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In view of its connection with a host of important questions, the classical
moment problem deserves a central place in analysis. It is usually treated by
methods striking in their virtuosity, but difficult to motivate. Here we describe
an elementary approach which establishes the structural results and exposes
the Hilbert space origins of the arguments.

INTRODUCTION

In view of its connection with a host of important topics—spectral representa-
tion for operators, positive definiteness, study of harmonic functions in a half-
plane, partial fractions, 7-spaces, prediction theory, inverse problems—the
classical moment problem deserves a central place in analysis. It 1s usually
treated by methods striking in their virtuosity, but difficult to motivate. Our
object here is to elucidate them by exposing their roots in the basic notions of
Hilbert space. As a by-product, we obtain a new and simple proof of the funda-
mental structural result.

Tue MoMENT PROBLEM AND ITs SOLUTION

The classical moment problem consists of asking whether a prescribed real
sequence | = oy, 0y, 0y ,..., can be represented as the sequence of successive
moments of some positive measure, 1.e., in the form

op — fw du(x),  k=01,., (1)

with du > 0 and, if so, whether the measure in question, called a representing

measure, is uniquely determined. If (1) holds, then, for any choice of complex

{a}, i hco G0k = [ }’Z?’:O a;e’ |2 du(x), and if p(x) has more than a
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finite number of points of increase, which is generally assumed, this quadratic
form is positive definite. Thus the condition

N
Y. @@y, = 0, (2)
T

J k=0

with equality only if @; = 0,5 = 0,..., N, is evidently necessary for the existence
of the representation (1); it is proved also to be sufficient:

TrororEM A. If condition (2) is satisfied, the moment problem has a soluiion.

TueoREM B. Either the representing measure is unique or, given any real point
a, there exists a representing measure for which o is a point of positive mass.

We view the dichotomy expressed in Theorem B—that the representing
measures form either a very small or a very large collection—as the basic struc-
tural result.

We outline the usual proof; details can be found in the excellent exposition [1].
Several approaches to Theorem A are available. One can begin with the truncated
sequence gy ,..., 0y, and show the existence of representing measures du,(x)
for it. T'wo distinct lines of reasoning can be followed here. One, described in
the beautiful memoir of M.G.Krein [2], is based on convexity, and leads to the
far-reaching generalizations embodied in the idea of T'chebycheff spaces [3]. The

other strongly suggests Hilbert space. It uses o, ,..., 65, to define a linear func-
tional L in the space of polynomials of degree 2n by the rule L(x*) = 6, . In
view of (2), one can introduce the sequence 1 == Py, Py ,..., P, of polynomials

orthonormal with respect to L (in the sense that L(P;P;) -= §,;); here P, has
degree & and a positive leading coeficient. The existence of representing measures
follows from Lagrange interpolation at the zeros of certain particular (“‘quasi-
orthogonal”) polynomials constructed from the Pi(x). Finally, Helly’s theorem
is invoked to conclude that a subsequence of the {du,} converges to a represent-
ing measure for the full sequence {o;}. Alternatively to both of these arguments,
one can apply to L a general extension principle of M. Riesz, which asserts that
a linear functional originally given on a submanifold, and positive on the inter-
section of that submanifold with a convex cone, can be extended to the entire
space with positivity on the cone preserved. Each of these methods establishes
Theorem A. The proof of Theorem B is more intricate.

(a) One shows that if P,(«) 3£ 0 there exists a representing measure
dp,(x) for the truncated problem which concentrates a mass of [Sio | Pr(e)l?] !
at the point ¥ = a.

(b) The polynomials {Py(x)} satisfy a 3-term recursion (analogous to a
Sturm-Liouville differential equation) of the form wxP.(x) = b, P, _4(x) -~
apPi(x) + bpPr,y(x), in which {a,} arc real and {b,} are positive. In addi-
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tion to {P(x)}, this equation has a second polynomial solution, {Q,(x)}. One
proves that if Y, o| Pu(V)2 < oo and Yo o | Ox()2 < oo for one point A
in the complex plane, the same is true for every A.

(¢) One next takes the problem into the complex domain by introducing
the Stieltjes transform w, == fic duy(x)/(x — A), with Im A >0. Using
conformal mapping properties of linear fractional transformations, one shows
that as du,, varies over the set of representing measures for the truncated problem,
the point w, sweepts out a closed disk 4, in the upper half-plane. As » increases
the corresponding disks are nested, and hence converge either to a disk or to a
point. One then connects this phenomenon with the behavior of the 3-term
recursion by showing that, when Im A > 0, both solutions are square-summable
at A and only if the limit of 4,7 is a disk.

(d) It follows from (c) and (b) that if 4, converges to a point at a single
value of A in Im A > 0, it does so at cach such A. Thereupon, the Stieltjes trans-
form [ du(x)/(x — A) is uniquely prescribed in Im A > 0, whatever the choice
of the representing measure, and since that transform can be inverted, the repre-
senting measure must likewise be unique. In the opposite case, if 4, approaches
a disk for a single value of A, the representing measure is manifestly not unique.
Moreover, by (c) and (b), 3 | Pi(«)|? < oo for each «, and so, from (a), corre-
sponding to each real point « a representing measure can be found which con-
centrates a non-zero mass there.

AN ELEMENTARY HILBERT SPACE DEMONSTRATION

The arguments just described rely considerably on methods from the theory
of complex variables and differential equations. We will now recast them in a
Hilbert space setting and show that they represent answers to very simple and
natural questions. In this form, their analytic intricacy can be substantially
reduced.

We begin by observing that the given truncated moment sequence 1 = o ,...,
09, can, in view of (2), be used to define a scalar product in the space 11, of
polynomials of degree n by the rule

[, 2] = 0}, R

Indeed, this is merely a reinterpretation of the functional L described earlier.
This scalar product has the property that, for each T, ; and U,_; € I]

n—1>»

[xTn—l y Lfn-l] = [Tn—l ’ xljn—l]‘ (3)

Conversely, any such scalar product on I, generates a sequence oj,, =
[%7, %], 0 <j, & <%, which satisfies (2). Let us note that, while knowledge of
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o; for 0 <{j <{ 2n does not define a scalar productin I1,,,, it is nevertheless
sufficient to determine the orthogonal projection of IT, ., onto II,_,;, since to
calculate this, only the quantities [/, %], 7 <Cn + 1, £ <<n — 1, are required.
This observation will prove important in the subsequent argument.

Our goal is to represent the scalar product as L? with respect to a positive
measure, 1.e., in the form

(T, U] = { To(x) Un(x) dufx),  du(x) = 0. 4

o

Tue EvALuaTION POLYNOMIALS

Let us approach the problem by considering the linear functional which
assigns to each polynomial S,, € IT, its value at A. Since this functional is bounded,
it can be represented as the scalar product of S, with a polynomial which we
term the evaluation polynomial or, as it is sometimes called, the reproducing
kernel.

DeriniTION 1. The evaluation polynomial E,* € IT, 1s that which satisfies
[Sn s ErzA] == ‘Svn(’\) (5)

for each S, ell, .

Our interest in such polynomials stems from the fact that any set of n - |
mutually orthogonal evaluation polynomials generates a measure satisfying (4).

DEeriNITION 2. A measure satisfying (4) which consists of # 4 | point masses
is termed an elementary atomic representing measure.

ProprosITION 1. There is a 1-1 corvespondence between elementary atomic
representing measures and sets of n -+ | mutually orthogonal evaluation polynomials.

Proof. Suppose du,(x) is an elementary atomic representing measure, with

massm; >0Qatx = «;,7 = 0,..., 7. Then by (4), [S,,, T} = Su(o) Tlex;) m;,
so that the polynomials E;' == IT, (x — o;)/mJl,, (o — o), with values
Ej{(o) = m7%9;;, evidently form n + | mutually orthogonal evaluation poly-
nomials. Conversely, suppose {Ezi}, 1 =0,..., n, are 7 ++ 1 mutually orthogonal
evaluation polynomials, so that {E,/|| E,’ |} form an orthonormal basis in I7,, .
Then, expanding S, in this basis yields, by (5),

VB SN ESl Egl”

Sy =Y [Snrf_;ﬂ Ey 5 Sulw) E

i=0
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whence

In consequence of Proposition 1, let us seek representing measures by looking
for mutually orthogonal sets of evaluation polynomials. Evidently, from its
definition, we can construct E,* explicitly as

EQ =Y $u(x) (V) (6)
with {¢;} any orthonormal basis in IT,, . A convenient such basis consists of the
polynomials {P,(x)}%_o, Py(x) = 1, found by orthogonalizing the successive

powers of x by the Gram—Schmldt procedure Let us begin by collecting a few

facts (‘nnpprnlno‘ these. Throuchout. the onlv nrnnp tv QF nnh,nnmlale we u'n”

3!
................... HACsC, 2 ATOUgnoue, RAC 0Ny properly 1opuiynoinials 111

use is that, for n > 0, S, has at least one zero, and if S,(A) = - 0 then Sp(x) ==
(v = 1) Spa(®)-

ProposITION 2. Py(x) has real coefficients, and k real and distinct zeros;
P,. and P,_, have no zeros in common.

Proof.  P(x)has real coeflicients by construction, and degree no smaller than 4,
or else x* lies in the linear span of 1,..., x*-1, contradicting the definiteness of the
scalar product; let the leading coefficient be positive. If P, has a non-real zero A,
then since its coefficients are real, A is also a zero, hence Py(x)/(x — A)(x — A) is
a polynomial of degree £ — 2, so that, by definition of Py, [Py(x)/(x — X){x — X),

P,] = 0. But writing the right-hand P, as (x — A) P,/(x — }), and using (3),
the scalar product becomes || P /(x — A)|2 > 0, a contradiction. By the same
argument, there cannot be any multiple zeros. If P, and P, have a (necessarily
real) common zero «, Pux)/(x — «) is a polynomial of degree & — 1, so
[Pil(x — &), Pp.q] = 0 by definition of Py, . But by (3), [P./{x - <x) Pl =

ee r p

rp P Hx — aVl so P, . {x — &\ of deer b heino
15 £ pp1/(X &) SO L p /(X aj, O1 de gree R, oeing

be of degree & — 1, a contradiction. §

mu

onn 1ot
sUL Tt £y HRIUSU

Inserting the orthonormal set {P,} into (6) we obtain
5 = K) \v/
E) =Y Pu) P(Y. (7)
E=0
By definition, E,* is orthogonal to all the polynomials of IT, which vanish at A,

JZQ

i.e., to all those of the form (v — )ﬂ\ S . This immediate prov vides the follow-

RO A1 1R0sC O LC 1011 -1

ing useful characterization of EA
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ProposITION 3. Let ¥, _, denote the orthogonal projection onfo the subspace
I, . explicitly, #, T ?Z?:, [T, PP, so that P, is, by our earlier
remark, defined unambiguously for Tell, . Then E,* is the solution to the
equations

Poalx — /‘) T, =0, (8)

[1, T,] = 1. )
If T, = 0 satisfies only (8), then [1, T,} = 0 and T,[[1, T,] = E

Proof. Condition (8) states that (x — A) T, is orthogonal to all polynomials
of I1, ;. Nowif S,_, € Il,_, , we see by the definition of E,* and by (3)

0 = [(X” - ’\) Snv»l ’ En/‘] = [Sn—l H (’C - )_‘) En/\],

so that 2, _;(x — A) E,* = 0, while (9) holds by definition. Conversely, if T,
satisfies (8) and (9), then for each .S, e II,

[Sus Tl = [Suld) + (x — 2) Syyy T,
= S, Tl + [Sucrs (8 — X)) T,] = S,(N),
so that 7, coincides with £, Finally, if T,, == 0 satisfies (8), then
0 <|T, P =I[Ty, T.] =[T\() + (& =N Tyor, Tp], with T, ,€ell, ,,
= T, T + [Ty (v = ) To] = TN, T,).

Thus [1, T,] 54 0 and T,/[1, T,] satisfies both (8) and (9). ]

Now to continue our search for mutually orthogonal evaluation polynomials
let us note that, by definition, [£,%, E,”] = E,(v), hence E,” is orthogonal to
E,» whenever

E ) = 0. (10)

Information concerning the zeros of E,* is easy to find from first principles.

ProposiTION 4. The degree of E," is at least n — |, and equals n — 1 if and
only if X is one of the zeros of P, . If o is real and not a zero of P, , E,* has n
distinct veal zeros By ,..., 3, , and E,* together with {Ei”} forms a sef of n -~ |
mutually orthogonal evaluation polynomials. If o is one of the zeros of P,, , the evalua-
tion polynomials at the n zeros of P, all have degree n — 1, are mutually orthogonal,

and are orthogonal to P, .

Proof. By definition, E,*(A) = [E,*, E,*] > 0, so that A is never a zero of
E,*. By (7) and Proposition 2, the degree of E,* is at least n — 1, since P,(A) and
P,_,(X) cannot both vanish; it is » — 1 if and only if A is one of the zeros «; ...,
a,, of P, . In this case, by Proposition 3, E,’ is a scalar multiple of P,(x)/(x — a;).
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These are mutually orthogonal by (10) and, having degree n — 1, are each ortho-
gonal to P, . If ais real and not a zero of P, , then E, 2, of degree n, is real on the
reals, hence its complex zeros occur in conjugate pairs. If v is a complex zero,
then E,%(x)(x — «)?/(x — v)(x — ¥) has degree n and vanishes at «. Thereupon,
by definition of E,*, [E*(x — «)*/(x — v}(x — ¥), £,2] =0, but by (3) the
scalar product is || Ex(x)(x — «)/(x — v)|2 4 0, a contradiction; the same
argument eliminates the possibility of multiple real zeros. We conclude that
E,* has n distinct real zeros By ,..., 8, , different from «. Now by Proposition 3,
E,(x)(x — o)/(x — B;) coincides with a scalar multiple of EY and these
polynomials, together with E,%, are mutually orthogonal by (10). [

In the light of Proposition 4 we see that, corresponding to each « which is not
a zero of P, , we can find a set of » - | mutually orthogonal evaluation poly-
nomials, which in turn, by Proposition 1, generate an elementary atomic repre-
senting measure for the truncated moment problem. This measure has mass
| E,x |2 at x == a. We now give a simple expression in closed form for E,?,
which shows how these measures behave as o varies.

PROPOSITION 5.

P",H(X) Pn(;\) - Pn(x) Pn+1(;\)

A e =
EMx) = ¢ p— ,

with ¢, = [xP,, P,.4] > 0.

7o

Proof. By Proposition 3, (x — A) E,(x), a polynomial of degree n + 1, is
orthogonal to IT, ;, so its general form is a linear combination of P,(x) and
P, .1(x). More specifically, the determination of P, ;(x) requires knowledge of
Ooptq and a4,,., which we do not necessarily yet have. Nevertheless, whatever
these quantities may be, so long as they satisfy (2), the subspace of linear combina-
tions of P, and P, remains unchanged. This follows, of course, from the fact
that 2, ; is well defined on IT,,, , but we can also see it explicitly, since P, is
a scalar multiple of an'l — 2,an1 — gt — 3 [yn-l P Py(x). In this
formula, a change in the value of oy,,, will atfect only the coefficient of P, ,
while a change in o, ., simply rescales P,,;, so that the set of all linear
combinations of P, ; and P, is not affected. Thus

(X‘ - /_\) En/\(x) a(/\) P'n+1(x) -+ b(’\) Pn(x)
and evaluation at A gives
0 = a(d) Ppyy(A) + b(2) Po(),
whence

(x = A) ENx) = cQ)[Priy(x) Pu(A) — Po(x) Prpy(N)]-
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Replacing £, on the left by (7), and forming the scalar product with P, , we
conclude that ¢(d) = ¢, = [xP, , P,,,] is independent of A. Since xP, has
leading term y,a"%1, 5, > 0, while that of P, is y, 2", we see that xP,
differs from (y,/y,.1) Pn.; by a polynomial of degree n, to which P, is ortho-
gonal. Thus [P, , P, 3] <= (yulyni) | Pria 12 > 0. 1

The formula of Proposition 5 yields a simple description of the zeros of
E.%, on which our interest has centered. 'T'o see what these are, let us observe
that, from it,

0 < | En“ o= En“((x) = CW{P;Hl(OL) Pn(“) - Pn(a) Pn rl(a)}

o d | Pyx) |
,‘(,nPn+1(OL) j; 3?;](‘70 s

Pt

This shows that P,(x)/P, ,(x) decreases between cach two zeros of P, , at
which points it approaches -+ o0, so that the zeros of P, must interlace those of
P, .1 . The zeros {B;} of E,> together with «, are the solutions to P,(x)/ P, ;,(x) =
P (2)/ P, ;1(a). As asketch of the function P,(x)/P,.,(x) shows, they evidently lie
one in each interval between successive zeros of P, ., and increase as « increases
in its interval; all # - | of the points {«, f; ,..., B,} are determined by fixing a
single one. As described in Proposition 4, there are # -+ 1 of them except when
a is a zero of P, , whereupon there are n. We have thus shown that each trun-
cated moment problem has a one-parameter family of elementary atomic repre-
senting measures; the parameter can conveniently be taken to be the preseribed
value of P, (x)/P, 4(x).

We conclude our discussion of £,* by showing that it can also be characterized
as the solution of a natural extremal problem.

ProOPOSITION 6. EMx)/E,NA) is the polynomial in 11, of least norm having
value | at A; equivalently, ! E, |71 == infg o 1 —(x—2)5, The
largest mass that can be concentrated at o by a vepresenting measure for the truncated
problem is || E,* | 2.

Proof. 1If S§,(A) =1, then [S,, E,*] -= 1; hence by Schwarz’s incquality
1S, = ENM, with equality if and only if S, = EA%)/E Q). If du(x) is a

representing measure with mass m, at x .- «, then

VEAE - [ 1 ES)E due) = m | Eg = m | Es % 1

Proor or THEOREM A

To return to the full moment problem, given an infinite positive definite sc-
quence | = oy, gy,..., we can, by Propositions 4 and 1, construct elementary
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atomic representing measures p, for each truncated sequence gy ,..., oo, and
by Helly’s theorem find a limiting measure which then has the prescribed
moments. Moreover, if we fix a real point « and for each » select that measure
, which has mass || E,* |2 at «, the limiting measure will assign to « the mass
lim,_ . | B2 = {30 P(«)? 1. In view of Proposition 6, this is the
maximum mass that a representative measure can concentrate at o.

CONNECTION WITH RELATED PROBLEMS

The representation of Proposition 5 is the Christoffel-Darboux formula,
here derived very simply. Similarly, the linear combinations of P, and P,
with real coeflicients are the ‘“‘quasiorthogonal polynomials,” whose significance
is clear from our point of view, since by Proposition 5 their zeros determine the
mutually orthogonal cvaluation polynomials, and these in turn lead immediately
to representing measures.

The operator #,_,xT', corresponds to the 3-term recursion satisfied by the
orthogonal polynomials {P,(x)}. This is the discretc analogue, with & correspond-
ing to ¢, of a second-order Sturm-Liouville differential operator /2 defined on
0 =7 ¢ < oo; more precisely, in this identification the value of a function at ¢
corresponds to the component of an clement of the Hilbert space along the vector
P, . The spectral theory for such operators [4-6] asserts that if ¢(z, A) is the
solution to the problem Dd(z, A) = A¢(¢, A), viewed as an initial value problem,
the mapping F(A) = f;f(f)¢(t, A)dt generates a unitary transformation of
feL¥0, «c) onto L¥(du) for an appropriate du(A), termed a spectral measure.
In the context of differential equations, it is natural to prove this by imposing a
self-adjoint boundary condition at a right-hand endpoint ¢ = 7, showing that
those ¢(¢, A;) which satisfy it form a mutually orthogonal system in L¥0, 7)),
expanding f e L? (0, T') in this system, and finally letting 7" — co. Here the role
of ¢(t, A) in 0 <L ¢ <. 7' is played by £,*. The self-adjoint boundary condition
at t == 7' corresponds to

aP,(\) — bP,(\) = 0, (1)

so that we see at once from Proposition 5 that the values of A; for which (11)
holds yield mutually orthogonal {E,)l'} The spectral measure now corresponds
to a limit of the representing measures du, of Proposition 1, generated here as
n — o0, with a/b fixed; it is therefore nothing other than a representing measure
for the moment problem to which the 3-term recursion corresponds.

Similarly, the present analogy clarifies some of the issues concerning the so-
called inverse problem—that of determining the differential equation from its
eigenvalues—which is of particular interest in speech synthesis. It is known [7-11]
that in general two sets of eigenvalues, corresponding to different self-adjoint
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boundary conditions, are required. We can see this at once in our current formu-
lation, for the eigenvalues corresponding to a particular boundary condition of
the form (11) are the zeros of aP, ;(A) — bP,(A). If these are given, then
aP, ,(x) — bP,(x) is determined (up to a constant factor), and if they are given
for a second, distinct, condition, then ¢P,,,(x) — dP,(x) is available as well.
This, however, is sufficient to find P, 4(x) and P,(x) separately, up to a single
constant factor, and from there, by means of Proposition 5, the evaluation
polynomials £%, for any «. These in turn uniquely determine the scalar product,
hence everything about the operator &, xT, . Specifically, starting with
Cx) = p(aPpi4(x) — bP,(x)) and D(x) = 8(cP, ,1(x) — dP,(x)), the expression
CEHDA) — DEHCR) — y8(be — ad)(Py(#) Pod) — Py(x) Pyyy(). Thus by
Proposition 5, (C(x)D(A) — D(x)C(A))/(x — A) = RE,N(x), with % a fixed
constant, whence, for real «, C'(a)Na) — D'()C(a) = RE,X(«) == ki| E,> |1
The constant £ can now be found from the fact that, by Propositions 1 and 5,
SYEY|F® =1, where {o;} arc the n 4+ 1 known zeros of aP, (x) -~ bP,(x),
a # 0. In turn, by Proposition 1, the quantities || £, [-2 here determined specify
an elementary atomic representing measure, hence the entire scalar product.

LIMITING BEHAVIOR

To examine the behavior of representing measures as » increases, we focus
briefly on the equation which generates E, .

ProposiTION 7. Given a Hilbert space element A and scalar a, the equation
P sl =N T, =2, A, [, 1,] - a, (12)

has a unique solution T, € Il, . As n increases, successive solutions T, change by
orthogonal increments, hence converge if and only if || T,, || remains bounded.

Proof. A solution is unique since, by Proposition 3, if 2, (x —A) T, =0
with [1, T',] = 0, then necessarily | T, || = 0. It follows that the map %, ,(x-A)S,
takes the (n — 1)-dimensional subspace of I, on which [1, S,] = Qonto IT, ;.
Letting ¥V, be the element mapped on #,_, 4, the solution of (12) 1s T, =
V, - aE, Next let us note that 22, _(x — A)T depends only on the component
2, T. For decomposing T into components in, and orthogonal to, IT, , we obtain
T =P, T+ v, with [S,, 7] =0. It follows that 0 ==[(x - A)S,. 7] =

[S, 1, (x — A)7], or equivalently that #,_;(x — A)r = 0. We conclude that

P (x — NT = #, ((x — N 2,T. (13)
Now if
%n(x o /_\) Tml - ‘J/n"qv [1’ Tn,fl] == a,
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then applying 2, , yvields Z, (x —A) Tpyy = Z,,A4, and so by (13),
P s(x — X) Py Ty = Pn_1A; moreover, since [1, T,,,,] depends only on the
component of T, in the space I1,, evidently a = [1, T, 4] = [1, Z,T,.4].
Thus #,T,,, and T, each satisfy (12) and by uniqueness they coincide. This
implies that T, , differs from 7', by an increment orthogonal to 7, . We can
conveniently express this in the orthonormal basis of {P,} by writing T, =
3o a;P; , whence {T,} converges if and only if St ol a2 =1T,|[® remains
bounded as n — 2. |

For reasons which will become clear in the sequel, let us introduce F,A(x),
the polynomial of I7, which solves

Py e —N)F A =1, [I,FA =0. (14)

Paralleling our description of E,?, it is natural to ask for the effect of F,? in the
scalar product.

Prorosition 8. [S,, F,'] = [(Su(x) — S,(A)/(x — A), 1].
Proof.

[Su Pl =[S + (x— %) i(—xz—};@l F

= SN[, FoA] + [3”*(’—2—:—;5"@ (@ —X) Fﬁ]

, Sa(*) — Sa(d) 5

- ] AN — A

= SR+ [2EE 220 2 - D FY),

the last equality stemming from the fact that (S,(x) — S,(A)/(x — N ell, .
The defining properties (14) of F,* complete the proof. J

In view of Proposition 8, let us introduce the operator .7, defined for poly-
nomials by

o S = SR
S o SR (15)

o, takes each space 1, into itself, and we sce that, for each n,

py = D=L e p s — BARIES (16)
since both expressions satisfy #,_j(x —A) S, = —Py(A) with [S,, ] =

[F,* P,], and such a solution is unique by Proposition 7. It follows from (16)
that if £,» and F,* both converge as n — o0, the operator .27, is well behaved.

580/38/2-9
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In this connection, let us note from the outset that Proposition 7 applies to E,?
and F,?, since, by Proposition 3 and (14), each is defined by an equation of the
form (12).

Prorosition 9. If E,} and F,* converge as n — oo, the operator A, is com-
pletely continuous: for T orthogonal to I, , | 4T || < e, T|, where €, ~ 0 as
n— 0.

Proof. If E.* and F,* have limits £ and F' as n — o0, (16) shows that <%4P,
approaches a linear combination of the latter with coefficients which, by Proposi-
tion 7, are the components of E and F in the orthonormal basis {P}}, and hence
are square-summable over #. Indeed, suppose T is orthogonal to 11, , so that
T =Y by, | TIF =T | 7 % Then by (16)

N
AT = Y, TdlF, P ES — (B P By

Fe=n 41

and by the Minkowski and Schwarz inequalities,

S N "1,‘2 s N 1/2
AT T < L E ?Z IF, P 1 F ?Z ILE, Pl s
n-1 n+1

the right-hand side evidently approaches 0 as # — 00. Since, from their defini-
tion, F A (x) = F,M(x) and ENx) == E,Mx), replacement of A by A establishes the
proposition also for &7, . [

By exploiting complete continuity in the usual way, we are led directly to the
following conclusion.

Proposition 10. If E,* and F,* both converge as n — oo for a single point A,
real or complex, they likewise converge for every point v.

Proof. As we have seen in Proposition 6, || £,* || measures the largest value
which a polynomial of unit norm can attain at x = A. To connect the behavior
of a polynomial at v and at A, let us write simply

Su) = Su() - (v — 2 Snl) = Suld)

v — A
or, equivalently,
[Sn ’ Eny] = [Sn ’ En/\] -+ (V — A)[%SW» Enu]’ (17)
whence
[(I - (V - A) "Q[A) Sn ’ Enl] = [Sn ’ En)\]) (] 8)

for each S, eI, .
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Let us show next that for each y, the operator I — y.<Z, , defined for poly-
nomials, has a bounded inverse. For in the contrary case, there exists a sequence
of polynomials {v,} with || z,, || = I such that

H(I - V‘Q//\) Tn ‘: — 0. (19)

Since, by Proposition 9, 7, is completely continuous, there exists a subsequence
{7;} such that {«72;} converges, so by (19), {v;} likewise converges, to an element
v (not necessarily a polynomial), with [ |} == 1, and

(I — ystyo = 0. (20)

Now let us decompose v into components S, € I1, and 7T, orthogonal to I1, |
do the same with .Z\v, and rewrite (20) as

{Sn — '}"(‘%\Sn — 'y‘a}n%Tn} + {Tn e 7('[' yn) ‘Q//\Tn} = 0.

Since by its definition, .7, takes IT, into itself, the bracketed terms represent
components in I7, and orthogonal to II,, respectively, hence their sum
vanishes only if each does separately. Thus

Sn - %Q/ASn == V?n’Q//\Tn (21)
and
W10 =y — Z) AT | < |yl LT, (22)

the last inequality stemming from the fact that I — 27 is a projection (onto the
orthogonal complement of I1,), and hence diminishes norm. Now in view of
Proposition 9, let us choose 7 sufficiently large that | y | - €, <C p <C 1, whereupon
[y || AT, I < pll T, |. Then by (22), T,, = 0, so that from (21), y24S, = S, .
But since .27, reduces the degree of a polynomial, this equation has only the trivial
solution. Thus == S, -} T, = 0, contradicting the requirement that |' 1] = 1,
and thereby establishing the boundedness of (I — y.27)~L.

Again, since (I — y.24) .S, = 0 has only the trivial solution, ({ — y.2%,) maps
the finite-dimensional space I, onto itself. Accordingly, returning to (18), let
S, satisfy

(T~ (= X) A) S, = L.

By the boundedness of (I — y.27,)77, there exists a constant C, independent of #,
such that | S, | << C|| £, |l. But now we find from (18)

NE P =[Sy, BN <[S, B < CLES [TENM.

Consequently, || E,* || < C|| E,* ||, and convergence of E,” follows from Proposi-
tion 7. By Proposition 8, F,” and F,* likewise satisfy (17), and so the identical
argument applies to F,”. [
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Tureorem B: A SiMPLE Proor

The approach we have taken leads to an elementary, direct proof which obviates
the need for complex methods and for the Stieltjes transform.

ProrosiTiON 11, Suppose dr(x) is a representing measure for the moment
problem, with T normalized so that 1(— ) == 0, 7(c0) = 1. If, for real o, || E,* || —
o0 as n— oo, then 7(o) is uniquely determined.

Proof. Our argument here follows that of [3, p. 85]. Suppose that dpu,(x) is
an elementary atomic representing measure for the truncated problem, with
pn(—00) =0, u,(c0) = 1. Then

[.3@ xtd(u, — ) = 0, k=0,.., 2n,

and an integration by parts shows that pu,(x¥) — 7(x) is orthogonal in L¥(dx) to all
polynomials of degree 2n — 1. Consequently, u,(x) — (x) must have at least
2n sign changes, or else one could match them by those of a polynomial of degree
2n — 1, contradicting the orthogonality. Since u,, is 2 monotone step function
which rises at n + 1 points, we see that 7 must intersect it at each of the rises,
with the possible exception of the first or last, in which case = must be 0 or 1
there, respectively. It follows that, if du, has a mass point at x = «, the value of =
at oclies between p,(«—) and p,(«-). Thus if the mass of du,, at ¥ = oapproaches
0 as n — o0, or equivalently, by Proposition 1, if || E,* || — oo, the value of each
7(x) for which dr is a representing measure is determined at x -= a. ||

In consequence of Proposition 11, if the measure is not unique, the set of

points o at which || E,* || - oo cannot be dense; hence there exists an interval /
and a constant C such that

120 < C, for «el (23)

We can conclude the argument by means of the next observation.

ProrosiTiON 12. If E,° satisfies (23), then E,’ converges as n — oo for each v.

Proof. Since, by Proposition 1, in constructing the elementary atomic
measures, the mass at a point a € ['is || E,*||"2 > C~3, and since the total mass is
1, there cannot be more than C? points of mass contained in I. We can therefore
select a subsequence {du;}, j — 00, of these measures so that, for some point
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B el, the distance of B from each mass point of dy; exceeds a certain & > 0,
independently of j. Thereupon, for any polynomial S, € IT;,

54 =5, B) | _ | 549 S,
—B

< 5 118,5) — S8

i
L
! du g

1 ‘ o
< 50181+ 118, EF)
e ] g
<USilg+ €)= GllS;

Consequently, using Proposition 8§,
Si(x
s, ) < | 202 | < cyys,,

whence, letting S; coincide with F}f, we see that || F;# || << C,. Thus F,f and
E.? both converge as n — co, and by Proposition 10, so does £,” for each v. ||

Evidently, Propositions 11 and 12 constitute a proof of Theorem B, for they
show that if the representing measure is not unique, || E,* |? — I, << o for each
a, so that, by considering limits of sequences of elementary atomic measures
du,(x) with masses || E,* |2 at ¥ = «, we see that there exists a representing
measure carrying the positive mass /- at x = «. Theorem B is thus established.

This line of argument also shows that the basic dichotomy of Theorem B is
reflected in the fact that, as n — 00, the zeros of P,(x) become either everywhere
dense or nowhere dense on the real line.

TuHeorem B: THE CLASSICAL ARGUMENT

From our present vantage point we can also give a simple interpretation of the
classical approach to uniqueness. As we have outlined, it consists of introducing
the Stieltjes transform [ du(x)/(x — A), with A in the upper half-plane and dy a
representing measure, describing when this is uniquely determined, and passing
to u by an inversion formula. The above quantity can be thought of as the scalar
product of | with 1/(x — A) in L¥(dy) or equivalently, since 1 € I1,, , as the scalar
product of 1 with the projection of 1/(x — A) onto I7,, in L2(du). (It can also be
viewed as [R,l, 1], with R, the resolvent corresponding to multiplication by x
in L2(du); we choose the former notion as being more elementary.) Accordingly,
let du be a representing measure for the truncated problem, and let V) ,(x)
denote the projection of 1/(x — A) onto IT, in L%(du) (different representing
measures will in general produce different polynomials ¥} ). By definition

L v )+ Ut), (24)
x—/\
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with U(x) (not necessarily a polynomial) orthogonal in L2(dp) to all polynomials
of IT, . To see how V] , in fact depends on g, let

@ | G T ) 1,72, (29)

N')t w,n

the last equality coming from the fact that du represents the scalar product on
IT, . From (24),

| (v = VA = (3 UW),

which shows that (v — A)U(x) is a polynomial of degree n - |. Consequently
[S,4. (& — AU(x)] is defined by the moments oy ,..., 0y, alone, and we find

[Saa (v = D U] = | Sui)x = 0 UE) dul)
@ =N Su®) UG) dut)

the first equality stemming from the representing property of du, and the last
from the definition of U. Thus (x — A)U(x) is orthogonal to all polynomials of
I, i,
0 n ](X - A)L/ = n 1(l - (9& - /\ u. n(‘x))

so that

P gl — D) V) (%) = 1 (26)
By virtue of (25), (26), (8), (9), (14), and Proposition 7 we now see that

Via(x) = @E,Nx) 4 F,'(x),

and since F,* is independent of p, V), , depends on 1 only through the quantity
w. We observe simply that, since V[) . is a projection of 1/(x — X) in L2(dp), its
norm cannot exceed that of 1/{(x — }), so that

(] )

v (27)

Now, with Im A > 0, let 4% represent the set of points w generated by (23),
as du varies over the set of representing measures for the full moment problem;
by (27) and Proposition 7, for each we A%, wkE » |- F,* converges as n —> .
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Now if 4* consists of a single point for each A in Im A > 0, [ du(x)/(x — A) is
uniquely determined in the upper half-plane, and the Stieltjes inversion formula
shows u to be unique. On the other hand, if for a single A, 4% contains more than
one point, the representing measure evidently cannot be unique; moreover, the
convergence of @, F,* |- F,* and @,E,* --- F,* implies that of all linear combina-
tions, hence also of E,* and F,*. By Proposition 10, | £,*[? then approaches a
finite limit [, for each a, and so there exists a representing measure carrving
the mass I7! at x = a. This establishes Theorem B.

We can complete our account of the classical circle of ideas by determining
exactly 4,7, the set of points w generated by (25), as du varies over the measures
which represent the scalar product on I7, . Each such point satisfies (27), which,
by (25), is equivalent to

|

Expanding the left-hand side and completing the square shows that this in-
equality describes a closed disk in the upper half of the w-plane. The boundary
of this disk corresponds to equality in (27) which in turn is equivalent to the fact
that 1/(x — A)is already in IT,, in L¥(dy). This certainly happens if du is one of the
clementary atomic representing measures, for then all of L2(du) coincides with
I1, ; but also conversely, since if 1/(x — A) = I/} (%) in L¥dp), then dy has its
support only on the # - 1 zeros of 1j(x — A) — V3 (x). The situation therefore
is that 4, coincides with this disk, and for 2 on its rim 1 — (x — A) Vi (%)
vanishes at a set of points {«;}7,, where, according to Propositions 1 and 3,
P, (x) — 7P, .4(x) == 0 with some real = = 0. Since both functions belong to
I1, ., , coincidence of their zeros implies that

[ — (v — A@EMNx) + F ) efPy(x) — 7Py () (28)

for some constant ¢; we determine ¢ by evaluating (28) at x = A, Now setting
x = Ain (28), we conclude that the rim of 4,% is given by

b aEay Py D) T TP
r—12 XX P — 7Py

as T varies over the reals. Since E,A) = || E,*|? and the right-hand side
has constant absolute value, we see explicitly that the center of 4, is at
I EA (A — Nt — F,A(\) and its radius is | A — X L[| E,2 2. Thus 4% is a
non-degenerate disk if and only if £,* converges.

Since by (27), for a non-real point A some linear combination of E,* and F,}
always converges, the convergence of E, 2 alone suffices to ensure the convergence
of E,* and F,* separately, hence by Propositition 10 also the convergence of
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E,» for each ». This completes the classical argument for the geometric version

of

the dichotomy of Theorem B: 4% is either a point or a non-degenerate disk,

independently of the choice of non-real A.

1
2

10.
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