Kurt Advances in Difference Equations 2014, 2014:5 ® Advances in Difference Eq uations
http://www.advancesindifferenceequations.com/content/2014/1/5 a SpringerOpen Journal

RESEARCH Open Access

New identities and relations derived from the
generalized Bernoulli polynomials, Euler
polynomials and Genocchi polynomials

Veli Kurt"

“Correspondence:
vkurt@akdeniz.edu.tr

Department of Mathematics,
Faculty of Science, Akdeniz
University, Campus, Antalya, 07058,
Turkey

@ Springer

Abstract

In this article, we give some identities for the g-Bernoulli polynomials, g-Euler
polynomials and g-Genocchi polynomials and recurrence relations between these
polynomials in (Mahmudov in Discrete Dyn. Nat. Soc. 2012:169348, 2012; Mahmudov
in Adv. Differ. Equ. 2013:1, 2013).
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1 Introduction, definitions and notations
In the usual notations, let B, (x) and E, (x) denote, respectively, the classical Bernoulli and

Euler polynomials of degree # in «, defined by the generating functions

oo
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ZBn(x)_ = er, |t|<2m
= n e -1

and

o0

t" 2
ZE,,(x)— = et | <.
— n e+1

Also, let
B, :=B,(0) and E,:=E,(0),

where B, and E,, are, respectively, the Bernoulli and Euler numbers of order n.

Carlitz first extended the classical Bernoulli polynomials and numbers, Euler polynomi-
als and numbers [1]. There are numerous recent investigations on this subject by many au-
thors. Cheon [2], Kurt [3], Luo [4], Luo and Srivastava [5], Srivastava et al. [6, 7], Tremblay
et al. [8], and Mahmudov [9, 10].

Throughout this paper, we always make use of the following notation: N denotes the set
of natural numbers and C denotes the set of complex numbers.
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The g-numbers and g-factorial are defined by

1-4°

=4 —, q#], (n]g! = [nlyln-1]4---[2]401];, neN,aeC,

la], =
respectively, where [0],! =1, 7 € N, a € C. The g-polynomials coefficient is defined by
nl _ (q:qh
k|, @ @nila:a)’

where (g: )y =(1-¢q)--- (1= ¢")n.
The g-analogue of the function (x + y)y is defined by

" n k(k=1)
(x +y)2 = Z |:ki| qTxnfkyk'
q
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The g-binomial formula is known as
— " n| ke
n:q)a=0-a)i=[](1-qa)= { } q 7 (-Dfd".
720 q

The g-exponential functions are given by
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n=0 q
and
n o0
Eq(2) = Zq 21[71] H(1+(1 q)q‘z), 0<lgl<l,zeC.
% k=0

From these forms, we easily see that e,(z) E;(~z) = 1. Moreover, D e, (2) = e,(2), D;E;(2) =
E,(qz), where D, is defined by

D,f(2) = f(qz) f , 0<lgl<1,0#zeC.

The above g-standard notation can be found in [10].

Mahmudov defined and studied properties of the following generalized g-Bernoulli
polynomials Bﬁ,‘f,}(x, y) of order « and g-Euler polynomials 5,(,?‘,1) (%,y) of order « as fol-
lows [10].

Letg € C, € Nand 0 < |g| < 1. The g-Bernoulli numbers B,(f,; and polynomials Bff;(x,y)
inx, y of order « are defined by means of the generating functions
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The g-Euler numbers E,(,‘f; and polynomials 8,(,?2 (%,y) inx, y of order « are defined by means
of the generating functions
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The g-Genocchi numbers g,ﬁ'j“; and polynomials Q,(q‘f‘; (,y) in x, y of order « are defined
by means of the generating functions

g o) A 2 o
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It is obvious that
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From (2), (4) and (6), it is easy to check that
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In this work, we give a different form of the analogue of the Srivastava-Pintér addition
theorem.
More precisely, we prove

gn,q(x: }’) = ygn—l,q(xy qy) + xgn—l,q(xy J/)

n

[ ] ignq(xry) Z[:] gk,q(x’y)gn—k,q(lio)};
q

k=0


http://www.advancesindifferenceequations.com/content/2014/1/5

Kurt Advances in Difference Equations 2014, 2014:5
http://www.advancesindifferenceequations.com/content/2014/1/5

n

|:Zi| gk,q(x’y) + gn,q(x’y) = Z[H]q(x +y Z_l’
q

k=0

(@)

Grag%:9)
1 Hln+1 Lk ;

T+l [ k } {ZH gf,‘?(x'o)m"k+g&)(x’o)}g””-kyq(oymy)rn"
"+ Ha o g Uz U],

) 1 n+l |:Vl+1:| {Xk:[k:| g(a(o )Wl} +g (O )}
[}’l+l]q o k il jq J k+1,4\V0 Y

X Gruri-kg(mx, 0)m* ™",

G (x,y)
1 ol n+1 u (@) jn () k—n
= [+ l]q kXZ(; ; g‘,q (%, 0)m? ™" — gk,q (%,0) Bn+1—k,q(0» le)m
BY)(x,y)
n+l n+l 1 k .
__Z|: . :| [n+1]q<; kqx,O)m +B (x,O)

X grﬁ—l—r,q(o; my)m N

2 Main theorems
Proposition 2.1 Thegeneralized q-Bernoulli and q-Euler polynomials satisfy the following

relations:
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Proposition 2.2 For x,y,z € C, the following relations hold true:

p=0

n p
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Proof The proof of these propositions can be found from (1)-(6). O
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Theorem 2.3 The generalized q-Genocchi polynomials satisfy the following recurrence re-
lation:

gn,q(x! _y) = ygn—l,q(x! q_y) + xgn—l,q(x! J/)

n

1 1
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k=0

Proof In (6) for o = 1, we take the g-derivative of the generalized g-Genocchi polynomials
Gy,4(x,y) according to ¢. We note that
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If we take necessary operation, comparing the coefficients of #nq!, we have (13). O

Theorem 2.4 There is the following relation for the q-Genocchi polynomials:

Zm (G (@,0) + G (x,-1)) = 2[n], Gy 10 (%,0). (14)
q
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Proof From (6) and e, (2)E;(—z) = 1, we have
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From this last equality, we have (14). O
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Theorem 2.5 There is the following identity for the q-Genocchi polynomials:
"\ n
Z [ k} Grg(®,9) + Gug,9) = 2[nlg(x + y); 7 (15)
q
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By using the Cauchy product, compression of the results, we have (15). O

Theorem 2.6 There are the following relationships for the q-Genocchi polynomials:
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Comparing the coefficients of g We have (16). The proof of (17) is similar to that
of (16). O

3 Explicit relation between the g-Bernoulli polynomials and g-Genocchi
polynomials
In this section, we prove two interesting relations between the g-Bernoulli polynomials

Bﬁ,‘g (¢, y) of order a and the g-Genocchi polynomials Qi,‘f‘; (%,y) of order «.

Theorem 3.1 There is the following relation between q-Genocchi polynomials and

q-Bernoulli polynomials
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Comparing the coefficients of #”q!, we have (18). O

Theorem 3.2 There is the following relation between gq-Bernoulli polynomials and

q-Genocchi polynomials:
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Proof From (2), we obtain
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Comparing the coefficients of #"q!, we have (19). d

Competing interests
The author declares that they have no competing interests.

Acknowledgements

This paper was supported by the Scientific Research Project Administration of Akdeniz University. The author is grateful to
the referees for valuable comments. Proceedings of 2nd International Eurasian Conference on Mathematical Sciences and
Applications.

Received: 10 October 2013 Accepted: 3 December 2013 Published: 06 Jan 2014

References

1. Carlitz, L: Expansions of g-Bernoulli numbers. Duke Math. J. 25, 355-364 (1958)

2. Cheon, GS: A note on the Bernoulli and Euler polynomials. Appl. Math. Lett. 16, 365-368 (2003)

3. Kurt, B: A further generalization of the Bernoulli polynomials and on the 2D-Bernoulli polynomials B2(x,y). Appl.
Math. Sci. 233, 3005-3017 (2010)

4. Luo, QM: Some results for the g-Bernoulli and g-Euler polynomials. J. Math. Anal. Appl. 363, 7-18 (2010)

5. Luo, QM, Srivastava, HM: g-Extensions of some relationships between the Bernoulli and Euler polynomials. Taiwan.
J.Math. 15, 241-247 (2011)

6. Srivastava, HM, Choi, J: Series Associated with the Zeta and Related Functions. Kluwer Academic, London (2011)

7. Srivastava, HM, Pintér, A: Remarks on some relationships between the Bernoulli and Euler polynomials. Appl. Math.
Lett. 17,375-380 (2004)

8. Tremblay, R, Gaboury, S, Fugére, BJ: A new class of generalized Apostol-Bernoulli polynomials and some analogues of
the Srivastava-Pintér addition theorems. Appl. Math. Lett. 24, 1888-1893 (2011)


http://www.advancesindifferenceequations.com/content/2014/1/5

Kurt Advances in Difference Equations 2014, 2014:5 Page 9 of 9
http://www.advancesindifferenceequations.com/content/2014/1/5

9. Mahmudov, NI: g-Analogues of the Bernoulli and Genocchi polynomials and the Srivastava-Pintér addition theorems.
Discrete Dyn. Nat. Soc. 2012, Article ID 169348 (2012). doi:10.1155/2012/169348
10. Mahmudov, NI: On a class of g-Bernoulli and g-Euler polynomials. Adv. Differ. Equ. 2013, 1 (2013).
doi:10.1186/1687-1847-2013-1

10.1186/1687-1847-2014-5
Cite this article as: Kurt: New identities and relations derived from the generalized Bernoulli polynomials, Euler
polynomials and Genocchi polynomials. Advances in Difference Equations 2014, 2014:5

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.advancesindifferenceequations.com/content/2014/1/5
http://dx.doi.org/10.1155/2012/169348
http://dx.doi.org/10.1186/1687-1847-2013-1

	New identities and relations derived from the generalized Bernoulli polynomials, Euler polynomials and Genocchi polynomials
	Abstract
	MSC
	Keywords

	Introduction, deﬁnitions and notations
	Main theorems
	Explicit relation between the q-Bernoulli polynomials and q-Genocchi polynomials
	Competing interests
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.440 793.440]
>> setpagedevice


