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Fibonacci, Lucas, and Pell
Numbers, and Pascal’s Triangle

THOMAS KOSHY

Fibonacci, Lucas, Pell, and Pell-Lucas numbers belong to a large family of
positive integers. Using Lockwood’s identity, developed from the binomial
theorem, we show how they can be computed from Pascal’s triangle,
the well-known triangular array of the binomial coefficients (}), where
0 < k < n. This close link with Pascal’s triangle brings these numbers

within reach of many mathematical amateurs.

Introduction

Fibonacci numbers F, and Lucas numbers L, continue to provide invaluable opportunities
for exploration, and contribute handsomely to the beauty of mathematics, especially number
theory. They are often defined recursively as follows:

Fi=1=F,, Li=1,L,=3,

F, =F,—1 +F,2, n>3; L, =Ly—1+Ly-2, n>3.

(Both Fibonacci and Lucas numbers satisfy the same recurrence relation.) These recursive
definitions can be used to develop Binet’s explicit formulas (see reference 1)

n __ pn
F,= P L, =a" 1+ p"

o —
where

14+ /5 1-/5

o= and B =
2 2

are solutions of the quadratic equation x> = x 4+ 1 and n > 1. Notice that « + 8 = 1,
o — B = +/5,and af = —1. (These facts will come in handy a bit later.) They can be

confirmed using induction, or generating functions as the French mathematician Abraham
De Moivre (1667—-1754) did in 1718. The first five Fibonacci numbers are 1, 1, 2, 3, and 5; the
first five Lucas numbers are 1, 3,4, 7, and 11.

Lucas’ formula

In 1876, the French mathematician Frangois Edouard Anatole Lucas (1842—-1891) discovered

another explicit formula for F,, :
L(n—1)/2]
n—k—1
E,= ) ( L ) (1)

k=0

where |x| denotes the floor of the real number x, that is, the greatest integer less than or equal
to x.
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Figure 1 Pascal’s triangle.

This formula can be established using the strong version of induction. Since

B0

and

(1) holds when n =1 and n = 2.
Now assume that (1) holds for all positive integers less than or equal to m, where m is an
arbitrary positive integer, i.e.

Ln=Dj2)
Fy = 2: ( L )

k=0

There are two cases we need to consider: m is odd and m is even. In each case, using Pascal’s
identity and a lot of algebra, it can be shown that the formula works for n = m + 1 (see
reference 1). Thus, by the strong version of induction, Lucas’ formula holds for every positive
integer n.

It follows by Lucas’ formula that Fibonacci numbers can be obtained as sums of the binomial
coefficients along the rising-diagonals in Pascal’s triangle; see figure 1. We will develop another
method for computing them from Pascal’s triangle. But before we do, we will show how Lucas,
Pell, and Pell-Lucas numbers (defined later) can be extracted from the array. To this end, we
need an identity which can be obtained from the binomial theorem.
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Lockwood’s identity

Let x and y be arbitrary real numbers. Then, by the binomial theorem, we have

x+y=(+y),
x2 —}-y2 =(x +y)2 —2xy,
Sy =@+ =300« + ),
oyt =@+t - 40+ )+ 2000)7,
By =@+ )7 =500« + )7 +5060)% (x + ).

In each case, the expression x” 4 y" is expressed as asum of |n/2]+1 termsin xy and x +y.
More generally, we have the following identity, developed by E. H. Lockwood in 1967 (see
reference 2):

Le/2) el (m—k n—k—1 k 2%
Y =Y+ Y (=D [( L )+( P )}(xy) ()",
k=1

where n > 1. This identity also can be confirmed using the strong version of induction, Pascal’s
identity, and a lot of messy algebra. It can be rewritten as follows:

WA Tm—k\  (n—k—1 ; "
e B (T s @
k=0

where

It follows from (2), for example, that

Xy =@+ ) =T +y)° + 1402 (x4 3)7 = Txy)P(x + y).

Lucas numbers and Pascal’s triangle

Lockwood’s identity yields several interesting dividends. To begin with, we now can extract
Lucas numbers from Pascal’s triangle. To see this, we let x = o and y = B in (2). This yields

~

2]

L= S (—U"[(" . ") i (” e 1)}(_1)k
[(n;k)’“(n;ﬁl)} (3)

ST o>
N
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k=l
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Figure 2

Consequently, L, can be computed by adding up the elements along two alternate rising-
diagonals. For example,

3

w=3(0) ()]
=[O+ ()OO0 = O] [6) 6]

= (1+0) + 6+ 1)+ (10+4) + (4 +3)

=(O04+1+44+3)+A+6+10+4)
—29

(see the bold-faced numbers in figure 2).

Notice that (2) can also be written as follows:

[n/2] n n—k
n no_ —lk k n—2k.
A"y ];( )n_k( L )(xy) (x+)

Consequently,
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Thus L,, can be computed using the elements on the rising-diagonal beginning at (8) with
weights n/(n — k). For example,

u=2 (V)

() (1) +36)+30)

T4+14+7

\ll\l‘\“

Il
[\)>—
o

as expected.
Equation (3), coupled with (1), yields the following well-known formula connecting
Fibonacci and Lucas numbers:

L RPN U IV
L”=Z< k-1 )+Z< k )

k=0 k=0
[(n—2)/2] . n/2]
n—i— 2) n—k
- ()2 ()
i=0 ( ! P AN
=Fu—1 + Fut1.

This can also be established using Binet’s formulas, which is a lot simpler (see reference 1).
Next we turn to Pell and Pell-Lucas numbers.

Pell and Pell-Lucas families
Pell numbers P,, and Pell-Lucas numbers Q,, are also often defined recursively as follows:
Py =1, P, =2, Q=1 Q=3
P, =2P, 1 +P, 2, n>3; Qn =2Qu-1 + Qu-2, n > 3.
They can also be defined by Binet-like formulas as follows:

)/"—8" )/”-|—(3n
P = s = s
n ]/—5 Qn )

where ¥ = 1 ++/2 and § = 1 — +/2 are solutions of the quadratic equation x> = 2x + 1, and
n>1. Noticethat y +8 =2, y — 8 = 24/2, and y§ = —1. The first five Pell numbers are
1,2, 5, 12, and 29; the first five Pell-Lucas numbers are 1, 3, 7, 17, and 41.

Pell-Lucas numbers and Pascal’s triangle

We can also extract Pell-Lucas numbers from Pascal’s triangle with proper weights. To see
this, we let x =y and y = § in (2). Then

[n/2]
. n—k n—k—1 n—2k—1
Qn—k§:0j[< . )+( o )}2 |
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Figure 3

o[ (e
=[0) G+ [0+ @ [C)+ Q)+ 1G)+ G

=(1+40)-2°4+6+1)-2*+(10+4)-22+ @4 +3)-2°

= 239.

Consequently, Q7 can be computed by multiplying the sums of the entries inside the solid loops
beginning at ((7)) in figure 3 by the weights 20, 2%, 22, and 2° respectively, and then adding
up the products.

Likewise, Qs = (1 +0) -2 + 5+ 1)- 23+ (6 +3) -2l + (1 + 1) - 271 = 99; see the
dotted loops in figure 3.

Odd-numbered Fibonacci numbers and Pascal’s triangle

Next we will show that odd-numbered Fibonacci numbers can be computed from Pascal’s
triangle in a different way. To this end, we let n be odd and change y to —y in (2). Then we

obtain
(n=1)/2
—k —k—1
A —yt= (—D"[(" L )+ (” 1 )}(—xy)"(x - (4)
k=0

Letting x = o and y = B, this yields

(D)2 n—=k n—k—1
(= BFi= ) (—l)kK . )+( o )}(a—ﬁ)"z"-

k=0
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So 2
(n—1
Z n—k n—k—1
F — _] k 5(}’[—2](—1)/2’

where n is odd.
For example,

o B[ (o)

R R

(see the solid loops in figure 3).

Odd-numbered Pell numbers and Pascal’s triangle

Using (4), odd-numbered Pell numbers also can be computed from Pascal’s triangle. To see
this, letting x = y and y = §, (4) yields

SP_(H_I)/Z 1k_n—k n—k—1\7 5k 5y1—-2k
(y =8P, = Xje»_(k )+(k_1)f—y>w—) :

k=0
(n—=1/2 _ _

Po= ) (=D (”;k)+(”;f;1) (23221
k=0 - -

(n—1/2 _ -
_ Z (— 1y n—k n n—k—1 g(n—2k=1)/2
= [\ %k k—1 /] ’

where n is odd. Thus, P, can be computed using the same loops for F,,, but with different
weights, where n is odd.
For example,

Py = é(—l)"[(7;k> + (Z } T)}S?’_k

=(140)-8—6+1)-82+(10+4)-8' —(4+3)-8°
=169

(see the solid loops in figure 3).
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