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ABSTRACT

In this manuscript, we introduce for 0 < ¢ < 1 a new deformed g¢-binomial dis-
tribution by virtue of the normalized ¢-Krawtchouk orthogonal polynomials. We
call this g-discrete probability distribution g-binemial distribution of type I, say
B(n,p,q) with p > 0. Interpretation of this g¢-discrete probability distribution is
provided by considering, for suitable values of ¢, n—dimensional vector spaces over
the finite field of 1/¢ elements. Furthermore, we study its asymptotic behaviour
for n — oo by showing that is compatible with a standardized Stieltjes-Wigert
distribution.

1. INTRODUCTION

Let v, be a discrete probability measure in S = {z;,i = 1,2,...,n; n =
0,1,...} with finite moments of all orders. Then it is well known that their
exist a sequence of normalized discrete orthogonal polynomials { P, ()} with
respect to the measure v, satisfying the orthogonality relation

Z vl @) Ppla)Py(a) = /\nyém,r/- (1)

TES

where &, the Kronecker delta and A, a non-negative sequence of n and v
and the three term recurrence relation

;ijpm(;t.’.} = Pm+1('r) + a'mpm(r) + bmpm—l(a:) (??l 2 ]-) (2)

where a,, € R and b,, > 0 and with initial conditions Py(x) = 1 and
Pi(z) = ¥ — ag. Conversely, Favard’s theorem ensures the existence of a
discrete probability measure v, on 5 for which the sequence of polynomials
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determined by the recurrence relation (2) are orthogonal. The mean value
and the variance of the discrete random variable X in the discrete spectrum
S with probability function v,(2) are given respectively by g = ag and
o? = by. If a,, = 0 then all moments of odd order are zero.(see Saitoh and
Yoshida (2000}, Christiansen (2004)).

Saitoh and Yoshida(2000) introduced a ¢-deformed binomial distribution for
0 < g < 1, by virtue of a g-deformed sequence of Krawtchouk orthogonal
polynomials and studied its asymptotic behaviour by showing that is com-
patible with a ¢-deformed Gaussian distribution in a quantum probability
space.

Various g-analogues for (0 < ¢ < 1, of the classical binomial distribution have
also been studied by many authors. Among them we refer to Kemp(1992,
2002), Sicong(1994) and Charalambides{2005).

In this manuscript, we introduce for 0 < ¢ < 1 a new deformed ¢-binomial
distribution by virtue of the normalized ¢-Krawtchouk orthogonal polynomi-
als. Interpretation of this ¢-discrete probability distribution is provided by
considering, for suitable values of ¢, n—dimensional vector spaces over the
finite field of 1/g elements. Furthermore, we study its asymptotic behaviour
for n — oo by showing that is compatible with a standardized Stieltjes-
Wigert distribution.

2.INTRODUCTORY DEFINITIONS AND NOTATIONS

For the needs of this manuscript we recall some usual definitions and
notation used in g-analysis (see Koekoek and Swarttouw (1998)).
Let 0 < ¢ < 1,  a real number and %k a positive integer. The ¢-shifted
factorial is defined by

i

(a:q)n = [J(1—ag’™")
=1
and the general g-shifted factorial is given by

o0

(a:¢)e := [T(1 = ag’™"), (aiq)o=1.
j=1
Also,
(a,b:q)n := (a:¢)n(b: q)n.
The g-number is defined by

x

I—¢q
lL—gq

[2], =
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and the g-binomial coefficient by

(n) __ (@9
k), ) ) -k

n o n
(1), =),
S 1fq 7

—t:q)y = ”) (3)¢%,
(—t:q) ;Z:% ( ) qfr
3. ¢-BINOMIAL DISTRIBUTION OF TYPE I-ASYMPTOTIC
BEHAVIOUR

Let 0 < ¢ < 1 be a rational number such that 1/g be an integer larger
than 1. Also, let V,, be an n—dimensional vector space over the finite field
GF(1/q) of 1/q elements. Then V), contains a total of 1/¢" vectors and the
number of z-dimensional subspaces of V,,, & =0,1,...,n is given by (2)1;’9'
(see Exton(1983)).
Supposing that each z-dimensional subspace assigns a weight. say g,(x: V).
with

Also

gq(;v:l'il}zq(xil}p'x, p>0, 2=0,1,....n

we have that the probability of appearance of a z-dimensional subspace of
Vy is given by

T+1
(;’f)wq( 2

T4l (3)
Z;:O (;)lfgq[ j )p_I

-

fx(z) =

or
fX(_-B): (’r;) -1 —1-1 x]:[ l_l_p—l i—n—1 ]—1‘. x_ﬂ ]. 1, (_l_)
: q =1

with0 < g<1, p>0.

Next, we define the following deformation of the g-analogue binomial dis-
tribution (4) considering the random variable Y = ¢~% with probability
function

In In

- _Ingy
?:.l (;q) In g
(_ﬁ)qq iy o . (r)
AT ot ’

uy (y) =
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where

iy =P_1Q’_n~. ?)>0 (b)
such that

a, > 1, a,¢" — 0 (7)
and

p — 00 as . — 00, (8)

Proposition 3.1.  The probability function uy(y) is induced by the nor-
malized q-Krawtchouk orthegonal polynomials, say po(y;p,n,q), 0 < g <1
given by

9 " ¢)m
(_?)qm-. q )m

where y = g%, = 0,1,...,n and K (y; p,n,q) the g-Krawtchouk orthogo-
nal polynomials with parameter p = a;tqg™".
Moreover the random variable Y has the following rth order moments

prlysp.n,q) = Ko (yip.n,q), (9)

Hz— l+an q )
f:l(]- +an q—i’?--H)

e = yuy(y)=q7""

YES)

(10)

Proof. The normalized g-Krawtchouk orthogonal polynomials p.. (¢~ p, 1, ¢},

0 < ¢ < 1 with parameter p = o '¢™" satisfies the orthogonality relation
n —_
(¢7"519) . _ L
Y ——(—1) ¢ pu(q T o q)pl g pans )
p—t (¢:9):

_ _ _ _ _ 41 X
= (14 a3 g ) (e g )l (2 )6,

where é,,, the Kronecker delta and 7, a non-zero sequence of n and v (see
Koekoek and Swarttouw(1998)). Thus their weight function, say uw(z;n,q),
can be written as

(q_n;ﬂ-’t( l)x T nr

7:9) = anq

w(rin,q) = (11)

] _ _ o _(n+1y
(1+ﬂnlﬂr'“)(—ﬂyzlq—”"'liQ]nﬁﬁffﬁzfi ( 2 )

Using the identities
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and
_ _ _ e 2 n4l e -
(1_1_0 1 n.]( aﬂlq n+1’q)n — n“q i q( 2 )H(]+an3)

we have from { 11)
w(win,g)=uy(y), y=q °

Moreover, by the probability function ( 5) the rth moment of the random
variable Y is

S yuy(y)

YyES)

Hr

ny _lnw

_]nq wa
Zyesl y'( M) G‘( ] '

(1 + anfﬂ‘ )
Trog 7 (5), g Paz
=1(1 +0fnffé_1)
IT-(1+ ang ~"L)
:'1=1(1 + anqi_I )
(1+ 0,07 )1+ a7 ) (1+a7tg™ ) (14 a, 0"

12
(14 a,gt) - (1 + a1+ ap,g™7) (1 + a,go1) )

From the last expression the equation ( 10) is obtained.

Definition 3.1. For 0 < ¢ < 1, the g-discrete probability distribution
with probability function wy(y) defined in the spectrum S, = {¢=%, k =
0.1,...,n} and based on normalized q-Krawtchouk orthogonal polynomials
is called g-Binomial of type 1 distribution and is denoted by B(n.p,q).

Remark 3.1. Using the moments of rth order ( 10) the random variable Y
of the g-binomial of type I distribution has respectively the following mean
value and variance

1+alq
P - i1
R 12)
and
; -1 —
G’%— _ q_2n+10_1 (I+ o (f')((i‘ 1)1 = Q') (14)

"1+ aitgrt (1 + aptgnt2)
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Equivalently, since the g¢-binomial of type I distribution is induced from
the normalized ¢-Krawtchouk orthogonal polynomials p,(y;p,n.q), y =
¢ %, p = a;'¢”", the mean value and variance of the random variable Y
can be derived from the recurrence relation of these polynomials. Analyti-
cally,the recurrence relation of the orthogonal polynomials p,.,(y; p. n, ¢ ) with
p=a;lg™is
WY panag) = Prga(yipaneg)+ a2, (yip,n,g)
+ bg;f,n.qum—lly; Pty (.7)(??1 Z 1] ElE’)

with initial conditions

polyspsn,q) =1,  pi(ysp,n.q) =y — ao,

where
"D =1~ (A + Cn), B = Apa O (16)
and
A _ (l_qm—n}(l_'_a‘;lqm—n)
B (J- +(T1Tl(f2m_”)(]_—|— a;lqzm—nﬁ-l)
(17)
C — _a—1q27?1—2n—] (J_ + a;lqm—i’l )( 1 — qm)
me n

(l + a;1q2m—n—1)(1 + a?:lqhn—n)

(see Koekoek and Swarttouw (1998)).
So,
ny =1— Ay — Co, o'%— = Ag(}

and on using (17) we recapture ( 13) and ( 14).

Theorem 3.1. The limit distribution for n — oo of the standardized q-
binomial of type I distribution B(n, p,q) is the standardized Stieltjes- Wigert
distribution with probability density function

T _11!8 _3}!2 ]__ 1,"’2 + -1 —1}{2 (|og(q—3}’2(1_quf2y+q—l}\12
-u.g“‘{y)=q ("l —g) Py t+q” )"/ -

V27 log g—1 '

y > —q"3(1 - ¢)"V2 (18)

Proof. Shifting so as to have zero mean in the ¢g-Binomial of type I distribu-
tion with mean value piy, its orthogonal polynomials are p,, (v + py; p, 1, q),
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p=a;l¢ " The coefﬁcient-s of the recurrence relation of p,,(y =+ py: p.n, q)

are represented as am ) —py = Ag+Ch— (A +Cy ) and bLT’p’“ = A 1Cn.
In addition, to standardized so as to be of variance 1, it can be realized by
replacing the recurrence relation coefficients respectively by

an?? —py Ag+ Co— (A + Cry)

= 19
ay v/ AO("I ( )
and ( \
bn?:p.q Am— C'Tm
— = Lom (20)
CTY ;40‘(-1

where A, and (', are defined in ( 17).

Thus the orthogonal polynomials, say Q.. (y:p,q.n).p = a;t¢g™", of the
standardized g-binomial of type I distribution are determined by the recur-
rence relation

‘40 + C;D ( _1771 + ('m)

Ym(yip q.on) = Quat(yip.g.n)+ = Qumly:piq.n)
Apl
A1 C
Qe (yipygon), (m > 1) (21)
Al

with initial conditions

Qolyip,g.n)y)=1  Qulyip,q.n)y)=y.

Using ( 13), ( 14) and ( 17) the coefficients (19) and ( 20) respectively hecome

almP) _ Ly
Ty B
(1—gm=")(itay'gm ") ailq"”“*"“[1+a51q”"“"){1—q"‘]
_ (targ?m M (e g2 (1+an’g> 1) (1+an'g>" ")

—nt1/2,, —1,!2 (1+a; q) /2 (g—n—1) 2 (1—q)!/2
9 (1+a‘l —nt1)(14a, g—n12)1/2
-n 1+G;-_]lg
_ q 1+4an ql—n,+1 (22)
g-rH1/2q7 2 (e q}‘“(q‘"—l)”"(l—q}‘“
Qn (1+a, —n+l}[1+a;1q—r1+2]l,.’2

and )
mr=1=1 - m—1 - =1 _m
(n.,5.9) (1—g J4an J(1t+az'g™)(1—g™)
b _ an-2litan ) Y D E e ) (23)
ol (1tay q){q'" 1)(1-gq) )

(1+ag g=n41)2(14ay,  g—n+2)
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Taking the limit n — oo of { 22) and (23) and using { 7) and (8) , we obtain
the recurrence relation of the orthogonal polynomials, say (,.(y), for the
limit distribution, as

YQm(y) = Qumiily)
+ PP - 1+ g — ¢ ) — ¢ Qu(y)
+ ¢ =) (1 - ¢™)Qum-1(y), (m>1) (24)

with initial conditions

Goly)=1 Qily)=y.

The continuous Stieltjes-Wigert distribution with probability density fune-

tion
qlfg 1 {log r)z

SW P
v )= ———=—¢ 289 , ¥ > 1) 25
2 () o= . (25)
with
p=qt ot =q71—q), (26)

is based on the normalized Stieltjes-Wigert orthogonal polynomials, say
poW (&), satisfying the recurrence relation

apiW(z) = pi(@)+ 7 L+ g — ¢l (2)
+ gt = gtV (2) (m > 1) (27)

with initial conditions
SW SW -
py (z)=1, pi"(a)=a—q"

(see Christiansen (2003)).
By standardizing (27) and (25) we obtain respectively (24) and (18) which
complete our proof.

ITEPIAHYH

Yy epyuoia auth, etodyetar yiw 0 < ¢ < 1 pla petaoynpatiopé vy ¢-8iovup
xatavopl) ptow tev xavonxononuévey g-Krawtchouk oplloywviev toiuevipwny. H
q-BrooeptTr) auth) xatavouy) ovopdletal g-dtevuuixr xatavous tizov Iy oupfohi-
Ceton pe B(n,p,q) pe p > 0. Exiong. didetan pla egunveiu authc e ¢-Staxptic
watavopfs flewpdvag, yia xutdiinhes ipés tou ¢, n—ddotatous davuouatinois
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yOpoug ent nenepuopévey ouwvéhev pe 1/¢ otoryela. Emnhéov, peletdror 1 aou-
URTLTIXY TNg CUPTERLQOEE Yt 1 — 00 anodetxvioviag 6Tt 1) aviioTolyr TUTOTOL-
wévn g-Stevupinr xatuvopy, tinou I ouyxiiver oty tunononuévy Stieltjes-Wigert

HATAVORY).
REFERENCES

Charalambides Ch.A. (2005): Moments of a class of discrete ¢-distributions,
J. Stat. Plan. Infer., 135,64-76.

Christiansen,J.S5.(2003): The moment problem associated with the Stiltjes-
Wigert polynomials, .J. Math. Anal. Appl., 277, 218-245.

Christiansen,J.5.(2004): Inderminate moment problems within the Askey-
scheme, PH.D. thesis, Institute for Mathematical Sciences, University of
Copenhagen.

Exton,H.(1983): g-Hypergeometric Function and Applications , Ellis Hor-
wood Series, Mathematics and Its Applications .

Kemp,A.W.(1992): Steady state Markov chain models for the heine and
Euler distributions, J. Appl. Probab., 29, 8§869-876.

AW. Kemp,A.W.(2002): Certain ¢g-analogne of the binomial distribution,
Sankhy a: The Indian Jounal of Statistics, 64, 293-305.

Koekoek,R. and Swarttouw,R.F.(1998): The Askey-scheme of hypergeomet-
ric orthogonal polynomials and its g-analogue, Delft University of Technol-
ogy, Faculty of Information Technology and Systems, Department of Tech-
nical Mathematics and Informatics, Report no., 98-17.

Saitoh, A. and Yoshida,H.(2000): A g-deformed Poisson distribution based
on orthogonal polynomials, .J. Phys. A: Math. Gen.. 33, 1435-1444.

Sicong,J (1994): The g-deformed binomial distribution and its asymptotic
behaviour, J. Phys. A: Math., Gen., 27, 493-499.

- 477 -



