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We study Genocchi, Euler, and tangent numbers. From those numbers we derive some identities
on Eulerian polynomials in connection with Genocchi and tangent numbers.

1. Introduction

As is well known, the Eulerian polynomials, A, (t), are defined by generating function as
follows:

1-t _ Abr _ N x"
exp(x(t-1)) -t -€ B HZ:OA"(t) n!’ (11)

with the usual convention about replacing A"(t) by A,(t) (see [1-18]). From (1.1), we note
that

(Alt) + (t=1))" = tA.(t) = (1 = D)o, (1.2)

where 6,k is the Kronecker symbol (see [3]).
Thus, by (1.2), we get

N
—

Ao(t) =1,  An() =

% <7>Al(t)(t—1)”‘l, (n>1). (1.3)
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By (1.1), (1.2), and (1.3), we see that

m.ni_ LG (1 M—n—l(t) ! ~ nt(tm—l)
i:le t —g( 1) (1) (t-1)"-l+1m +(-1) —(t_l)n+1An(t), (1.4)

where m > 1 and n > 0 (see [1]).
The Genocchi polynomials are defined by

2t
et +1

X X - t"
et = GOt = Z()Gn(x)m, (1.5)

(see [6-18]). In the special case, x = 0, G,(0) = G, are called the nth Genocchi numbers (see
[14,17,18]).
It is well known that the Euler polynomials are also defined by

2
et +1

0 fn
et = gEt = ZE"(X);' (1.6)
n=0 :

(see [1-5,19-24]). Here x = 0, then E, (0) = E,, is called the nth Euler number. From (1.6), we
have

Eo=1, (E+1)"+E, =250, (1.7)

(see [3-5,19-23]).
As is well known, the Bernoulli numbers are defined by

By =1, (B+1)" = B, = 60,1, (1.8)

(see [5, 18, 19]), with the usual convention about replacing B" by B,,.
From (1.8), we note that the Bernoulli polynomials are also defined as

By (x) = Z (’;) Bix"! = (B+x)", (1.9)

1=0

(see [5, 18, 19]).
The tangent numbers T5,.1 (n > 1) are defined as the coefficients of the Taylor
expansion of tan x:

5

& Dwa gpq X XX
tanx-%mx _ﬁ+§2+§16+”.’ (110)

(see [1-3, 5]).
In this paper, we give some identities on the Eulerian polynomials at ¢ = —1 associated
with Genocchi, Euler, and tangent numbers.
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2. Witt’s Formula for Eulerian Polynomials

In this section, we assume that Z,, Q,, and C, will, respectively, denote the ring of p-adic
integers, the field of p-adic numbers, and the completion of algebraic closure of Q,. The p-
adic norm is normalized so that |p|, = 1/p.

Let g be an indeterminate with |1 - g|, < 1. Then the g-number is defined by

Bt A ST . ) (2.1)

(see [6-18]).
Let C(Z,) be the space of continuous functions on Z,. For f € C(Z,), the fermionic
p-adic g-integral on Z,, is defined by

Lo(9) = [ Fduy) = Jim, S o a) 22)

-q x=0
(see [7,10-13]). From (2.2), we can derive the following:
9 g (f1) + Lg () = 212 £(0), (23)

where fi(x) = f(x +1).
Let us take f(x) = e*(*9* Then, by (2.3), we get

+ e~ (+)t
<qT> J; ey (x) = [2] - (2.4)
P

Thus, from (2.4), we have

1+g & "
—x(1+q)t _ _ _
f eI dp g1 (%) = o — s nZ:OAn( ) (2.5)

Zy

By Taylor expansion on the left-hand side of (2.5), we get
oo} " tn oo} tn
Z(—l)”f Xdp g1 (x)(1+4)" = = ZAn(—q)—'. (2.6)
= z, n! & n!

Comparing coefficients on the both sides of (2.6), we have

, )
fszdﬂ_q-wx) A 7)

Therefore, by (2.7), we obtain the following theorem.
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Theorem 2.1. For n € Z., one has

n _ (_1)71 _
f A () = 1 s (),

where A, (—q) is an Eulerian polynomials.

It seems interesting to study Theorem 2.1 at g = 1. By (2.3), we get
La(f1) + 11 (f) = 2f(0),

where f1(x) = f(x +1). From (2.9), we can derive the following equation:
n-1
[ reemdpae | @i =230 0,
z, Zy 1=0

where n € Z, (see [5-13]).
From (2.9), we can derive the following:

0= J‘ sin a(x +1)dp_1(x) +J‘ sin axdpu_1(x)
z, z,

= (cos a+1) sin axdp_1(x) + sin af cos axdp_i(x),
Z, Z,

2= J‘ cos a(x +1)dpu_1(x) +J cos axdpy_i(x)
z z

4 P
= (cos a+1) f cos axdp_1(x) —sin af sin axdp_1(x).
ZF’

Zy

By (2.11), we get

f sin axdu_1(x) = ——— = —tan 2

ZP
From (1.10) and (2.12), we have

00 (_1)na2n—1

n=1 P n=1

S Tone an 2n-1 ) .

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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By comparing coefficients on the both sides of (2.13), we get

Ton-
f X2 du_y (x) = (—1)"2;71, forneN,

Zy

where T, is the (2n — 1)th tangent number.
Therefore, by (2.14), we obtain the following theorem.

Theorem 2.2. For n € N, one has

_ Tr,_
[t = 1,

Zy

where Ty,_1 is the (2n — 1)th tangent numbers.

From Theorem 2.1, one has

[ xdpae - SR,
Z

P

Therefore, by Theorem 2.2 and (2.16), we obtain the following corollary.

Corollary 2.3. For n € N, one has
An1 (_1) = (_1)n_1T2n71-

From (1.6) and (2.9), we have

2 & "
xt _ —
[ edrae = g = Sy

p n=0

(see [5]). Thus, by (2.16) and (2.18), we get

n— n Ton-
I x? 1d/4_1(x) = Exp1 = (-1) 2511—1 :

Zy

Therefore, by Corollary 2.3 and (2.19), we obtain the following corollary.

Corollary 2.4. For n € N, one has

nTon1 App-1(-1)

Ezp1 = (-1) 22n-1 —  op2n-1

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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By (1.5) and (2.9), we get

& 1\, " &2"B,
_ZBn<§>2 E_nzzo Tt

By (2.21), we get

(Bn+1(1/2) - Bn+1) 2n+1
n+1 ’

I x"dp-1(x) =

ZP
Thus, from (2.19), Theorem 2.2 and Corollary 2.3, we have

(B2n(1/2) = Bon)2*" _ nlon-1 _ Awaa(=1)

n =(-1) 2n-1 22n-1

Therefore, by (2.23), we obtain the following theorem.
Theorem 2.5. For n € N, one has

(B2n(1/2) — Bp,)2*" nlon1 _ Aa(-1)

n =(-1) 222~ op2n-2

From (1.5), we note that

2t & t"
xt = — = J—
tJ;P edp-1(x) = et +1 nzzocnn!

(see [13, 14]). Thus, by (2.25), we get

Go=0, (G+1)" + G, =261,

(see [13, 14]), with the usual convention about replacing G" by G,,.
From (1.5) and (2.9), one has

xt _ ;_i)
tJ‘ZPe du_1(x) = 2<ef—1 T}

tn
=23(By~2"By) .

Ms

0

B
Il

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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Thus, by (2.27), we get

B _ 2n+1B
f x"dp_1(x) = 2<—"+1 — "+1>. (2.28)
ZP
From (2.28), we have
By, — 2°"B
2; =J Pl (x) = 22 for e N, (2.29)
ZP

Therefore, by (2.19), Corollary 2.3 and (2.29), we obtain the following theorem.

Theorem 2.6. For n € N, we have
Gon = 2<B2n - 22”BZn>. (2.30)

In particular,

ot (A2t (1)) = ()" Tors) gy = 22 (2.31)

3. Further Remark

In complex plane, we note that

<1 - i%z"i”x"> = % <—iE—'!’2”i"x”> 3.1)

By (1.10) and (3.1), we also get

Ton-1 = (-1)"Ep,12*™!, for m e N. (3.2)
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From (1.5), we have

® &, (it)*" 2it
; GZn = Zl ( ].) +—elt —it
it(l _ eit) it(e—it/z _ eit/Z) ~ (eit/z _ e‘it/z)/Zi
S iet T giisgun T F (ei'/2 + ¢it/2) /2

=t tan<£>
= 5 )
Thus, by (1.10) and (3.3), we get
2n

S

:1

From (3.4), we have
NToy = 222Gy, = 2211 (1 - 22”>B2n.

By (1.1), we see that

Tltn

1+ e—21t ZA

Thus, we note that

s o1 2 1-e2t et —e ) /2
Zin—lAn(_l)E — ;< _ 1> — e — (( ) )

2 T+e A+edi (e +e)/2)i
t2n 1
= Top1——.
Slant= Z 1 2 - 1))

From (3.7), we have
Ap(-1) =0, Agpi(-1) = (-1)"'Topy, (n>1).

It is easy to show that

o
Syt = 1S (1) e L e,

(t/2)2n 1 0
Gzn =t tan( ) Z 1)|T2n 1= Z(Z “ T Ton-1.

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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For simple calculation, we can derive the following equation:

) eix _ e—ix 2 4
ltanx=m=1—ezl_x_1+e4ix_l. (310)
By (3.10), we get
. 2ix i < (—1)"Byd™(1-4%) 5,
X tan x = —ix + o 64”‘ g on! x*". (3.11)
Thus, from (3.11),we have
()" Bond"(1 = 4") 1.
tan x = Z 2n)! x (3.12)
By (1.10) and (3.12), we get
-1)"B,, 4" (1 — 4"
Ton1 = (1) B ), for n € N. (3.13)
2n
From Corollary 2.3 and (3.13), we can derive the following identity:
B, 271 (1 — 4"
Agpa(-1) =22 77 ( ) (3.14)

n
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