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Using the approach of Fujiwara-Thakare we establish here generating func-
tions for the classical orthogonal polynomials and Bessel polynomials. In
the sequel we also obtain Carlitz type generating functions for the polynomials
of Jacobi and Bessel.

1. INTRODUCTION

The purpose of this paper is to obtain some generating functions for the classi-
cal orthogonal polynomials—namely Jacobi polynomials, Laguerre polynomials,
Hermite polynomials in the unified form and to show that these generating func-
tions in turn yield, following the approach of Fujiwara (1966) and Thakare (1972,
1974, 1975a, b) the generating functions for the classical orthogonal polynomials
and the Bessel polynomials.

It may be observed that Fujiwara (1966), Thakare (1972, 1974, 197%a, b),
Karande and Thakare (1974), Patil and Thakare (1975) have succeeded in a great
detail to unify the study of the classical orthogonal polynomials.

Thakare (1972) has stated the extended Jacobi polynomials F (a, £; x) by
the following Rodrigues’ formula:

Fulw i) = gy D'V X @I, D

i

d
e (1.1

where the weight function W (x), the quadratic function X (x) and the constants
K, are respectively given by

(x—a)* (®—xF

W(x):(b——a)":ﬁﬂB(a—}—l,ﬁ—f—l); fa>—1, B>—1)...(1.2)

X{(x)=c(x—a)y(b—x)with ¢ > 0 ...(1.3)
and

K,=(—1D".nl (1.4)
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In our discussion a parameter A which is connected by the relation
A = ¢ (b — a) frequently occurs, (1.5
Thakare (1972) has stated the following relationships with these polynomials:

Case (AY: Jacobi Polynomials
When
—a="b=2a=1
Fu(a, B x) = P,'F ) (x). .(1.6)

Case (B): Laguerre Polynomials
When a =0, A=b and A =1, we have,
lim Fn (a'y b; x) = ("—' l)"Ln(a) (X), (I 7)
b=xO0

Case (C): Hermite Polynomials

For f =a, —a=5b= +/a, (« > 0) and in view of A — 2 , we get.
\ @

9
lim F,(a,a;x) = 22

A/ A—300 n!

~(1.8)

Case (D): Bessel polynomials

Following Agarwal (1954), Thakare (1972) stated the relationship between
Bessel polynomials y,.(x;r,s) and the extended Jacobi polynomials F,(a, §; x).

ad
Put —a=b=2A=1, a=r-—e—1, 8= e—1 andreplace x by (1—]—'?5)

to get,

2xe

lim I'(n ;i— 1)
€ s

€ »xs

F, (,-_6_1, e—1:1 4+ ):y,,(x;r,s). (1.9)

In the sequel we also obtain Carlitz-type (1961) generating function for the
extended Jacobi polynomials, and as limiting cases those for the classical ortho-
gonal polynomials and the Bessel polynomials.

2. GENERATING FUNCTION

In this section, we obtain a generating function for the extended Jacobi
polynomials, the method of obtaining the generating function is essentially that of
Brafman (1951).
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Thakare (1972) has stated,

puwrin = GZ (1) 2 =

Using (2.1) we consider,

o0

E (3), Fo (0, B X) 1"
(a0, T+,

_2 z (8)as (/\r(x—a) "(/\t (x — BN\
o 4 - ntk! (14 a), (14 8) b—a ) b—a

= . D Mx—a) M(x—b)
=9 @ LAl des o T (2.2)

where ¢, is Horn’s function of two arguments (Erdelyi 1953, p. 225).

Particular Cases

(I) For —a=>b= =1 we get the result obtained by Bhonsle (1962)

(x—Dt (x+ 1)1
¢2(a;l+“’l+lg?x2 ’ Vz))
S (@), PP (x) 1"
:Zo A+ a),d+ L)’ .(2.3)

(1) When 6 =143, 8 =5, A= 1, a= 0 and on account of (1.7) we get
the usual generating function for the Laguerre polynomials,

= (a) * —
z %:Qt JF, [ __x,] (2.9)
n=0 * l+a; )

3. MOoRE GENERATING FUNCTIONS

Thakare (1972) has also stated the extended Jacobi polynomials as:
—n, l4a- g-tn;
A+ b—x
Fo(a, ;%)= A ( i ﬁ) . —1 6D
1+8;
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Patil and Thakare (1975) have also proved the generating function for these
polynomials, which runs as:

2048 R-1(1 4 M+ Ry (1 — M+ RyF = 3 F, (a. B2 3) 1" (3.2)
where
R:[1+2A—’(i’bi—-_l’;21)+ rerl. (3.3

Now consider
@17 (1 At RYT (A — e+ R

=y 17 (L + M4 R (1 — M+ R

\[1 i&:‘l_lﬁ'ﬁiﬁ)} r =R
AAYTI =M+ R TIE NS RY Tdr

On simplifying we get,

SUr (4 ik R (U= M RS

=y R4 M+ RyY(1— M+ RV (3.4
Similarly

dfl—M+RY)® . o (1—N4RY? 35

&[L+M+R] = AR 1+AL+R)‘ +G-3)

Now we write

1+ X+ R —Xxt+ RSP

1 — M+ R\
:(l—At+R)‘7(I-{—/\t+R)‘7(ﬁ_—;\%i—§) (3.6)
where
vy et B _B—a
y=2TF, =Rl (.7)

By using (3.4), (3.5) and (3.6) we have
2e+F gt 71 + At -+ Ry (1 — At + R)F]

L ] (1= M+ RY?
=2+’3d‘,[ﬂ(l—AHrR)”(1+>"+R)7(1+A1+R }

=t 1(y + A31) 2°-F RI(1— Xt -+ Ry (1 4+ A&t + Ry

(e ]
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= (¥ 1(y 4+ A8¢) 2948 RI(1 4+ At + R (1 — At 4- R)F
= (1 (y+ 20 2 F(@ 0 by (3.2).
Thus

20+ ?iz [t7 (1 + At 4+ Ry (1 — At + Ry F]

= ;:[y Fn(a-.,s; X)+ Ad Fn‘l (a9/3; x)] (vl .”(3.8)

Integrating both sides we have,

2048 (1 4+ A+ R (I — At -+ RF

- ,_Z,_ : " {\g’ . "
_Zy+nFn(a,ﬁ’X)f+Z}(Y+nF"_1(a,B,x)t ..(3.9)
provided v+ 0.
When y = 0 we have on account of (3.7)
1 — A+ R\# B A8 . .
(1“+—‘—‘A,+R =1+ z o F (=B B X, ...(3.10)
n=1

Similarly when & = 0, we have

oo

22 [(1 + At + R)(1 — At + R)JF = ) /_3—5—7 F.(B B:x)1" ..(3.11)

n=

provided B is not a negative integer.

4. PARTICULAR CASES

Jacobi Polynomials

If we put —a=»5=A=1in (3.9) and because of relationship (1.6) we
obtain the generating function obtained by Carlitz (1961) in the form:

2258 (1=t 4 p)* (1 4 t 4 )P

= z {y P, %@ (x) 4+ 8 PE (x)) y_’{_ - (4.1)

where p= (1 + 2xt+ ) and y+#0.
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Laguerre Polynomials

Put A=1,a=0,8=24in (3.9) and in the limit b - o<,

2 -
R 01— ]
2xt b
- H z'b 2 1 -a 2______i,,;_
S, TR0 255 s]
a—+ b)j2
= lim —-u_——?-—— Fo(a,b;x)t*

R (CHE

Cb—a)2
+ ;‘_‘T F.(a, b; x)1t"
" +n

(1) exp (,{‘—,) Z (LY (x) — L (0] (— )"

Here we have used the result

[
lim 1—«5) _— .(4.2)
Thus
(1 —1)y%exp (r—:{) - Z (L4 (x) — L&, (x)] 1. .(4.3)
n=0

Since we have the recurrence relation for the Laguerre polvnomials (Rain-
ville 1976, p. 203),

LY (x) = L, (x) + L7 (x)

hence (4.3) becomes,

(T:%z ewp (1) = Z L ()0, - (4.4)

which is the usual generating function for the Laguerre polynomials.
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Hermite Polynomials

Put 8 =a, —a= b= 4/o, (¢ >0) and since A —2/4/e in (3.9) and in the

limit 4/a — co we have R — 1 ——2%’-{_&,
S lim 22 [(l + R)* _it_"]-a = lim F,(a, a; x) 1"
Va->o00 Va-»00 ('L+ n

Thus on account of (1.8) and using (4.2) we get,

[=n]

exp (2xt — %) = Z Ha(x) 0 ...(4.5)

n!
=g

This is the generating function for the Hermite polynomials. We can also
obtain (4.5) from (3.11) on account of (1.8) and using (4.2).

Bessel polynomials
— 2xe
Put —a=b=A=1, a=r—e—1, §=¢—1, replace x by (l+
and t by 2€m (3.9), then we have
R —>+/1—2xw.

Thus on account of (1.9) the left-hand side of (3.9) becomes:

[l + "1’ \/177——:"}/»1}]2—,
2 2 -

o 1lim z (I e—r)m sw/2
oo m! e
m=0o | 1‘1‘\/1—” 1+2_.‘X‘€) ( )
o [ x
% lim (6‘-121, swi2
e_”’of;-o' € 1+¢1~_~(1+2XE) (SW)

= [% 5 \/lifzxw] 7 exp [zsx (1 — VLT——ZJ?TV)]
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And the right-hand side of (3.9) becomes,

i 3 (,_~2l7 ( o R ZXG)<SW>
im 2 —a2xamf\e b
n=0
2, .
i Qe—n) (_ e e— 11 (MY
+ lim, z (r—2--2m Fo{r—e=loem il ) 25)

This on account of (1.9) becomes,

o0

2 (Foiz) o wirs) (gﬁ")r
n=0
+:,( 2—{—2n>)"1(x r’s)(sn)(n——l)'

Thus when r 2 we write

[%Jr —:12— V1 —2xw :r—r exp in (11— g —~2xu)]

(sw2)"
[( Sy (xir, 8) oy (X rS)] T — 3 on
MR
2
...(4.6)
This result is not to be found in the literature.
Now when r =2, (4.6) becomes,
oo
oxp[ 2 0 — VT =z | = z o (32,5 C12) 47)
n=0

Hence for r = s =2, we get the generating function for the simple Bessel
polynomials (see Krall and Frink 1949, McBride 1971) in the form

[ocd

— A —=2xw I
exp{—1 le 72)047} = 2 ) Y- {X) ",

n=0
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