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Mellin transforms of a gene eralization
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Abstract
Oberle, M.K., S.L. Scott, G.T. Gilbert, R.L. Hatcher and D.F. Addis, Mellin transforms of a generalization of

Legendre polynomials, Journal of Computational and Applied Mathematics 45 (1993) 367-369.

We show that the zeros and poles of the Mellin transforms of polynomials on [ — 1, 1] orthogonal with respect
to the weight | x|/, with r > — 2, are real and simple.
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the Mellin transforms of the Laguerre polynomials L° have real part 1 [4]. In [1], it is shown
that the zeros of Mellin transforms of the Hermite polynomials also have
Essentially the same transforms arise in [5]. The generalization to Mellin transforms of the
Laguerre polynomials L% is made in [3], where “exceptional” real zeros can occur in some
cases. In a more general setting, [6] considers other unitary transforms, while [7] surveys some
of the underlying group theory.

In this paper, we consider polynomials which are orthogonal with respect to the inner
product

Foe>= [ f)a(0)1x1* dax, r> L
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Let {p,(x)},. , be the set of such polynomials where p,(x) is monic of degree n. Each p (x) is
also dependent on the parameter r found in the inner product. For the purposes of this paper,
we take as our definition of the Mellin transform

1 dx
Mn(s)=2f p(x)x""*—, Re(r+s)>0. (1)
0 X
Our main result is the following theorem.
Theorem 1. The zeros and poles of M,(s) are real and simple.
Proof. Any system of monic orthogonal polynomials { p,} satisfies a recurrence relation of the

form

Pu(x) = (x=¢,)Py_i(x) =2, P, _5(x),
where ¢, € Rand A, > 012, p.8], [8, p.41]. Since the weight function | x | " is symmetric, c,=0
for all n and each p,(x) is either odd or even. Therefore, the formula reduces to

pn(x)=an~1(x)—Anpn—2(x)‘ (2)
If we substitute (2) into (1), we find that

1 dx
M,(5) =2 [ (2,-(%) = APy ¥))57* =

. 1 r+s+12 - 1 r+s_d__'xi
—2](.)pn—1(x)x X /\nzf(‘)pn—Z(x)x X
=Mn—1(s + 1) - AnMn—Z(S)' (3)

We can now recursively generate the system of Mellin transforms, once we have the values
{A,} from (2). Using orthogonal projection and the fact that p, is orthogonal to all polynomials
of smaller degree, we arrive at [2, p.19]

(p(x), x") M (r+n+1)

A = G D M, i) (4)
We are now ready to complete the proof of the theorem. We use the notation
. I'(a+j)
(a)j=a(a+1)--~(a+]—l)=r—(a)—

We claim that
|30t (5(s —r—n+ 1)), 4
(%(—2r —2n+ 1))1,1/21(%(‘5 —-r ‘”))1n/21+1 '

Note that this formula makes sense for all r except negative half-integers.
The inductive proof begins by verifying (5) for n =0 and n = 1. Now assume the claim for
M,, 0 <k <n. From (3) we have

M(s+1)
M, (s) =Mn-1(s)(ﬂ)— —Anﬂ);

M, (s) =~ (5)
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hence
(s (M (s+1) MJ(r+n+1))
_i(s —
M(5) =Moo (| 300~ S
by (4). Grouping similar terms in the ratios, first for n even, we obtain
n(s—r) n’ \

Mii(s) = M, o(s ’\(zr+2n—1)(s+r+n+1) (r+2n-D)Qr +2n+1) |

( (1n)-(3(s—r—n)) \
( %( r——2n—1)~%(—2r—2n+1)/(%(—2r~n—l)))-(%(—s——r—n—l)))’
A (EN LW L [ P P . S (g (PN S, S
and (o) 10110wWS 101 11 + l ldlly 101 71 OUd, wC ODlLdlll
2r + + 2r +n)?
M rg\=M7rc\( @ramlstr) (@2r+n)
nris TR @r42e-1)(s+r+n+1) (2r+2n—1)(2r+2n+1)}
VPN (20 +1) (3¢ = r=n)) \
nilS )\( (=2r=2n-1)-3(-2r-2n+1)/(3(-2r-n-1)))-(3 (—s—r~n~1))}
’Jﬂl’] {<\ 'Jr")"ﬂ f\l]f\“l(‘
CRLINE \ W) u5u111 ANJREINTVYY O,
The induction is complete. We immediately conclude the zeros and poles of M, (s) are real
and simple. O

We remark that the zeros and poles of the Mellin transforms of several other families of
orthogonal polynomials, such as Gegenbauer polynomials, do not have such properties.
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