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Some bilateral generating functions for a class
of generalized hypergeometric polynomials *)

By H. M. Srivastava and Rekha Panda**) at Victoria

The present note aims at deriving a bilateral generating relation, involving the
H-function of C. Fox [4], for a general class of hypergeometric polynomials which were
considered earlier by F. Brafman [1]. By suitably specializing the various parameters
involved, this formula would yield the corresponding bilateral (or bilinear) generating
functions for the classical polynomials of Gegenbauer, Hermite, and Laguerre, for certain
special Jacobi polynomials, and for their generalizations available in the literature.
The result obtained here also provides a unification of the two main generating relations
given in a recent paper (cf. [8]).

It is shown how the main result (2. 1) can be extended to hold for an H-function
of several complex variables.

1. Introduction

For convenience, let (a,), ((x,, 4,)) and ((«,; 4,, A,)) abbreviate the p-parameter
sequences @y, ..., a,; (o, Ay), ..., (x,, A,); and (x5 4, A7), ..., (zx Ay, Ay), re-
spectively, with similar interpretatlons for (b,), ((B,, B,)), ((B,; By, BY)), etc Also let
A (m, 2) and ¥/ (m, A) stand for the m-parameter sequences

i,l+1,.'.,l+m~—1 and 1__1_ A+1 ',1_2+m——1m

m m m m’ m m ’

respectively, for an arbitrary complex number A and for all integers m = 1.
We begin by recalling the definition of the H-function in the form

A
(((Xp, p)) _ 21 fe(&)zedé,
((Bg» By)) o

(1.1) Hyr [z

with @ = V—Tl and
HF(ﬂJ—BjE)J_IF(1~ai + A;§)
(1.2) (&) = = ,

I I't—p,+ BE) IT I'o;— A8
m+1 j=n+1

j=
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in part by the University of Victoria under grant FR 08-893.

For an abstract of this paper see Notices Amer. Math. Soc. 21 (1974), p. A- 9 :ﬁ: 74 T-B*13.
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where an empty product is interpreted as 1, the integers m, n, p, ¢ satisfy 0 < m < ¢,
0 < n < p, the coefficients A;, j = 1,...,p, and By, j=1,..., ¢, are all positive, the
parameters «,,...,«, and f,,..., B, are such that no poles of the integrand coincide,
€ is a suitable contour of the Mellin-Barnes type (in the complex &-plane) which separates
the poles of one product from those of the other. If we let

(1. 3) Q=34,— 3 A+ 3B— 3 B,
j=1 j=n+1 j=1 j=m+1

then for 2 > 0 the integral in (1. 1) is absolutely convergent and defines the H-function,
analytic in the sector

(1. 4) larg(z) | < —;—.Qn,

the point z = 0 being tacitly excluded.

We remark in passing that a study of one form or the other of the H-function,
which was initiated as long ago as 1888 by S. Pincherle, appeared in the works of E. W.
Barnes in 1908, H. Mellin in 1910, A. L. Dixon and W. L. Ferrar in 1936, S. Bochner in
1958, and several others (cf., e. g., [3], p. 49, § 1. 19 for details). A first systematic dis-
cussion of the properties of the H-function as a symmetrical Fourier kernel was incor-
porated in a recent paper by C. Fox ([4], p. 408) whose name seems to have been associated
with this function in the literature ever since.

Several definitions and notations of the H-function of two complex variables have
appeared in the literature. We find it convenient to employ the following contracted
notation for the double H-function of Mittal and Gupta ([6], p. 117) defined by

HO,h: (m, n); (r, s) [x
k,l:[p, q1; [u, v] |y

(x5 Ery Ez)) = (255 A));5 (70 C))
(('vh Fh Fl)) ( ﬁrp q)) ( Dv))

o | [ 0@ natyazan,

g &8

(1. 5)

with 6(&) given by (1. 2),

_11111(51'—1)177)’111['(1 —y;+ Cj’?)

(1. 6) $(n) = —— — ,
.H I’(1~6?.+Dm) I F(V}"CM)
j=r41 j=8+1

and
h
jgp(i‘—ﬂj+ E56+E7,77)
(1.7) (& n) =— ; ,
) ﬁlr( —Eff‘“Efﬂ)iglP(i—”j"‘ Fi& + Fin)

where, as before, an empty product is interpreted as 1, the integers i, k,I, m, n, p, ¢, r, s, u, v
are such that 0 <A<k 1=20,0=mZq, 0=n=p, 0r<o 0<s< u, the
coefficients E,, Ej, F;, F;, as also A, B;, C;, D;, are all positive, and the sequences
of parameters (x,), (8,), (.), (,), () and (v,) are 8o restricted that none of the poles
of the integrand coincide. The contour &, in the complex &-plane, and the contour &,
in the complex 7-plane, are of the Mellin-Barnes type with indentations, if necessary,
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to ensure that they separate one set of poles from the other. Further, if we put

h k 1
(18) 1=Q+2E7_— 2 Ej—“‘ZFj
j=1 j=h+1 j=1
and
(1.9) 2--.20~ > c+zz), zD
j=1 j=s+1 j=r+1

k
+ ZE}-— ) E}——ZF},
j=1 j=h+1 j=1

where 2 is given by (1. 3), then for 2; > 0, j = 1, 2, and with the points z =0 and y = 0
being tacitly excluded, the double integral in (1. 5) converges absolutely and defines an
analytic function of two complex variables  and y inside the sectors given by

1 1
(1. 10) |arg(e) | <5 Q1 larg(y) | <o Ly

Indeed, in the literature (cf., e. g., [3], p. 50), there are alternative sets of conditions
of convergence of the integrals in (1. 1) and (1. 5). Throughout this paper we shall assume
that at least one set of these conditions hold. Note also that if A; =1,j=1,..., p, and
B;=1,j=1,...,q, then the H-function in (1. 1) would reduce to the relatively more
familiar Meijer’s G-function ([3], p. 207 et seq.). On the other hand, under analogous con-
ditions on the positive coefficients (4,), (B,), (C,), (D,), (Ey), (E}), (F;) and (F}), the double
H-function in (1. 5) would yield the corresponding G-function in the contracted notation

(1. 11) o O b mam)i (ry8) [x (1)t (2,); (m}

kv l: [P, 4]7 [uv 'l)] y vl) :Bq

which, in essence, is equivalent to the notation employed earlier by Srivastava and Joshi
((10], p. 471).

2. The bilateral generating function

We prove the following formula which holds true whenever both of its sides have
meaning.

@21) 3 ,,F,

A(m,—n)’(ap);xilﬂr,m“‘_s[ ,(V m)}'+ 1) (“w ) t"
(b); ((Byy B,))

m-+u,v
re,) O0,m: (1, p); (ry9)

I'(a;) m,0:[p,q+ 1]; [u,v]

j=1
— s [T (e, )5 (o AL)
o : (0,1), (L — by, 1); (B, By)

where m is an arbitrary positive integer, and p, ¢, 1, s, u, v are integers satisfying p = 0,
g=0,0<r<v,and 0 <s<u
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Proof. Making use of the definition (1. 1) we replace the H-function:on the left-hand
side 4, say, of (2.1) by its Mellin-Barnes integral, interchange the order of summation
and integration (which can easily be justified when the integral and the series involved
are absolutely convergent), and we find that

,1;111“(54—'*315) I1 T(1— o, + 4,8) 1"'} T[4 (A+j—1)/m]

(2.2) A= 21
T W
3 }+1F(1—ﬂj+Bj§) H ['(ocj——A &)
g
A_'_mgn | A (my—n),(a,); - t\"
é‘o L—Tl—l——)_"'“’Fq [ B (bp). v (ﬁ) y'dé,
L . ql

where, as usual, (1), is the Pochhammer symbol defined by

I'(A + n) 1, if n=0,

2.3 Ny =—5— =

Applying the known formula ([1],-p. 187, eq. (55); see also [11], p. 233, eq. (13))

, % (1), ”A(m,—'_‘n)i(ap);
2.4 F "
( ) < n! m+p al: | . (bq).’, Z t ‘
| Lo [ama @) 4oy ym
=1 “‘t) myp q[ (bq),x<—t—_—T) }

which follows as a special case of formula (12), p. 233 of Srivastava [11], equation (2. 2)
will readily simplify to the form v

t

-4 " .
(2.5) 4 :&%—'g)_fpe[(’gﬁmt)m]emwﬂ[A(m,l+m§), ((Z:;:x(t—tm)m} ”

g

where, for convenience, I', denotes the f-quotient displayed on the right-hand side of
(2. 2). ‘

Now we replace the generalized hypergeometric function in (2. 5) by its contour
integral, given by equations (1), p. 215 and (1), p. 207 in [3], and interpret the resulting
double integral by means of (1. 5). We are thus led to the second member of formula (2. 1),
and the final result follows by an appeal to the principle of analytic continuation.

3. Particular cases

The classical poly'nbmials of Gegénb’auer Hermite, and Laguerre, as well as their
various generalizations considered from time to tlme, are contained in the Brafman
polynomlals (13, p. 186)

(3:1) - B,(z;m) =, F

m+p- ¢

[A (m, —n), (a,);

x},' n=0,1,2,.
(by); o
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which occur on the left-hand side of our bilateral relation (2. 1). Moreover, since ([7],
P. 255)

ea  Aow =Pt (2

2

—n,—&—n; x4 1
p+1; 7]
and since ([15], p. 59 and p. 64)

B.3) Peh(e) = (PP —a) = (1G] P (22
n 2 ® z—1)’
the polynomials B, (x;1) with p—1 = ¢ =1 can easily be expressed in terms of the
special Jacobi polynomials PP (z), P&F=™(x) or P ™F™(x). On the other hand,
the H-function can be reduced to several special functions of interest in applied mathe-
matics and mathematical physics. Thus our formula (2. 1), which provides an elegant
unification of the two main results (2), p. 159 and (11), p. 161 of a recent paper [8], can
be shown fairly easily to yield a large number of known or new bilinear and bilateral
generating relations for various special functions or their products. We content ourselves
by giving the following special forms of (2. 1). .

First of all, we notice that if A; =1, j=1,...,u, and B; =1, j=1,...,v,
the H-functions of one and two variables occurring in formula (2. 1) will reduce to the
corresponding G-functions. In particular, if we further set r =1 and u = s, and make
use of the known relationship (1), p. 215 in [3], we shall obtain the bilinear generating
function

{A(m,~n), (a,); } {A(m,lﬂL n), (x,); }
Z| myul's y "
(bg); (Bv);
A (m1 l) : (ap); ((xu); xt™ Y
(b5 (B); DT A —=0)"]

={1—"*F

where F[z, y] denotes a generalized Appell function of two variables in the notation of
Burchnall and Chaundy ([2], p. 112). '

For m = 1, the bilinear relation (3. 4) would reduce to the known result (3. 5),
p. 43 due to Srivastava [12]. Incidentally, this formula (3. 4) admits itself of an obvious
generalization given by

© : y — 1), ) a}' y Xyl
o5 2_@1”[(%) A, —n), @); A (my 3+ 1), (5 x,y}tn
O (CAK () (B.);

=1 —1t)"*F

A(m, 2), (v,) 2 (ay); (x4)5 ggm y
(8): (b); (By); ¢t— " (A=)
whose special case m = 1 is essentially the same as formula (3. 4), p. 42 of Srivastava
[op. cit.].
Now we recall the Gould-Hopper generalization of the classical Hermite polynomials
{H,(z) |n=0,1,2,...} defined by ([5], p. 58)
3.6 mppy— 5 M

= ", Fo A(my, —n); —; h(—m[z)"].

Journal fiir Mathematik. Band 283/284 35

hk xn— mk
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Thus, in the special case of our formula (3. 4) when p = ¢ = 0, we shall obtain the bilateral
relation

© (Dn m [A(m, 4+ n), (x,);
@1 ZSrere b, o’
[A(m, 3):—5 (%)5 pmtym y
(VA
= (1 xt) FL - ('Bv); (,1__xt)m7 (1 —-.’l?t)m ’

which would evidently reduce, when u = v = 0, to the elegant form

6.8 2 Lugnia ) Ful o (m 2+ m); —; 410"

= (1 —azt)*, F[A(m,2); —; {R(mt)” + y}/(1 — zt)™].

Since
(3.9) ' g2z, —1) = H,(x), n=20,1,2,...,

formulas (3. 7) and (3. 8) with m = 2 would provide us with the corresponding bilateral

generating functions for Hermite polynomials.
1

Next we consider a special case of (3. 7y whenm =2, u =v—1=0,8,=v + 50
A =2y + kand h = —1, k being a non-negative integer. Making use of (3. 9), the familiar
transformation (cf., e. g., [3], p. 64)

(3.10)  4Fylo, b5 ¢34 = (1 —2) " %F le—a,c—bse;2l,  |2] <1,

and the known hypergeometric representation (20), p. 280 in [7], we arrive at a divergent
generating function for the Gegenbauer (or ultraspherical) polynomials in the form

% / 2 —1
e1y Z("THm@a.me (T g — e
1 1 1
" v+-2—k1v+“2—k+"2_‘"——’_—1 —4? y2—"'1
1 (y—2xt)?’ (y — 2xt)?
P vt g

For » =% this result will yield the corresponding bilateral relation for the Legendre

polynomials P, (z), since it is fairly well known that

1 .
(3.12) P,(z) = C%(x), n=2012....

Also, for y =1 this result will reduce at once to the familiar (divergent) generating function
({71, p- 190, equation (1)) for the Hermite polynomials.

Finally, weset m =¢=u=v =1, p =0,
by=a+1, 6;=—v—Fk py=—pu—v—2k

and A=—pu—v—~kin (3.4), k=0,1,2,..., and apply the hypergeometric trans-
formation (3. 10) once again. In view of the relationship ([7], p. 255, equation (7)) we thus



Srivastava and Panda, Bilateral functions for & class of hypergeometric polynomials 271

find that
(3.13) z("jkx“i"YE@@ﬂywﬁwww

n=0
By — 1\ [y —1\F 1 +rtk
Z(HZJF )(Z+1)(y2 ){Hf(y“”]”

-, [—-—,u—v—k, —y—k; —pu—v—2k, « +1;

4 z(y + Dt
T—yly+Dt+2]" (y+ 1)t + 2

where L{ (z) denotes the classical Laguerre polynomial of order & and degree n in z, and
(3], p. 225)

’

' 5 @minB)m 2" y"
3.14 Yilo, B5 v, v'5 2, 9] = S
( ) 1[0‘ ﬂ Y z y] a0 (y)m(y )n ml nl
On the other hand, ifin (3. 4) wesetm =p=q¢q=v=1,u=0,4,= —x,b; = —a—f,

=9y +1and A=y + k+ 1, k being an integer = 0, and employ Kummer’s first
theorem (cf., e. g., [7], p. 125, Theorem 42) and the aforementioned relationship ([7],
p. 255, equation (7)) we shall obtain the bilateral generating function

00 —_— — R — -1
(&ﬁ)é&”jﬂf xF 1)P$“%um%mm"

:«;6ﬂp—%u—mt

—y—k—1

| L . 21 2y
%b+k+L—%, byt b a—yi—2 T—ni—2)

which is indeed equivalent to the known result (36), p. 362 of Srivastava and Singhal [14].

4. Extension to several variables

If we use the abbreviation (a) to denote the set of A parameters a,,...,a,, and
(6%)) to denote the set of BY parameters

b9, ., b, i=1,...,n,

with similar interpretations for (c), (d™), etc., we can easily define an extension of the
H-function in several complex variables z,,...,z, by means of the multiple integral

0,2: (W, ¥); -5 (u® ™)

A, C:[B,D7;...;[B™ D™
([(a)rﬂ',---,O‘”’]z[(b'):¢’];---;[(b‘”’)=¢‘”’];x x)
[(€): 9, .oy 9™ [(@): 8T 5 [(@) 0]

(4. 1)

2rw)”
g,

=__1__f f@l(El)...q)n(s,,)?’(sl,...,g”)
2”

cafte o alndgy e df,, o =)—1,
35*
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where ) )
211 I[dp — 6P &) 1_11 ITL— b + $¢,]
(4:. 2) (pi (Si) == D7(1—) j= — ’
7 I'ft—dp + 6(‘)51] IT T — ¢98,]
j=p41 =D 31
t=1,...,n;
4 n
_1_1]’[1—@7 + .29(7;')5{}
(4.3) W(&y,..., &)= j=1 |
Ig{_ll"[a —2‘%)&} _III’['.I—C + th(l)f}
i

an empty product is to be interpreted as 1, the coefficients 6, j =1,..., 4; ¢{,
J=1,..,BY ¢ j=1...,C; 6, j=1,...,D9 and i =1,...,n, are positive
numbers, and A, 4, »®, A, BY, C, D(” are mtegers such that 0 <2< 4,0 < u® < DY,
C=0,and 0 <+ < BY {=1,..., n The contour &, in the complex &,-plane is of
the Mellin-Barnes type and, as in the cases of one and two variables, it separates one set
of poles of the integrand from the other, the various parameters being so restricted that
none of these poles coincide. And if we let

»(1) B()
(4. 4) A, = 2; 0 — 2 gm + 2 ¢(z) PO
j=1 j=A+1 j=v()41
u(@) p@)
—2w“’+26(" o, i=1...,n,
j=u@+1
then it can be seen fairly easily that for 4, > 0,7 =1, ..., n, and with the points z;, = 0,

i1 =1,...,n, being tacitly excluded, the multiple contour integral will converge abso-
lutely and define an H-function of n variables, analytic in the sectors given by

1 .
(4. 5) | arg(z,) | <—2—Ain, it=1,...,n
In terms of the generalized Lauricella function
A:B';...; B™ (g,
(4. 6) F B
C:D';...;D™\zx,/
which was defined earlier by Srivastava and Daoust ([9], p. 454) we find it worthwhile to
record here the interesting relationship

" 0,A: (A, BY);...; (1, B™)
A, C:[B,D +11;...;[B™, D™ 4 1]
([ a): 0, ..., 6"]: [(®): 1.5 [(b("))=¢‘”)];x x)
[(€): ', « .., 9™]: [0: 1], [(d):8T;...;[0: 1], [(d™):8mp; 7 " 7"

B(n)

(4.7) 2 /
| [1-—a-]11m bil--- I It —bP]  A:p; .. B
= F

A
I
e Dl . ’. . Nin)
HTU—C]III’[i——d] - IT T'[L—dp] C:D;...;D
i u

[1_(0)3 1...,6(")]:[1-—(b):¢'];.“;[1____(b(n)):¢(n)];— )
[1’—(0):1/)””"Qp,(n)]:[i_(d')':él];--~;[1-——-(d(")):6(”)]; 13+ %y s
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which holds true for all z,,...,z, when Q, >0, or for |z,| <p, when Q, =0,
i=1,...,n, where p, is defined by equation (5. 3), p. 157 in [13], and (cf. [9], p. 455)

c pl) 4 . BW)
(4. 8) Qi=1+39P+ 36— 369 — 3 ¢0  i=1,...,n
j=1 j=1 j=1 j=1

Moreover, if all of the 6’s, ¢’s, y’s and &’s are chosen to be 1, the H-function defined by
(4. 1) reduces to the corresponding G-function of n variables which we shall conveniently
denote by?)

0,4: 0 PN (7 2 (b)) .. (D)
(4. 9) G ) W™ ((a) ) e 1 ’ n)y

x
A,C:[B', D'Y;...; [B®™, D™\ (c): (d);. . .5 (d™);

a representation that is evidently analogous to the one used in (1. 11) for the G-function
of two variables.

Now we turn to a multidimensional extension of our formula (2. 1). Indeed, by a
method which runs parallel to that of deriving (2. 1), and which uses the definition (4. 1)
instead of (1. 1) and (1. 5), we are led at once to the desired generalization given by

ol A (m1 —k)v (a); 07 m: (/u’v 'V,); cee) (/'l'(n)’ 1’(n))
.Y x| H
k=0 (¢); m,0:[B’, D'];...; [B®, D]

([V("%G-Hﬁ)i‘1,---,1]2[(b')=¢'];---;[(b‘”’):<l>(”’]; /) £k
s Yn

Yu o7
(4. 10) L) ;. 3 [ 8 k!

(1 t>~aH0,m= (s v)5. s (W™, 9)5 (1, A) [V(mo):1,...,1]:
n m,0:[B', D'];...;[B™, D™]; [4, C + 1]

[6): 475 - - 5 [(6™) : 615 11— (@): 1) z
(@) 8; s (™) : M]3 [0: 4], [ — (o) 4]; 27 i)

where ¢ 1s an arbitrary complex number, m an integer > 1, and, for convenience,

. : t \m
(4. 11) zi-—=1-—_y_7_7, LSign  ga——o(itn)
m

Evidently this last result (4. 10) would correspond, when » =1, to our formula (2. 1).

Added in proof. A systematic study of the H-function of several complex variables,
defined by equation (4. 1) above, is incorporated in another paper by the authors [No-
tices Amer. Math. Soc. 21 (1974), A533 — Ab534, Abstract # 74T-B187], which is
scheduled to appear in a forthcoming issue of this Journal.

1) 1t may be of interest to remark that this G-function of n variables is essentially the same as the one
studied recently by S. S. Khadia and A. N. Goyal [Vijnana Parishad Anusandhan Patrika 13 (1970), 191—201;
Math. Reviews 46 (1973), p. 359 = 2104].



274 Srivastava and Panda, Bilateral functions for a class of hypergeometric polynomials

References

{1} F. Brafman, Some generating functions for Laguerre and Hermite polynomials, Canad. J. Math. 9 (1957),
180—187.

[2] J. L. Burchnall and T. W. Chaundy, Expansions of Appell’s double hypergeometric functions (II), Quart. J.
Math. Oxford Ser. 12 (1941), 112—128.

[3] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher transcendental functions, Vol. I,
New York 1953.

[4] C. Foxz, The G and H functions as symmetrical Fourier kernels, Trans. Amer. Math. Soc. 98 (1961), 395—429.

[6] H. W. Gould and A. T. Hopper, Operational formulas connected with two generalizations of Hermite poly-
nomials, Duke Math. J. 29 (1962), 51—63.

[6] P. K. Mittal and K. C. Gupta, An integral involving generalized function of two variables, Proc. Indian Acad.
Sci. Sect. A 75 (1972), 117—123.

[7] E. D. Rainville, Special functions, New York 1960; Reprinted Bronx, New York 1971.
[8] B. L. Sharma and R. F. A. Abiodun, New generating functions for the G-function, Ann. Polon. Math. 27
(1973), 159—162.
[9] H. M. Srivastava and M. C. Daoust, Certain generalized Neumann expansions associated with the Kampé de
Fériet function, Nederl. Akad. Wetensch. Proc. Ser. A 72 = Indag. Math. 31 (1969), 449—457.
[10] H. M. Srivastava and C. M. Joshi, Integration of certain products associated with a generalized Meijer func-
tion, Proc. Cambridge Philos. Soc. 65 (1969), 471—477.
[11] H. M. Srivastava, A class of generating functions for generalized hypergeometric polynomials, J. Math.
Anal. Appl. 85 (1971), 230—235.
[12] H. M. Srivastava, A formal extension of certain generating functions. II, Glasnik Mat. Ser. III 6 (26)
(1971), 35—44.

[13] H. M. Srivastava and M. C. Daoust, A note on the convergence of Kampé de Fériet’s double hypergeometric
series, Math. Nachr. 68 (1972), 151—159.

[14] H. M. Srivastava and J. P. Singhal, Certain generating functions for Jacobi, Laguerre and Rice polynomials,
Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 20 (1972), 355—363.

[15] G. Szego, Orthogonal polynomials, Amer. Math. Soc. Collog. Publ., Vol. 23, Third edition, Amer. Math. Soc.,
Providence, Rhode Island 1967.

Department of Mathematics, University of Victoria, Victoria, British Columbia Canada, VEW 2Y2

Eingegangen 7. November 1973



