiulh) dis = ——{Hy 3+ 312) — iy (012}

[e¢]

1 n+1
= Hy- A d
Dl (i LARTEE

k=1

nn-1)---(n—k+2)
k!

Hn+1—k(x|)\)yk

\<»

M 1D

£, (x])

P

1

(Z Ftk - I)H,,(xM)
k=0

- ytt_ 1H,,(x|k). (29)

| = >

()

Therefore, by (29), we obtain the following theorem.
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Theorem 4 For A (#1) € C, n > 0, we have

et -1
. Hy(x|A).

x+y
/ H,(u|))du =
X
By (15) and Proposition 1, we get
1
t{—HnH(xM)} = H,(x[2). (30)
n+1

From (30), we can derive equation (31):

<eyt _ 1‘Hn+1(x|x>> ) <eﬂ -1 ‘t{Hm(xm }>

n+1 t n+l

_ <eytt_ ! ‘Hn(x|x)>. (31)
By (11) and (31), we get

<e”-1;m<xm> _ <ew_1\L+l<x'“>
t n+1

1

Yy
= {Hua O = Hyn ) = [ ) (32)

Therefore, by (32), we obtain the following corollary.

Corollary 5 For n > 0, we have

et —1 y
< - ‘Hn(x|k)>:/(;Hn(u|k)du.

Let P(A) = {p(x) € Q(1)[x]| deg p(x) < n} be a vector space over Q(A).
For p(x) € P,(1), let us take

P =) beHi(x|2). (33)
k=0

By Proposition 1, H,(x|A) is an Appell sequence for g, (¢) = ef_;f where A (#1) € C. Thus,

we have

e =X,
-t ’H,,(xM) = Ml (34)

From (33) and (34), we can derive

L) n ¢
(e $

- ;\ tk(H,(x|x)>

n
= Z bl = k'by. (35)
=0
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Thus, by (35), we get

1/et—A
by = — tr
, k!<1—x ‘p(x)>

= a2 ipt)

(e - Alp®© (x)). (36)

)

From (11) and (36), we have

1
_ ®0)(1) = Ap® , 7
b K= 0 (P -2p"0)} 37)
where p®(x) = d];i ),

Therefore, by (37), we obtain the following theorem.

Theorem 6 For p(x) € P, (1), let us assume that p(x) = >__o biHi(x|1). Then we have

by PP -2p%0)},

T k-2

dak
where p(1) = T2y,

The higher-order Frobenius-Euler polynomials are defined by

1-A
et — X
where A (#1) € Cand r € N (see [4, 11]).

In the special case, x = 0, H,(f)(OM) = Hy)()\.) are called the nth Frobenius-Euler numbers
of order r. From (38), we have

HO®) =Y <'Z>H,§’jl(x)xz

=0

r oo
t}’l
) =) HP@h)—, (38)
n=0 !

-y ( 1 ” . )H,,l(xM)---H,,r(xM). (39)

ny+-+np=n

Note that H (x|A) is a monic polynomial of degree n with coefficients in Q(1).

Forre N, A (#1) € C, let g{(¢) = (elt__f ". Then we easily see that g} (¢) is an invertible

series.
From (38) and (39), we have

1, w ¢
=Y HY (x)h) 40
a0° e ) 40)

and

tHY (x1) = nH?, (x]2.). (41)
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By (40), we get

@)

" =HD(xr) (neZ,reN).

Therefore, by (41) and (42), we obtain the following proposition.

Proposition7 ForneZ,, HLV)(xIA) is an Appell sequence for

gt = (

Moreover,

20"

et -1\’
1—A>'

"= HOx|2) and  tHY (x|)) = nH?, (x]3).

Remark Note that

1-A
et — X

x”> = H,(A).

From (43), we have

(
(

1

- A

et

1

—-A

- A

et

)

g n 1-2
X"\ = § my ...
) > (nl,...,n,><et—kx > <
n=ny+--+ny

x> =HY(1).

By (43), (44), and (45), we get

n=iy+-+ip

Y ( " l,)Hil<x>.~~Hi,<x>=H,<:>(A>.

yeesly

Let us take p(x) € P, (1) with

P =Y COHY (x13).
k=0

From the definition of Appell sequences, we have

(

e
1

f— 2

—-A

'

H" (x|A)> = 18,k

By (46) and (47), we get

(

el —

1

A
—-A

) tk\p(x>> = §C§)<(%> fk’Hz(xI?»)>

=Y ¢ sy =kicy
=0

1-A
el — A

x”’>,

(42)

(44)

(45)

(46)

(47)

(48)
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Thus, from (48), we have

(r) 1 et—k rk
= — t
C k!<(1—k) ‘p(x)>

1 r
- m((et - 1) tk|p(x))

r

S TeT) @““"’(e” PV )

=0

r

__ 1 ™\ syl 0
= s A),Z@( W), (49)

=0

Therefore, by (46) and (49), we obtain the following theorem.

Theorem 8 For p(x) € P,(\), let
P =" COH (x[3).
k=0

Then we have

1 " (r
(r) _ =L, (k)
G = k(1 -A) P <l>( WP,

k
where r € N and p®(I) = %S(x) | =i-

Remark Let S, (x) be a Sheffer sequence for (g(¢),f(¢)). Then Sheffer identity is given by

Siw+y) =Y <Z>Pk(y>sn_k<x> -3 (’;)mx)sn_k(y), (50)

k=0 k=0

where Pi(y) = g(£)Sk(y) is associated to f(¢) (see [1, 2]).

From (21), Proposition 1, and (50), we have

n

How+y) =Y (Z)Pkwsnk(x)

k=0

n

= Z (Z) Hn—k(yp")xk'

k=0
By Proposition 7 and (50), we get

n

HD(x+y0) =) <:>H§>k(y|x)xk.

k=0
Let o (¥ 0) € C. Then we have

2.(t)

H,(ax|A) =a gx(é)

H,(x|A).
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