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Abstract

It is shown that the invertibility of a Toeplitz matrix can be determined through the solvability of two standard equations. The
inverse matrix can be denoted as a sum of products of circulant matrices and upper triangular Toeplitz matrices. The stability of
the inversion formula for a Toeplitz matrix is also considered.
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1. Introduction

Let T be an n-by-n Toeplitz matrix:

ao a- a-2 -+ dl—p
ai aop a_i - ar,
T=|@ a a - a3,
an—1 Aap—2 ap-3 -+ 4o
where a_(,_1), ..., a,—1 are complex numbers. We use the shorthand

T = (ap—q)g,qzl

for a Toeplitz matrix.

The inversion of a Toeplitz matrix is usually not a Toeplitz matrix. A very important step is to answer the question
of how to reconstruct the inversion of a Toeplitz matrix by a low number of its columns and the entries of the original
Toeplitz matrix. It was first observed by Trench [1] and rediscovered by Gohberg and Semencul [2] that 7! can be
reconstructed from its first and last columns provided that the first component of the first column does not vanish.
Gohberg and Krupnik [3] observed that T~ can be recovered from its first and second columns if the last component
of the first column does not vanish.
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In Heinig and Rost [4], an inversion formula was exhibited for every nonsingular Toeplitz matrix. The method
requires the solution of linear systems of equations (the so-called fundamental equations), where the right-hand side
of one of them is a shifted column of the Toeplitz matrix 7. In [5], Ben-Artzi and Shalom proved that three columns
of the inverse of a Toeplitz matrix, when properly chosen, are always enough to reconstruct the inverse. Labahn and
Shalom [6], and Ng, Rost and Wen [7] presented modifications of this result. In [8], Georg Heinig discussed the

problem of the reconstruction of Toeplitz matrix inverses from columns.

In this work, we give a new Toeplitz matrix inversion formula. The inverse matrix 7! can be denoted as a sum of
products of circulant matrices and upper triangular Toeplitz matrices. The results obtained show that this formula is

numerically forward stable.

2. Toeplitz inversion formula

Lemmal. Let T = (ap_q)’;’q:1 be a n x n Toeplitz matrix; then it satisfies the formula

KT —TK = fel —e f1J,

where
[0 1
1
k=" R - ,
1
L 1 0
1 0 0
) ap—1 —a—|
el = : ’ en = : ’ f = N
(') ) a) — a_p42
ay —d—n+l1

Theorem 1. Let T = (ap—4)" be a Toeplitz matrix. If each of the systems of equations Tx = f, Ty = ey is

P.q=1
solvable, x = (x1, x2, ... ,x,,)T, y=0U1,y2,.. .yn)T, then
(a) T is invertible;
(b) T~ = YU, + ThU,, where

YI Yn W2 I —x,
|
T = |2 N ’ Uy =
S
[ Yn 0 Y2 V1
[x1 xp - x| 0 Yn
="M C and Up = ¢
. '- '. xn
__xn e X2 xl_

Proof. From Lemma 1 and Tx = f, Ty = e, we have

KT =TK + fel —e f1J
=T[K +xe} —yfr,

—X2

—Xp

2
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then,

K'T = K'7'T[K 4 xel — yfTJ]

=T[K +xe,T —yfTI.
Therefore,
Kiey =K'Ty =T[K 4 xe} —yfTJ]y.
Let
=K +xel —yfTI1"Yy and T = (. 0,....1).
Then

Tt =T[K —l—xe,T, - yfTJ]i_ly =K'"le| = ¢,
Tf:T(tlat27"‘7tl’l)2(617627""671)=In‘

So the matrix 7 is invertible, and the inverse of 7 is the matrix T=r1""

For (b): First of all, it is easy to see that

n=y,  t=I[K+xe —yf Il (=12,...,n),
i =T e, Jei = en_it1,
JTJ =TT, JIi=1, J'=1.

Then, fori > 1

i =Kti_1+xelti g —yflJs
=Kty +xe, T ey — yfTIT Ve
=Kti1+xel JIT ey jyo —yfIT T Jeiy
_ e Tp-T, . Tp-T, .
= Kt + xeg T ey ivo—yf T "en_is2
= Kti—1 +xy en_is2 — yx en_is2
= Kti—1 + Yn—i42X — Xp—i42)-

So we have

H=y, th=Ky+ yx —x,y,
= K"y 4+ K" 2xy, — K" 2yx, + -+ xy2 — yx2
T = (60, ... 1y)

1 —x, -+ —x2
n—1 1
= (,Ky,..., K" y) + (x,Kx, ..
L,
1
Yo yn o ||l —xp 0 —x2 X1 Xp
|
— .)72 Y1 + X2 X1
Yn —Xn

Yo 0 Y2 W1 1 Xp

-1
LK)
)CQ_
Xn
X2 x|

Yn

2
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Remark. In Theorem 1, let the Toeplitz matrix 7 = (a p_q)';) g=1 be a circulant Toeplitz matrix. That is to say, the
elements of the matrix 7 = (ap_q)’;7 g=1 satisfy a; = a;j_p, foralli = 1,...,n — 1. Itis easy to see that f = 0. Thus,

x =T~ =0. From (b) of Theorem 1, we get

Y1 Yn N2
-2 n

S i

Yo o Y2 W

We conclude: The inverses of the circulant Toeplitz matrices are circulant Toeplitz matrices.
3. Stability analysis

In this section, we will show that the Toeplitz inversion formula presented in Section 2 is evaluation forward stable.
An algorithm is called forward stable if for all well conditioned problems, the computed solution X is close to the true
solution x in the sense that the relative error ||x — x|, / [|x]|, is small. In the matrix computation, round-off errors
occur. Let A, B € C™" and « € C. If we neglect the O (s?) terms, then for any floating-point arithmetic with machine
precision ¢, then (cf. [9])

fll¢A) =aA+E, IEIF <elalllAllp < e/nlalllAll,
A+ B)=A+B+E, IElFp <cllA+ Bllp <ev/nlA+ Bl,,
fl(AB) = AB + E, IENF <en|lAllplIBllF -

According to the floating-point arithmetic, we have the following bound.

Theorem 2. Let T = (ap_q)’;’ =1 be a nonsingular Toeplitz matrix and be well conditioned; then the formula in
Theorem 1 is forward stable.

Proof. Assume that we have computed the solutions X, y in Theorem 1 which are perturbed by the normwise relative
errors bounded by &,

X1z < llxll2 (1 + &), IVl < Nyl (1 +8).
Therefore, we have
ITillF = nllyls, 121l = v/nllxls,
WillF < Va1 + x5, 1020r < Vallyl,.
Using the perturbed solutions x, ¥, the inversion formula in Theorem 1 can be expressed as
7t = p1(Ti0) + 1o0n)
= fI((Ty + ATy) (U1 + AUY) + (T2 + AT)(Uz + AU»))
=T+ AT\U, + T1 AU, + AThUy + T, AU, + E + F.

Here, E is the matrix containing the error which results from computing the matrix products, and F contains the error
from subtracting the matrices. For the error matrices AT}, AUy, AT, and AU,, we have

IATIF < ENTilIE = Ev/n Iy,
AT p < ENT2llp = Ev/nlxll2,

IAU I < ENlUL I F < 8y 1+ DIx]13,
IAU |l < E U2l < E/n Iyl -
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It follows that

1EN < IE]F
< en(ITillp 101l + 1Tl 10211 )
< en’llyl, <\/1 + x5 + ||x||2>
<enlylh(1+2lxl).  IFlo <o |77 .

Adding all these error bounds, we have

|77 =77 <02 +ne) Iyl (0 + 2 xl) + e | 771
Note that Ty = ¢; and Tx = f; then

Iyl < | 77|, and il < |77 s
Thus, the relative error is

|7t 7]

7] 2 <08 +ne) (142|771 171) + e
2

As T is well conditioned, thus,
Theorem 1 is forward stable. [

}T’l ||2 is finite. Obviously, || f]|, is finite. Therefore, the formula presented in
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