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The purpose of this paper is to give a new definition of the extension of g-Bernoulli numbers by using a p-adic
g-integral in the p-adic number field.
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INTRODUCTION

Throughout this paper ZZ_, @ and ¢ will respectively denote the ring of rational integers, the
ring of p-adic integers, the field of p-adic numbers and the completion of algebraic closure of Qp.

Let v, be the normalized exponential valuation of €, with Ipl, = pP=p 1l If ge cC,
1
we normally assume lg—1 |p< p p-1, so that ¢ = exp (x log q) for xe Zp. In this paper, we

use the notation :
[x] =[x :q] =

Note that lim [x]=x.
q-1

For any positive integer N, it was known (see [3]) that g (x+ pN z,) = —[;%] can be extended

to a distribution on Zp. This distribution yields an integral for each non-negative integer m (see

[3D:

. _ " i i+
= I [a] d#q(a)—(l_q)m 2( )( )[z+1]
% i=0

where B, is the mth Carlitz g-Bernoulli number, which reduces to B, when ¢ = 1.
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To define a generalized g-Bernoulli number with order n, which reduces the generalized

ordinary Bernoulli number of higher order, we first use the multiple p-acid g-integral.

In this paper, the aim is to define the extension number of g-Bernoulli number with order

n and to give a new explicit formula by this number.

EXTENSION OF ¢-BERNOULLI NUMBER

For h;(i=1,2,..,k) e Z ,» we define a sequence of p-adic rational numbers as generalized Carlitz’s

g-Bemoulli numbers, polynomials with order k by

k

ktimes. Z xi(hi—])
Bl me® o [ by x g dp, (x)) .. d g (xp),
zz 2z
ktimes
k times k times
and ﬂih], ooy by iK) (x)=ﬁflhl, ..oy hy k) * )
k
Y x (-1
=[] ] e exgds d () ..., (x)).
%%z 2z
ktimes

It is easy to see in [3] that

k times n
ﬂ(hl,...,hk:k)z 1 v n (_1i(i+h1)(i+h2)---(i+hk)
n (1-g" = ' Li+h]li+hy) ... [i+h]
k times
heo ok k) 1 " " JE+R) (+hy) . (i +hy)
d 1 k 8 = § -1 - : :
o A .9 (1-g)" E ( z)( +hl+hy) o Ti+h)
k times

n n_jqxjﬁf'hl....,hk‘k)
(s :

for n > 0.
Note that

k times

,1,..,1k k . k) k
ﬁfl )(x, q)=ﬁfl)(x, q) and hm1 Bi (x, q)=Bfl)(x),
q—

where Bf'k) (x) is called the mth Bemoulli polynomial of order k.

. (D

- (2)

. (5
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We may now mention the following formulas which are easy to prove :

@B V1,9 - B gy =n b kg (- 1) T

k times

ﬁgl]+],h2+1"“’hk+l:k) . q)
k times k times
—@-1 ﬁ;hi,lhz,...,hk:k) n g) + ;h!,hz,v...hk:k) « o
k times
-1 . |
and [l]n—k 2 qsl hy+syhy+ . +s by ﬁflh,shza»..,hk.k) (x_'-i]—zz__};—

S Sy ....xkzo

k times
- ﬁflhl,hz,,..,hk:k) (ix q),

where just as in formula (8) we get

_ c k) Ky k)
-+ Y t,'quﬁf, [x+;,qk)=ﬂf, (xk, 9),
r=0

[ 1 —xk
where
1—-x

Z oo
J = 2 Tk, sxs.
s=0
Let d be a fixed integer and let p be a fixed prime number. We set

X= lim @/ dp" 2,

N

X'= YU a+dp%
O<a<dp
(ap=1)

a+de% = {xe Xlx=a (mod de)}9

where ae Z lies in 0$a<dp~.
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. (6)

.. (8)

Let x be a primitive Dirichlet character with conductor de Z_. Then we define the

generalized g-Bernoulli number of higher order with y as follows : for m20,
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k times

k zk:xi(hi—l)
=[] T T x@ig+vxd” 4 dp () - d (). o (9)
X X X i=1

k times

From (9), we easily get

k times
h,h,.. h k)
' k
n, X .. (10)
k k times
d-1 z hi . . . k
it ; . +iy+...+1
_ n-k o hx*”z""’hk'k) I 2 k 4 .
=t Y g B g | T 26 (10)
ik ,1L=0 j=
Note that
k times k times
. h,h, .. h k) (h,h,...,hk)
k) —
lim Bil 2 "Bn' 2 ,
qg—1
k times
h,h,.. h . .
where sz" 2 3 was defined in [2].

By the simple calculation, we see :

. d
Loy +xp+ o x, +d( +1,+ .. +1,) : ¢°"
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-1
] i k(m-1
n—ij—..—i,_, ; : . |

- i

n . . . .
where ( i i } is the multinomial coefficient.
1, "'m

m times

By the definition of Bfll' Lo 1im) (x, q)= ﬁﬁzm) (x, q), we have the following :

ﬁ("’){xl + Xy X, d]
n y g

n--ll n—t]- _lm-l
= ; ’i L k
iy 20 k=0 k =0 Feim U R m- 1
m-1
m-1 k
X, X i
d d d 1
I1 ﬁkﬂt(j’q ) B (jj"‘,q }(q -1 - (12)
j=1 J 7 m
From (10), (12), we easily get
k times
my 1,1,...,1:m)
my ~ Fnx
d-1 “
_ )X B [ x, +x,+.. +x m
—_ l 2 e
=@ty g —=4¢ | [ 2@
X, .nx =0 j=1
1 m
z ng\ n-i - —',,,_l( n ]( n—il) ( n—il— -zm_lJ
= i, ,i k k
i, i 20 k=0 k =0 1 m 1 ) m—1
n=il+ +i,
m-1
m-1 Z k.
. d K=
+i o (¢°-D=1 B . .. (13)
jl:Il ﬁkj . ‘m. 1

Let = py. q be given by
N
a+dp¥ 2)=1dp" : q* ' ¢* ber 4.
M G D z) D X de

Then 1, extends to a Q(g)-valued distribution ont he compact open sets Uc X (see [5)).
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Now, we define

,u;m) (g +xy+ ... +xn+de%)

n—l] n—ll-'...—l

S n—i n—iy—...=i,
55NN NN R IR I ) I
iy 20 k=0 k =0
n=i1+...+im
m-~1
2 k. m-1
: ! N N
.(qd__l):l H ykj+ij(xj+dp Zp) uim(xm+dp %)
j=1
Then we have
- ( )
m) m
J J J H xCpdp,  (qp+tx,+...+x)= oy . (14)
X X X i=1

m
J. j I H x(xi)d,uflm)(xl+x2+...+xm)=[p]"‘mx(p"’)ﬂf:!n;(qp). .. (15)
pX pX pX i=1

m times

By using (14), (15), the Kummer type congruence for ﬁfzm;)( can be proved in [5]. In this

paper, we remain for the reader to prove the Kummer type congruence for ﬁ:!m)){
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