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Abstract

Using non-archimedean g-integrals on Z, defined in [T. Kim, On a g-analogue of the p-adic log gamma functions and related
integrals, J. Number Theory 76 (1999) 320-329; T. Kim, g-Volkenborn integration, Russ. J. Math. Phys. 9 (2002) 288-299],
we define new Changhee g-Euler polynomials and numbers which are different from those of Kim [T. Kim, p-adic g-integrals
associated with the Changhee—Barnes’ g-Bernoulli polynomials, Integral Transforms Spec. Funct. 15 (2004) 415-420] and Carlitz
[L. Carlitz, g-Bernoulli and Eulerian numbers, Trans. Amer. Math. Soc. 76 (1954) 332-350]. We define generating functions of
multiple g-Euler numbers and polynomials. Furthermore we construct a multivariate Hurwitz type zeta function which interpolates
the multivariate g-Euler numbers or polynomials at negative integers.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Let p be a fixed odd prime in this paper. Throughout this paper, the symbols Z, Z;, Q,, C and C,, denote the
ring of rational integers, the ring of p-adic integers, the field of p-adic numbers, the complex number field, and the
completion of the algebraic closure of Q,, respectively. Let v,(p) be the normalized exponential valuation of C,
with |pl, = p~"r(P) = p~1 When one speaks of a g-extension, ¢ can be regarded as an indeterminate, a complex

number ¢ € C, or a p-adic number g € C,; it is always clear from the context. If ¢ € C, then one usually assumes
1
that |g| < 1. If ¢ € C,,, then one usually assumes that | — 1], < p~ »-T, and hence ¢* = exp(x logq) for x € Z,.

In this paper, we use the notation

[x]ly = , (@a:@n=0-a)1—aq)---(1—aq"""), cf. [3-8].
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Note that lim,_, 1[x], = x for any x with |[x|, < 1 in the p-adic case. For a fixed positive integer d with (p,d) =1,
set

X =Xy =lmZ/dp"Z,
N
X1=%Zp,, X'= |]J a+dpz,.

O<a<dp
(a,p)=1

a+dp"Z,={x € X | x = a(mod dp™)},

where a € Z satisfies the condition 0 < a < de (cf. [10,11]). We say that f is a uniformly differentiable function
at a point a € Zp, and write f € UD(Z,), if the difference quotients Fr(x,y) = %}f(y) have a limit f”(a) as
(x,y) = (a,a).For f € UD(Z)), let us begin with the expression

o d = > FueG+pVZp).  of. [4-68],

N
[P™ g o L2 0<j<pV

which represents a g-analogue of Riemann sums for f. The integral of f on Z,, is defined as the limit of those sums
(as n — oo0) if this limit exists. The p-adic g-integral of a function f € UD(Z,) is defined by

dpV -1
1,(f) = /x Jf)dug(x) = /Xd f)dpg(x) = lim [@p, XX:(:) fg*.

Recently, many mathematicians studied Bernoulli and Euler numbers (see [1-24]). Using non-archimedean g-integrals
on Z, defined in [15,16], we define new Changhee g-Euler polynomials and numbers which are different from
those of Kim [7] and Carlitz [2]. We define generating functions of multiple g-Euler numbers and polynomials.
Furthermore we construct a multivariate Hurwitz type zeta function which interpolates the multivariate g-Euler
numbers or polynomials at negative integers.

2. Multivariate g-Euler numbers and polynomials

Using p-adic g-integrals on Z,, we now define new g-Euler polynomials as follows:

/ g’ (x + y)"'du_1(y) = Ep 4(x).

P

Note that lim, .| E, 4(x) = E,(x), where E,(x) are Euler polynomial which are defined by #ex’ =
Z,‘;O:O E, (x)%. Inthecase x =0, E,, 4 = E; 4(0) are called new g-Euler numbers. And note that lim,_,1 E, ; = Ej,
where E, are classical Euler numbers. Let ay, az, ..., ar, b1, b2, ..., b, be positive integers. Then we consider a
multivariate integral as follows:
/ f gt gy xg - @) dpey () - dpeg (x)
Zp Zp
= Eng" (xlar, a2, ..., ar; bi,ba, ..., by). M

Here En,q(r )(x|a1, az,...,ar; by, by, ..., b,) are called multivariate g-Euler polynomials of order r.

In the case x = Oin (1), E; 4(Olay, az, ..., ar; b1,b2,...,b,) = Ey4(ar,az,...,ar; by,ba, ..., b) will be
called multivariate g-Euler numbers of order r.

From (1), we derive the following generating function for multivariate g-Euler polynomials:

F(;r)(t3x|a17a25"'var; b17b2,---7br)

n

= t
:ZEn,q(r)(xml,abu-,ar; b17b2a"-7br);
n=0 ’
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2}"
_ ot )
(qblealt + ])(qbze(lzt + ]) e (qbreart —+ ])
Note that Eo ;" (x|a1, az. ..., a; b1, by, ....b) = m

Let x be the Dirichlet character with conductor f(=odd) € N. Then we define the multivariate generalized ¢g-Euler
numbers attached to x as follows:

// X(x1) - x (e )gP T T (@ 4 g x) A () - - - dpe ()
X X
:En’X,q(al,...,ar; bl,...,br). (3)

From (3), we can derive generating functions for the multivariate generalized g-Euler numbers attached to y,

n

o0

t

Fyylar, ..oar bisoobr) = ) Enyq@ ..o ap biy.by)—
=

f-1 2r(_1)n1+~~+nrqb1n1+~~+brn,e(a1n1+~~-+a,n,)tX (nl) . X(nr)

= 4
Z:o (q7Prefar +1). - (gTbrefat + 1) @

where n is odd.
Let n be an odd positive integer. From the definition of E, x,q(r) (a1,...,ay; by,...,b,) in (3), we have the

following:

En,x,q(r)(al, .. ap; by, .o, by)

V-1
= Jim 3 ) ) (1) Gy )
ni,...,n,=0
Z(n,+fx, ibj(?lj‘i‘)cjfl) r
:ngnoo Z Hx(n,+fn,)( 1= g~ D ajnj+ fx)"
..... =0 Xx1,...,x, =l j=1
f-1 Z nj I Z bjn;j
=/ ), =nE l_[x(n,)q’
ny,...,n,=0
r n
pN-1 Z(x/) be Xj jglajnj r
< fim DL EDE g R e ) ey
Ooxl ..... X =l j=I
il r Zb/ j
="y, (= 1>fl l_[x(n,)q”
ni,...,n=0
n n
fibjxj ,é:lajnj n
X/Z /Z q = T+Zam dpe—1(x1) - - dp—1 (xr)
r P j=1
r-times
n
Fo1 o S by, E] ajn;
=f" ) (=1~ ]_[x(n])qf VU E | P—at e an by
ni,...,ny=0 j=1 f

Therefore we obtain:
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Theorem 1. Let ay, ..., a,, by, ..., b, be positive integers, then we have

En,x,q(r)(alv c..sar; by, ..o, by)

n
f-1 i‘nj r _Zr:b/n_i ,glajnj
= > 0 Jxhe= fE | . anbi b ] ©)
ni,...,n,=0 j=1 f

where f, n are odd positive integers.
3. Multivariate g-zeta functions in C

In this section we assume that g € C with |¢| < 1. Let us assume thatay, ..., a,, by, ..., b, are positive integers.
The purpose of this section is to study a multivariate Hurwitz type zeta function which interpolates multivariate
q-Euler polynomials of order r at negative integers. By (2), we easily see that

" [es) inj ibjnj (iajnj—ﬁ—x)t
FPGxlar . ap bro b)) =20 Y0 (=1 g e : (©)
ni,...,n,=0

By taking derivatives of order k, on both sides of (6) we obtain the following:

Theorem 2. Let k be positive odd integer and let ay, . . ., ay, by, ..., by be positive integers. Then we have
r r k
o0 Xonj Ybjnj [ r
EgV(lar,....ap bi.. by =2 Y (=7 g7 Y an+x) (7)
Nly..., ny=0 j=1

By the above theorem, we may now construct the complex multivariate g-zeta functions as follows:

Definition 1. For s € C, we define

o o) Zl nj _Zl bjnj
—1)i= j=
GG, x Larap br b)) =Y 2

N
-
n,...,n,=0
ajnj +x
Jj=1

Thus we note that this function in (8) is an analytic continuation in the whole complex plane. And we see that this
multivariate g-zeta function interpolates g-Euler polynomials at negative integers.

®)

Theorem 3. Let n be an odd positive integer. Then we have

G(=nx lat,....a bi, ... by) = En g (x| a1, ..., a5 bi,....by). ©)
We now give the complex integral representation of ¢-(s,x | ai,...,ar; bi,...,by). Using (6), we have the
following:
1
F (=1, veesay; by, b T dr
T'(s) f(c q ( x lai ay 1 )
0 i”/’ ibjnj 1 —(injaj+x)t
=2 Z (=1)i=t g/ ?§ e /=1 S ar
0y e I's) J ¢
r ™ bin;
0 an q]g' ]n]

NYyeenyp=
Pt Yonjaj+x
j=1

=2 Y 07 (3

1
-y s—ld
)*‘ I'(s) f@e vy
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Zé.}’(s?x'alv-"var; blv'-'ybr)' (10)

On the other hand,

F)(—t, . ap by, ... bt "l
T'(s) f{c q ( x| ap ar 1 )

_ i(—l)m Em’q(”)(x |ai,...,ar; by,...,by) 1 % sl (an
— m! I'es)J c

Thus by (10) and (11), we have the following:

oS ED(x | a ay; by b) 1
. _ m—m s e Uy v e Ur m-+s—1
(s, x|ag,...,ar; by,...,by) = Eﬁ (-1 - o) %Ct dz.

Thus we have
tr(-n,x|ai,....a bi,....by) = E"(x |ai,....ar; by, ....b). (12)

To construct the multivariate Dirichlet L-function we investigate the generating function of generalized multivariate
g-Euler numbers attached to x, which is derived in (4).

inj ibjnj iajnjt r
= (—1)=! g/~ e/=l 1_[1 x(nj)
r 5

-
M5,y =0 [1(g/%efe" +1)
j=1
] > nj bj i e i"_i ifb_,'xj Zfa/xj
=2 Y (=1 g7 Hx(n,) Z (== g= el
ny,...n,=0  j=1 X, Xp=
Z(nﬁrfx, Zb(n,Jrfx,) r ziaj(nj+ij)
=2 Z Z ( 1)J=! g~ []x@)+ fxpe =
X1yeens x,=0ny,..., j=1
0 inj zr:bjnj r ’Xr:“j"j
=27 Y = g= [[xmpe =
ny,...,n=0 j=1

Thus we can write

00 Sonj X by ‘Y an;
FrgP@lar, .oap b by =27 Y0 (=) g7 []x(mje =
ny,...,n,=1 j=1

(since x(0) =0, wecanstartatn; = l,np=1,...,n, = 1)

o0 tn
= Enyqlar.....ap; Do) (13)
From (13), we can derive the following:
0 i nj i bjnj (T
2 Z (_1)I=1 qul (1_[ X(nj)> (ajn; +"'+arnr)k B Ek,)(,q(alv-"yar; bi,....by). (14)
Nyenny ny=1 Jj=1

Therefore we have the following:
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Definition 2. For s € C, define multivariate Dirichlet L-function as follows:

o) biny+-+brn
(=ymttnr gttty gy -y (ny)
L, (s, a,...,ay; by,...,b)=2" . 15
PG x L@, ..o aps biy... by Z:] PITES— (15)
Note that L, (s, x | a1, ...,ar; b1, ..., b;) is also an analytic function in the whole complex plane. By (12)—(15),

we see that the g-analogue multivariate Dirichlet L-function interpolates multivariate generalized g-Euler numbers
attached to x at negative integers as follows:

Theorem 4. Let k be a positive integer. Then we have

Lr(_k’ X | at, ..., ar; bls ""br) = Ek,)(,q(alv ceesarg b17 -~’br)'
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