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Abstract. In this paper, we study some properties of umbral calculus
related with Frobenius-type Eulerian polynomials. From our results of this
paper, we can derive many interesting identities with respect to Frobenius-
type Eulerian polynomials.
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1. INTRODUCTION

Let C be the complex number field. Throughout this paper, we assume that
A € C with A # 1. The Frobenius-type Fulerian polynomials of order r are
given by

-2\ e i
<7€(/\_1)t — )\) ot — ZA&T)(xM)H, (see [1,7,8]). (1.1)
n=0

In the special case, z = 0, AL (0|]A) = AY)(\) are called the Frobenius-type
Eulerian numbers. By (1.1), we easily get

(r) — T\ 4 () n—k
AP (z|A) = ;; (k) ANz E ] (see [1,3,9,11]). (1.2)

Let P be the algebra of polynomials in the single variable z over C and P*
be the vector space of all linear functionals on IP. The action of the linear func-
tional on a polynomial p(x) is denoted by (L|p(z)). The action (L|p(x)) satis-
fies (L + M|p(x)) = (Llp(x)) + (M|p(z)) and (cL|p(z)) = ¢ (L|p(x)), where c
is a complex constant (see [10, 13, 14]).

Let F denote the algebra of all formal power series in the single variable ¢
over C with

F= {f(t) =y ot
k=0

For f(t) € F, we define a linear functional on P by setting

akeC}. (1.3)

(f()]z") = an, (n>0) (see [10,13,14]). (1.4)
By (1.3) and (1.4), we get
(t*|2™) = nldnx (n,k > 0), (1.5)

where 9,, ; is the Kronecker’s symbol.

k

Let fu(t) = 5% 704k Then, by (1.5), we easily get (f1(t)]a") = (L|a™)
and fr(t) = L, (n > 0). The map L — f1(t) is a vector space isomorphism
from P* onto F. Henceforth, F is thought of as both a formal power series
and a linear functional. We call F the umbral algebra. The umbral calculus is
the study of umbral algebra (see [5, 10, 13, 14]).

The order o(f(t)) of the non-zero power series f(¢) is the smallest integer
k for which the coefficient of t* does not vanish. If o(f(t)) = 1, then f(t) is
called a delta series. If o(f(t)) = 0, then f(t) is called an invertible series
(see [5, 10, 13, 14]). Let o(f(t)) = 1 and o(g(t)) = 0. Then there exists a
unique sequence S, (z) of polynomials such that {g(¢)f(¢)"|S.(z)) = nld,x,
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where n, k > 0. The sequence S, (z) is called Sheffer sequence for (g(t), f(t)),
which is denoted by S,,(z) ~ (g(t), f(t)) (see [10, 13, 14]). From (1.5), we note
that (e¥*|p(z)) = p(y). Let us assume thatf(t) € F and p(x) € P. Then, we
have

fey=>" %t’“, pl) =Y @“l:#»xk (see [5,10,13,14]).  (1.6)

From (1.6), we note that

p®(0) = (t*lp(x)), (1[p™(x)) = p™(0). (1.7)
By (1.7), we get
_ d'p()
dz*
Let S,(x) ~ (g(t), f(t)). Then we have

L i =S
— ey — Mtk, for all y € C, (1.9)

g(f(t)) — K

where f(t) is the compositional inverse of f(t) (see [5, 10, 13, 14]).

The purpose of this paper is to study some properties of Frobenius-type
Eulerian polynomials arising from umbral calculus. By using our results of this
paper, we can obtain many interesting identities of Frobenius-type Eulerian
polynomials.

, (k> 0), (see [5,10,13,14]). (1.8)

2. FROBENIUS-TYPE EULERIAN POLYNOMAILS AND UMBRAL CALCULUS

In this section, we assume that r € Z. From (1.1) and (1.9), we note that

AW (] \) ~ ((%)t) : (2.1)

Let P, = {p(z) € C[z] | degp(z) < n}. Then P, is the (n+1)-dimensional vec-
tor space over C. It is easy to show that {A(()T) (x|N), AY) (z|A), ..., AV (x|/\)}

is a good basis for P, (see [1-17]).
For p(z) € P,, let us assume that

n

p(x) = chA,(f) (x|A), (n>0). (2.2)

k=0
Then, by (2.1) and (2.2), we get

gD A\, n gD A\,
(5=52) o) =X ((5=57)

n
= Z Cll!(;l,k = ]{J'Ck
=0

APl
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Thus, from (2.3), we have
1 et — AN
p($)> =7 <(ﬁ) D p(I)>

1 6t()\fl)_/\ r .
()
1 [ r—i 7 O
e o o

j=0

r

—ar o () @ Pt - ).

- J

7=0
Therefore, by (2.2) and (2.4), we obtain the following theorem.
Theorem 2.1. Forr € Z,, p(x) € P,, let

— Z ckA,(:) (x| N).
k=0

Then we have

o — ﬁ O () (A DAp((A — 1)),

prfAV

where Dp(z) = d’:l(j).

By Theorem 2.1, we get

n T

W) = 5 {Z () - 1))} A e,

k=0 \ j=0

Let us define A-difference operator A, as follows:

Axfz) = flz+A=1) = Af(x),

and

T(f) = T3 A () = o5 L+ A= 1) = M)}

From (2.7), we have
1
T\ (AD(z|N)) = Y {AD (z 4+ X = 1A) = MAD (2N}

By (1.1), we easily get

i {AD (2 4+ X —1|A) — AAD) (xyA)

1—A " 1—A "
I e (z+2=1)¢ AN xt
o (et()\—l) _ /\) € A (et()\—l) _ /\) €

1— )\ r—1

TL

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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Thus, by (2.9), we see that

1
T (AD(@]N) = — {AD @+ A= 13) = MO (@IN)} = AT (@),

(2.10)
From (2.10), we have
T3 (AQ (@l0) = T (AT (@) = - = AD(aly) =2 (211)
By (2.11), we get
Toam) = T (AQ(@]N) = AT @) =T (AD ). (212)
For s € Z,, from (2.12), we note that
T3 (A9 (@) = AG (@], (2.13)

On the other hand, by (2.13), we get
\ . 6t()\fl) Y s .
73 (A0 (al) = (71 ) (A0
1 — 1 )kt
_ § : A(T) A

k=1

—Z mZ< D )#M—l)%x’(xm
ky+-- +km71 m!

:Z )’”Z(A ! 2 (/f1 ..l. km)DlAg)(‘”m

kit tkm=l, ki>1

- (e B (o)A

m=0 k1+---+km=l, k;>1

=mij§{§n} f) DR N S (L FLETY

m=0 ki+-+km=l, k;>1

min{s,n} ( s )

5 R I Y A v

I=min{s,n}+1 ki+-+km=l, k;>1

Therefore, by (2.13) and (2.14), we obtain the following theorem.
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Theorem 2.2. Forr,s € Z,, we have

min{s,n} | n\ (s l
AN =2 ) ) (l>(§m_>(§;;;yl SRR

= m=0ki+--+km=I, k;>1

min{s,n} n\ (s l
cy Yy D)oy

I=min{s,n}+1 m=0 ki+-+kn=l, k>1

Let us take r = s. Then, by Theorem 2.2, we get

Tt (k) (D () 0
ARSI (’1’_ml AL (w]))

=0 m=0ki++km=Il, k;i>1

i) ()6 o )
D SR SHED DR A NN
I=min{r,n}+1 m=0 ki+-+km=l, k;>1
From (2.6), we can derive the following equation:
n n ~
ALF(0) = (k) (=N FF(A=1)k). (2.15)

k=0
Let s = 2r. Then, by (2.12) and Theorem 2.2, we get

T{ (") =AT " (x|A) = T3 (A7 («]X))

min{2r,n} | l D
Sy 06 0

1=0  m=0ky++hkm=l, k;>1 (1 —=A)m=

min{2rn} 1 ny\ (2r
n Z Z Z (k1(1 k_mz\)(rln)_(lm) Ale(:rlA).

I=min{2r,n}+1 m=0  ki+-+km=l, k;>1

By (2.7), we easily get

T = gy = ()evero-mr e

For n, k > 0, let us define A-analogue of the Stirling number of the second kind
as follows:

(n,K[) = Z( ) (2.18)

From (2.18), we note that Sy(n, k|1) = Sa(n, k) where Sy(n, k) is the Striling
number of the second kind. Therefore, by (2.16), (2.17) and (2.18), we obtain
the following theorem.
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Theorem 2.3. Forn,k > 0, we have

> () en s -y

J=0

S () Gy o) ()
=2 X 3 I ALY

= m=0ki+--+km=Il, k;>1

min{2rn}
D O DD DR LT

I=min{2r,n}+1 m=0 ki+-+kn=l, k>1

Moreover,

(A= 1)"Sy(n, r|\)

1 & (hyo )()() .

= m=0ki+--+km=I, k;>1

min{2rn}

% Oy WLJOB L,

" l=min{2rn}+1  m=0 ki+-+km=l, k;>1
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