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1. INTRODUCTION

There are three known ways of describing a sequence of numbers gy, @, , a,,
ag,...:

(1) By recursion. Here, a specific rule f is given whereby a, = f(a,,,
a,_,,...). This description is used whenever the sequence is to be explicitly
computed.

(2) By generating functions. Here, the description of the sequence is
thrown back on that of the function

(%) = ag + ayx + agx?2! + -

This description has proved effective when the asymptotic properties of the
sequence are sought.

(3) By transform methods. Here, the sequence is represented as the result
of performing a definite integral, for example as a moment sequence, say

a, = J: xf (x) dx,
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and the properties of a, are thrown back on “‘corresponding” properties of
the function f(x). Stripped of irrelevancies, this method reduces to representing
the sequence a,, as the result of applying a linear functional L to the sequence
of polynomials x". Adopting the physicists’ notation, we write this action
as (L |x"y = a,.

In the nineteenth century—and among combinatorialists well into the
twentieth —the linear functional L would be called an umbra, a term coined
by Sylvester, that great inventor of unsuccessful terminology. Before knowledge
of linear algebra became widespread, the action of a linear functional L would
be conceived of as raising the index n to a power, and then “‘treating” the
sequence a4, as a sequence of powers ¢”, while reserving the right to lower
the index at the proper time. No precise rules for lowering of indices were
stated, nor could they be, as long as the underlying conceptual framework
was missing. A baffling difficulty in the calculus of umbrae was the important

“rule”
n

(@a+ap =73 (Z) ata=¥,

k=0

which seemed to imply a + a # 2a.

If mathematicians had held back their tendency to disregard techniques,
even though useful, that do not conform to the standards of rigor of the day,
they might have been led, by an analysis of umbrae, to the concept of Hopf
algebra. Unfortunately, this was a missed opportunity, and the concept was
to emerge much later from algebraic topology. Briefly, it was recognized that
linear functionals on polynomials can not only be added, but also multiplied
according to the rule

n

ALy |6 = ¥ () L | ¥ Ly | 65,

k=0

The resulting pairing of two rings leads to a powerful formalism, which
it is the purpose of this work to develop.

A vast variety of special polynomial sequences occurs in combinatorics
and in analysis. It was recognized in a previous work that these sequences
of polynomials p,(x), which we have called of binomial type, satisfy the identity

n

paler + @) = Y. () Pu(@) Pooal®):

k=0

We show that these sequences can be defined by a simple orthogonalization
device. They are related to a linear functional L such that (L | 1> = O by the
biorthogonality conditions

<Lk IP'n(x)> = n! Sﬂ.k .
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We develop the theory of sequences of binomial type starting from this condi-
tion. From the point of view of computation, the two most important problems
are, first, that of effectively calculating a sequence of binomial type once L
is given, and second, that of computing the connection constants c, ; between
two sequences of binomial type p,(x) and g,(x):

4als) = z )

Our solution consists in describing the polynomial sequence r,(x) = 3, ¢, "
as a sequence of binomial type whose functional L is computed in a very simple
way in terms of those of p,(x} and g,(x).

Polynomial sequences of binomial type turn out in large variety in problems
of enumeration. Roughly speaking, problems of enumerating objects that
are pieced together out of smaller objects which are not allowed to overlap—
for example, the enumeration of trees—fall within the scope of the present
theory. A sprinkling of examples given at the end is meant to foreshadow
a more substantial development in this direction which we were forced to
postpone.

The text has been supplemented by several examples from analysis which
have occurred in various circumstances, mostly in connection with expansion
of functions into series of polynomials, such as Taylor’s, Newton’s or Euler—
MacLaurin’s. That such expansions, as well as sundry other properties of
special polynomial sequences, turn out to be special cases of a few exceedingly
simple facts, is not only a pleasing realization. It is hoped that it will encourage
the use of the simple general techniques of the umbral calculus, and discourage
the collector’s mentality that considers each polynomial sequence as an inviolable
manifestation of a unique phenomenon.

Among the by-products of the present theory is an effective formalism for
computation involving composition with formal power series and Lagrange
inversion. A great deal of combinatorics depends on these computations, and
the classical notation of the calculus offers little relief. A linear functional L
on polynomials such that <L | x*) = a, corresponds to the formal power
series whose nth coefficient is a, , and this algebraic isomorphism leads to a
swift technique for functional compesition and inversion, as can be gleaned
from the examples in Section 11.

Paradoxically, this identification of linear functionals with formal power
series is one reason why a development along the present lines was
overlooked. But it would be just as arbitrary to identify linear functionals
with distributions, or with some yet-to-be-conceived gadget. The simplifying
power of the present notation occurs out of the ease of handling adjoints of
linear operators in the vector space duality between polynomials and func-
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tionals, and would be lost, had functionals been identified from the start with
formal power series.

. Another by-product of the present work is the theory of factor sequences,
which allows for ‘“‘polynomials” of negative degree, and which can be con-
sidered as an extension of the theory of factorial series to arbitrary sequences
of binomial type. Thus we can define Hermite, Bernoulli, Stirling polynomials,
etc., of negative degree. Whereas the generating functions of sequences of
polynomials of binomial type, as well as the closely related Sheffer sequences,
are expressed by exponentials, their analogs for factor sequences lead us to
define an “‘integral” analog of the notion of formal power series, which we
propose to call the Cigler transform, as it partially answers a question posed
by J. Cigler.

Throughout, some definitions and elementary results could have been
presented as special cases of Hopf algebra notions, but we have avoided this
line, partly because Hopf algebras are still little known, and partly because
it is left as a challenge to Hopf algebraists to generalize some of our notions,
for example, factor sequences, the adjointness between shifts and derivations,
and umbral composition, to their rarefied atmosphere.

A great many of the results in this work are new. Others are taken from
our previous work on this subject. In the choice of examples, we have preferred
to rely on established polynomial sequences rather than describe new sequences
which could not be properly motivated. Altogether, this work may be compared
to the archeologist’s putting together of a dinosaur out of a few charred bones
in the desert.

2. SURVEY

The notion of polynomial sequence of binomial type goes back to E. T. Bell
and probably earlier. Steffensen was the first to observe that sequences associated
with delta operators in the same way as D is to x” are of binomial type, but
failed to notice the converse of this fact, which was first stated and proved
by Mullin and Rota.

The idea of associated and conjugate polynomials is first developed here.
The history of the subject has been sketched in ““Finite Operator Calculus.”

The isomorphism between the umbral algebra and the algebra of shift-
invariant operators, first seen by the Hopf algebraists, has not yet made much
headway elsewhere. Thus Feller in his treatise on probability dedicates two
separate chapters to Fourier transforms and to convolution operators, and
correspondingly gives two proofs of the Central Limit Theorem, little realizing
that they are really one and the same proof. The use of linear functionals and
of the augmentation—that is, evaluation at zero—in place of operators results
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in substantial simplifications; computations of composition and inversion of
power series become transparent in tetms of the duality between the algebra
of polynomials and the umbral algebra of linear functionals (Sections 6 and 11);
the Lagrange inversion formula, for example, boils down to the computation
of the adjoint of an operator.

It remains a mystery why so many polynomial sequences occurring in various
mathematical circumstances turn out to be of binomial type. The explanation
we give in terms of automorphisms of the umbral algebra can be recast in
terms of the Weyl algebra in one pair of generators, that is, the associative
algebra freely generated by two variables P and Q subject to the identity
PQ — QP = I. Every sequence of binomial type determines a module over
the Weyl algebra, and such modules are easily characterized.

The Weyl algebra approach is followed by J. Cigler in the study of factor
sequences —the name is ours—but at considerable expense: in Cigler’s approach
the analog of Proposition 10.2 fails and as a consequence the computation
of associated factor sequences becomes difficult and sometimes impossible
to state.

The theory of factor sequences is barely scratched here, and it suggests
the reopening of a number of questions in the calculus of finite differences
which have lain dormant since Nérlund and Pincherle. The analogy between
differential and difference equations, long considered a baffling coincidence,
can now be seen as a special case of a theory of Q-difference equations, when
Q is an arbitrary delta operator, each Q leading to its own theory of isolated
singularities much as in the case of linear differential equations with rational
coefficients. The purely algebraic connection between factor sequences and
formal power series (Section 11) may be useful in developing a purely algebraic
theory of singularities of Q-difference equations. For example, the analogy
between logx, ‘“the” solution of Dy = 1f#, and ¢(x), “the” solution of
4y = 1/x, leads more generally to the study of the Q-equations Qy = 1/x.
Similarly, R. M. Cohn’s difference algebra, conceived as a difference analog
of Ritt’s Galois theory for differential equations, is a good candidate for extension
to delta operators.

Again, the combined use of polynomials and factor sequences does away
with notions of convergence, or even of asymptotic approximation. It seems
furthermore that the notion of ““formal” definite integral, which we propose
to call the Cigler transform, relates to those asymptotic expansions which arise
from stationary phase.

We cannot pass under silence a conceptual problem arising from factor se-
quences. Every sequence of binomial type is the sequence of eigenfunctions of the
operator §;p(L) in a suitable Hilbert space. What, then, is the spectral nature
of those “eigenfunctions of negative order” that are the associated factor
sequence ? Does this phenomenon call for a retouching of the notion of eigen-
function expansion? Hilbert space considerations could also be called in to
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give, with the aid of the adjointness between umbral operators and auto-
morphisms (Section 6), a simple solution of the problem of conjugacy of formal
power series which has a good chance of extending to the multivariate case.

The sprinkling of examples is not meant to be exhaustive, and we were
forced to defer some applications of umbral techniques, such as: a general
understanding of Turén-type inequalities by sums of sequences {we give two
examples), a goal toward which Al-Salam, Carlitz, Toscano, and others have
contributed some dazzling spade work; a theory of “formal” partial fraction
expansions; and a structural study of the Laguerre polynomials. These poly-
nomials play a role in far too many questions, and their formal analogies with
Hermite polynomials have not been satisfactorily explained. One can, for
example, develop Feynman diagram representations of integrals of products
of Laguerre polynomials, in analogy with Hermite. Does this mean that the
Laguerre polynomials are associated with a yet-to-be-discovered stochastic
process, as Hermite polynomials are to Brownian motion ?

The combinatorial examples given in Section 14 are meant only as hints.
A more systematic correspondence between operations on polynomial sequences
of binomial type and set-theoretic operation on partitionals can and will be
presented elsewhere. For example, umbral composition corresponds to a set-
theoretic “‘composition” of two stores. Polynomial sequences with alternating,
though still integer, coefficients can be interpreted by a sieve that expresses
one store as resulting from the composition of two stores.

There is, however, a more promising set-theoretic interpretation of polynomial
sequences of binomial type. Let B be a ring of subsets of a set S, that is, a
family of subsets closed under unions, intersections, and relative complements.
The Poisson algebra of B is the Boolean algebra p(B) generated by elements
denoted by (4, n), where 4 € B and 7 is a nonnegative integer, subject to the
identities (4 N B, n) = J;_o((4,9) N (B,n — 7)) for 4 and B disjoint, and
(4,1)° = Uisn (4,7). If p is a measure on B, a signed measure = on p(B)
is said to be p-invariant when =((4, n)) = =((B, n)) if w(4) = w(B). It can
be shown-—subject to mild restrictions—that every p-invariant measure on a
Poisson algebra p(B) is of the form w((4, n)) = p,(u(A)) exp(Au(A4)), when
A is a constant and p,(x) is a sequence of polynomials of binomial type. On
the basis of this result, the umbral calculus can be systematicaily interpreted
as a calculus of measures on Poisson algebras, generalizing compound Poisson
processes. This interpretation in turn suggests a vast generalization of the
umbral calculus, corresponding to measures on a Poisson algebra that are not
assumed p-invariant.

In addition to reiterating the acknowledgments given in “‘Finite Operator
Calculus,” we wish to express our indebtedness to the work of J. Cigler, A.
Garsia, and especially ]J. Delsarte, whose pioneering contributions we have
unpardonably failed to mention in previous works.
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3. TuE UMBRAL ALGEBRA

Let P denote the commutative algebra of all polynomials in a single variable x,
with coefficients in a field K of characteristic zero, which we often assume
to be either the real or the complex field. Let P* be the vector space of all
linear functionals on P. We denote the action of a linear functional L on a
polynomial p(x) by

L p(x))-
A polynomial sequence p,(x), n = 0,1, 2,..., is a sequence of polynomials

where p,(x) is of degree #. It is clear that two linear functionals L and M are
equal if and only if

L pulx)y = <M | pofx)>

for all p,(») in a polynomial sequence. We will frequently use this argument,
which we call the spanning argument. By the spanning argument, a linear func-
tional L is defined once (L | p,(x)> is given for all p,(x) in a polynomial sequence.

We make the vector space P* into an algebra by defining the product of two
linear functionals L and M by

- (7 . .
LM |37y = Y. () <L 1AM | 55,
k=0
It is straightforward to verify
ProPoSITION 3.1. The product of linear functionals is commutative and

assoctative.

For a constant g, the linear functional ¢, , defined by

{eq lp(x)> = P(a)’

is called evaluation at a. We write € in place of ¢, , and call this linear functional
the augmentation. It is easy to see that e,e, = €,,, . Furthermore,

ProposiTiON 3.2. The augmentation is an identily for the product defined
above.

Thus the vector space of linear functionals P*, with the above product
and identity, is an algebra, which will be called the umbral algebra.

The umbral algebra is related to the algebra of functions of a real variable
under convolution. Let f and g be functions with the property that

f: f(x) x" dx and fi 2(x) x™ dx



102 ROMAN AND ROTA

are defined for all integers #» >> 0. Define linear functionals L, and L, by
Ly |9 = | f(6) pl)

Ly 1 9 = [ o) plx) d;

then the product L,L; is the linear functional
Lok |90 = | hs) ps) i,
where the function A(x) is the convolution of the functions f(x) and g(x):
W) = [ f0gx—nar

A major portion of the sequel is concerned with the study of a special class
of polynomial sequences. A polynomial sequence p,(x) is said to be of binomial
type if po(x) = 1 and if it satisfies the binomial identity,

n

n
pulx +3) = 3 (3) 2(5) acil)
k=0
for all n, x, and y. For example, the sequence p,(¥) = x” is of binomial type.
The binomial identity yields, by iteration, the multinomial identity:

Paliry + 3w - b ) =3 (.

\J1 :-lq ]k) pjl(xl) pjk(xk)s

where the sum ranges over all k-tuples of nonnegative integers (j,,..., jz)
for which j;, + - + 7, = n.

The product of two linear functionals can be computed by using any sequences
of binomial type in place of the sequence x”. In particular,

ProposITION 3.3. If p,(x) is a sequence of binomial type and if L and M

are linear functionals, then

n

n
AM 1 po)> = ¥ (7) <L plo)<M 1 pryl).
k=0
Proof. Let P[x,y] be the vector space of polynomials in the variables
x and . A linear functional L on P defines a linear operator L, on P[x, y] as
follows. If p(x, y) = X ;. ; a; ;x*’, then

L p(x,y) = Z a; L | x5yl

¥
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Similarly, the linear operator L, is defined by
va(xv y) = 2 ai.:ixi<L | xj>-
i

In this notation the identity defining the product of two linear functionals
L and M becomes

(LM | 3%y =L M,(x + y)
By the spanning argument, the same identity holds for any polynomial p(x):

(LM | p(x)> = LM, p(x + y).

The conclusion now follows by setting p(x) = p,(x) and expanding the right
side by the binomial identity.
One proves similarly, using the multinomial identity,

ProprosiTiON 3.4. If p.(x) is a sequence of binomial type, and if L, , L, ,...,L;
are linear functionals, then

n

Ly = LoD =T, " & 123> Ll 2, ()

Horees Jr

where the sum ranges over all k-tuples of nonnegative integers (j, ,..., ji) for which
ht " ti=n

One of the key properties of the product of linear functionals is

ProrosiTiON 3.5. Let L be a linear functional such that (L | 1> = (L |x) =
co = (L x™ty = 0. Then
LFix™y =0 for n < km.
Moreover,

(km)!
(m!)¥

CL¥ [y = Sl (L 2

Proof. ldentity (%), with p,(x) = 2" and L, =L for all { = 1, 2,..., k gives

ke =y (. " .
< ] * > Z (]1 ,...,]k

|RAESRRIFSS

where the sum ranges over all k-tuples of nonnegative integers (j ,...,Jx)
with j, + - +jp =n If n < km, then j, + -~ 4 j, << km and each term
in the identity has a factor of the form (L | x%) with j, < m, and therefore
equals zero. This establishes the first assertion.
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When n = km, the only possible nonzero term in the identity comes when
j: = mforalli =1, 2,..., k. The second assertion follows.
A frequently used special case of the preceding proposition is

CoroLLaRY 1. If L is a linear functional such that (L|1)> =0, then
CLF 1 p(x)> = O for & > deg pls).

The umbral algebra P* is a topological algebra under the topology defined
as follows. A sequence L,, of linear functionals converges to a linear functional
L whenever, given a polynomial p(x), there exists an index n,, depending
on p(x), such that for all n > n,,

(L [ p(x)) = <L | p(x)).

Equivalently, an infinite series > ,5,L, of linear functionals converges if and
only if, given a polynomial p(x), there is an index n, such that, for n > n,,

{Ln|p(x)y = 0.

In other words, the series 3 ,5¢L, converges if and only if the sequence L,
converges to zero. Under this topology, P* becomes a complete topological
algebra.

PROPOSITION 3.6. For a linear functional L, and for a sequence of constants a,, ,
the following are equivalent:

(i) <LI1> =0,
(i) the sequence L* converges to zero,

(iil) the series ¥y, a,L* converges.

Proof. The equivalence of (ii) and (iii) follows from the definition of con-
vergence, as remarked above. To see that (i) and (ii) are equivalent, notice
that, if (L |1> = 0, then by Corollary 1 to Proposition 3.5, {(L* | p(x)> = 0
whenever & > deg p(x). Thus L* converges to zero. Conversely, if (L | 1> # 0,
then (L™ | 1> = (L {1)" + 0 for all # > 0, and so L* cannot converge to zero.

In the sequel, the umbral algebra is always understood as a topological
algebra.

As a final remark, if p,(x) is a polynomial sequence, then a sequence of
linear functionals L, such that

<Lk |Pn(x)> = ak,n
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is not a basis for the vector space P*, but only a pseudobasis. That is, every
linear functional L can be uniquely expressed as a convergent series

o0

L=Y alL,,

k=0

where @, = (L | py(x)>. For the condition (L, |p,(x)) = 8, assures con-
vergence of the series and its convergence to L follows by the spanning argument.

4. DeLTA FUNCTIONALS

A delta functional is a linear functional L with the property that (L | 1> = 0
and <L |x) # 0. A

In this section we establish four main results. We show that to every delta
functional one can associate two sequences of polynomials of binomial type.
Using one of the sequences, we generalize Taylor’s formula. We also establish
an isomorphism between the topological algebra of linear functionals and the
algebra of formal power series.

We begin by examining a classical special case. Consider the delta functional
A4, called the generator, defined by (A4 | x*> = 8§, , . For the sequence p,(x) =
x", Proposition 3.4 gives (4% | x> = n! 3§, ;. In other words, the sequence x
and the powers of the linear functional 4 form a biorthogonal set. This idea
of biorthogonality will now be generalized.

A polynomial sequence p,(x) is the associated sequence for a delta functional L
when

CL¥| pu(x)) = nl 8y 1 (%)

for all integers n, & >> 0 (we set L® = ¢). Proposition 3.4 gives

LemMa 1. If p,(x) is a sequence of binomial type and L is a delta functional
then

CL* | pu(x)> = 0L | py(x)>™ # 0.

This allows us to prove

ProposrTiON 4.1.  Every delta functional has a unique associated sequence.

Proof. Let pn(x) = Yy_o @s** be a polynomial sequence. We show that
(*) uniquely defines the coefficients a,, , . For k2 = n, (*) gives

nl = a, (L™ | &™)

and in view of the lemma, this uniquely defines a,, . We now proceed by
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induction. Assuming that a, ,,, @p.n_y seer, @p.n-; have been defined, we show
the same is true for a, ,_,_; . By Proposition 3.5,

<Ln—i—1

and this, together with (x), yields

n n
) an.kxk>: Y ag L1 | b,
k=0 k=n—i-—1

n
L I LT T D JRATE A Ep

k=n—i
Since (Lr—i-1|xm—-1% 3£ 0, ay, ;4 is uniquely defined. Q.E.D.
Since L® = ¢, (*) implies that py(x) = 1 and p,(0) = 0 for » > 0.
We wish to show that the associated sequence for a delta functional is a

sequence of binomial type, and conversely. To this end, we derive the following
generalization of Taylor’s expansion:

THEOREM 1 (Expansion Theorem). Let M be a linear functional and let L
be a delta functional with associated sequence p,(x). Then

Proof. 'The result follows from the spanning argument, noting that
M M
¥ D oy = 3, PR s, = o1 .
= !

The following uniqueness assertion is implicit in the preceding proof.

CoroLLARY 1. Let M be a linear functional and let L be a delta functional.
Suppose that
M = 2 a ¥

k=0
for ain K. Then a,, = (M | p(x)>/|k!, where p,(x) is the associated sequence for L.

The Expansion Theorem says that every linear functional is in the closure
of the linear span of the sequence of powers of a delta functional L. Thus,
if <L¥|p(x)> = 0 for all £ > 0, we have (M | p(x)> = 0 for all linear func-
tionals M. This implies that p(x) = 0. We will use this argument many times
in the sequel.

We come now to a main result:

THEOREM 2. (a) Every associated sequence is a sequence of binomial type.
(b) Every sequence of binomial type is an associated sequence.
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Proof. (a) Let p,(x) be the associated sequence for the delta functional L.
For nonnegative integers ¢ and j, the definition of associated sequence gives

@

W | po)y = T, (i) L[ 2}L | Pl (+%)
k=0
Now if M and N are linear functionals with expansions
M= al*
kw0
and
N=7Y b,
k=0

a continuity argument together with (x%) implies
N | pule)> = (T 0l T bL | pal))
i i

= Y ab KL | pul))

H

3 ey Y, (1) 1 P s

-3 (T ar pk(x)><§ B | pac®))

k=0
= 3 (3) M1 2N | pael>
k=0 :
Letting M = ¢,, N = ¢, and recalling that e;e, = €,,,, We conclude that
pala+8) = ¥ () 24(a) £-sl0)

k=0

for all @ and b, as desired.

(b) Let p,(x) be a sequence of binomial type. Define a sequence of
linear functionals L, by the biorthogonality conditions

Ly | pu(®)) = nl8pz -

In particular, <L, | 1> = 0 and <L, | p;(¥)> # 0. Thus L, is a delta functional.
The proof will be complete if we show that L, = L *, for { > 0, or equivalently,
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that L;L; = L, ; for i,j > 0. But this follows from the spanning argument since

n

Ly 19 = . () <L DXLy | Do)

— Y (i) B 8ualn — B8y = 1180y = Ly | Pl

k=0

for all # > 0. Thus part (b) is proved.
Our first goal has been achieved, and we turn to further corollaries of the
expansion theorem.

CoOROLLARY 2. Let M and N be linear functionals, and let L be a delta func-
tional. Suppose

M=) alk a,€ K,

k=0
and
N = z b L*, b, e K.
k=0
Then if
MN =3 ¢l*, €K,
k0
we have
k
= ab, ;.
=0

The preceding corollary leads to a simple criterion for invertibility of a
linear functional:

CoroLLARY 3. A linear functional M is invertible in the umbral algebra if
and only if (M | 1> # 0.

Proof. In the notation of the preceding corollary, if ay = (M| 1) # 0,
then setting ¢, = 1 and ¢, = 0 for £ > 1 we may solve successively for the
coefficients b, , and thereby determine the series expansion for a linear func-
tional N, which is inverse to M. Conversely, if (M| 1> = 0, then M is not
invertible since it has a nontrivial null space.

Setting M = ¢, in the Expansion Theorem, we find

CoroLLARY 4. If L is a delta functional with associated sequence p,(x), then
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Any polynomial is a linear combination of a finite number of p,(x). The
coefficients of such a linear combination are given by

CoROLLARY 5. If p,(x) is the associated sequence for the delta functional L,
and if p(x) is a polynomial, then

Z <LF| P(x)>

px) = ), g Pul)-

By Corollary 1 to Proposition 3.5, all but a finite number of terms in the
above sum are zero.

We proceed now to the next main result. By virtue of the Expansion Theorem,
given a delta functional L we may associate to every linear functional M a
formal power series in a single variable. In fact, if

M:iakLk

k=0

we associate to M the formal power series

f(t) = go a,tk,

We call f(¢) the L-indicator of the linear functional M. When L is the generator 4,
we call f(#) simply the indicator of M.

Recall that the algebra F of formal power series can be made into a topological
algebra by stipulating that a sequence f,(t) converges whenever the sequence
of coefficients of each power of ¢ converges in the discrete topology of the
field K; that is, whenever the sequence of coefficients is eventually constant.
In this topology we can show

THEOREM 3. Let L be a delta functional. Then the mapping ¢ which associates
to every linear functional

M e Z akLk, akEK,

k=0

the formal power series

&) =Y gt

k=0

is a continuous isomorphism of the umbral algebra onto the algebra of formal power
sertes.

607/27/2-2
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Proof. 'The Expansion Theorem, together with Corollary 1, shows that ¢
is linear, one-to-one and onto. Corollary 2 shows that ¢ is an algebra homo-
morphism.

To prove that ¢ is continuous, suppose L has associated sequence p,(x),
and suppose M, is a sequence of linear functionals converging to the linear
functional M. If

M, = Z Oti.n)Lk
k=0
and

a0

M=Y L

k=D

we must show that
$(M,) = Y
k=0

converges to

9]

HM) = Y k.

k=0

By definition of convergence in P*, for any fixed j > 0, there is an 7, such
that n > n, implies (M, | p{x)> = (M |px)>. In other words, n > n,
implies o™ = a;. But this is the definition of convergence in F, and thus

&(M,,) converges to ¢(M).

CoroLLARY 1. A hnear functional M is a delta functional if and only if the
L-indicator of M has zero constait term and nonzero linear term.

CoROLLARY 2. A linear functional M is a delta functional if and ohly if,
for every delta functional L, there exists an invertible functional N such that
M =LN.

The following property of delta functionals will be repeatedly used:

ProprosITION 4.2. Let L be a linear functional with (L |1y = 0. Then the
powers of L, including L® = ¢, span the space P* if and only if L is a delta functional.

Proof. If L is a delta functional, the Expansion Theorem shows that the
powers of L span P*. Conversely, suppose the powers of L span P*. If
{Lix> =0, then {L*|x> = 0 for all £ > 0. But since <4 |x) £ 0, the
generator A cannot lie in the span of L*. Thus {L | x) = 0.

We now turn to the final main result of this section, which is another one-
to-one correspondence between delta functionals and sequences of binomial
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type. We begin with a characterization of the coefficients of sequences of
binomial type. Its verification is straightforward.

ProrosiTiON 4.3. A polynomial sequence

Qn(x) = i an.kxk

k=0
is of binomial type if and only if

{47 o (n

( i ) An,ig = Eo (k) A, i, (xx)

for alln = 0, and for all i,j = 0.

We define the conjugate sequence of a delta functional L as the polynomial
sequence

Lk ”
o) = 3,

k50

By Proposition 3.5, each ¢,(x) is a polynomial of degree .

THEOREM 4. (a) Every conjugate sequence is a sequence of binomial type.
(b) Every sequence of binomial type is a conjugate sequence.

Proof. (a) It follows directly from the definition of product of linear func-
tionals that the coefficients of the conjugate sequence satisfy (#*#), thus proving
part (a).

(b) Given a sequence ¢,(X) = Yy_ @, 4% of binomial type, we define
a sequence of linear functionals L, by

Ly o™ = klag;.

Then (L, | 1> = a,, =0 and <L, | x) = a;,; # 0 so L, is a delta functional.
Moreover, since the a,, , satisfy (*%x), we infer that
o (N

Lislomy = ¥ (3) Ll XLy | n.

k=0

Therefore L, ; = L,L, . This implies that L, = L,* and ¢,(x) is the conjugate
sequence for L, , proving part (b).

Thus we see that a delta functional L is associated with two sequences of
binomial type, its associated sequence p,(x) and its conjugate sequence g,(x).
We will say that ¢,(x) is reciprocal to p,(x). Should p,(x) = ¢.(x), as in the
case L = A, the sequence p,(x) is called self-reciprocal.
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. Similarly, a sequence p,(x) of binomial type is associated with two delta
functionals, namely, the functional L, for which p,(x) is the associated sequence
and the functional L, for which p,(x) is the conjugate sequence. We will say
that I is reciprocal to L. Should L = L, the linear functional L is called self-
reciprocal.

If p.(x) is a sequence of binomial type, and if L is the linear functional
satisfying

(L[ pafx)) = 3,1

for n = 0, then by the spanning argument, L is the delta functional whose
associated sequence is p,(x). Thus

CLF | pal)y = 8y
We generalize this with:
ProposITION 4.4. Let p,(x) be a sequence of binomial type. Let L be a delta

Sfunctional and let M be an invertible linear functional. Then p,(x) is the associated
sequence for LM~ if and only if

L ‘pn(x)> = n{M | PnAl(x)>
forn = 1.
Proof. 1If p,(x) is the associated sequence for LM~, we have
L pulx)) = (LMY M | p(x))
= 3. () LM M | i)

= 1M | pnalx),

the last equality since (LM |p(x)> = 8, ,. Conversely, if (L|p,(x)> ==
n(M | pp_1(%)>, for n = 1, we have

n

LM | po(a)y = 3 () <L | pel@)> M| i)y

= 3 () KM | XM sl
k=1

= ﬂ<MM_1 lpn—l('x)> == n<€ |Pn»1(x)>

= nSn’l = a’n,l .

By the remark preceding the proposition, p,(x) is the associated sequence
for LM,
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5. EXAMPLES

We begin a continuing discussion of some notable examples. We label each
installment by the symbol a.b, where a is the example number and b is the
installment number.

First we give examples of delta functionals, along with their associated
sequences, indicators, and some applications of the Expansion Theorem.
Derivation of the associated sequences is deferred to Section 8, and computation
of the indicators, being straightforward, is omitted,

1.1. The sequence x” is the associated sequence for the generator 4, whose
indicator is the formal power series . The binomial identity is the binomial
formula, and expansion of the evaluation ¢, in powers of the generator is Taylor’s
formula

,...Zy Ak

since (A* | p(x)> = p*(0).

2.1. The fallmg factorial sequence (x/a),, where (3), =y(y —1)-
(y — n + 1) is the falling factorial, is the associated sequence for the forward
difference functional €, — €, whose indicator is the formal power series et — 1.

For a = 1, the binomial identity becomes

”

=+ )0 = X (3) e s -

k=0

Expansion of the evaluation e, in terms of the forward difference functional
gives Newton's expansion

Z (y/a)k(a_ ). (*)

k>0

Using the expansion
k

(- =3 () —e

s ]

and the fact that ¢,/ = ¢,;, and applying the result to a polynomial p(x) gives

pn =3 (%% 2;0 () 1 2@,

x>0
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By way of orientation, we derive one of the classical formulas for numerical
differentiation. This results from the expansion of 4 in powers of ¢, — e:

y A1/a ("/ D2 (e, — o | pla)>

k>0

P'(0) =<4 |p(x) =

)+ K

% (17 (7) i

3.1. The rising factorial sequence (x|a),, where (y>, = y(y +1) -
(y +n — 1), is the associated sequence for the backward difference functional
€ —e_,, whose indicator is the formal power series 1 — =%, The identities
are similar to those of the forward difference functional, and we mention only

'Z(

k20

2 (n
G+ = Y (5) @r<Paci
i R
If L is any delta functional, the Abelization of L is the delta functional ¢,L.
The associated polynomials for e,L can be explicitly computed (Section 7)
in terms of the associated polynomials for L. We give two examples.

4.1. The Abel polynomials A4,(x, @) = x(x — an)*! are easily verified to
be the associated polynomials for the Abel functional e, A, where

(e | p(x)) = p'(a).

The indicator of the Abel functional is the series test.
Theorem 2 gives a proof of Abel’s identity:

g

() +y —any = 3 () wn(e — akf- (3 — aln — Ry

k=0

Expansion of the evaluation ¢, in powers of ¢,4 gives

— akyt1
6=y Hy - ) Ak, .
&0 :

or

#5) = ¥ 2= o,

k>0

and, when p(y) = e¥, we obtain the beautiful

— k—1
eV — z y(y k‘ak) e’“‘

k>0

which is easily justified by a limiting process.
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5.1. The Gould polynomials

G(x, a, b) = u '(x—ban)"

X — an

are the associated polynomials for the delta functional ¢,(e, — €), the difference—
Abel functional, whose indicator is e*(e?* — 1).

The binomial identity, resulting from Theorem 2, is Vandermonde convolu-
tion

x4y ((x +y— an)/b)

x+y—an n
. y (x — ak)/b\(y — aln — K))/b
Z="0x—~aky—a(n—k)( k )( n—Fk )

Corollary 5 to Theorem 1 gives the interesting expansion

1= % 52 (07 “'””’)2( = (%) plak + )

k>0

6.1. The central difference functional 8, = €45 — €_,,5, whose indicator
is the series /2 — ¢%%/% = 2 sinh at/2, is a special case of the preceding
example. For @ = 1, the associated sequence

xn] = x(x + n/2 — 1),y

gives the Steffensen polynomials.

By expanding a polynomial p(x) in terms of the Steffensen polynomials
(Corollary 5 to Theorem 1), we obtain the interpolation formula

y __(y+k2
= 8% .
e gon/z( ) <8 | pl)
7.1. The (basic) Laguerre polynomials
o entm—1 .
L) = % 3 (x _ 1) =9
are the associated polynomials for the Laguerre functional
0
Ap)y = [ ep(ar.

From (I| x") = —nl, we infer that the indicator of / is the formal power
series tf(t — 1).
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Expanding the polynomial p,(x) = x* in terms of the Laguerre polynomials
gives the remarkable

=3 (T ) L),

k>0

We now use Proposition 3.4 to derive some identities. Taking, for example,
all L, = ¢, — ¢, the forward difference functional, and p,(x) any sequence
of binomial type, we find

ComPlod = 5 (i " )o@ py)

Expanding (e, — €)* by the binomial theorem

=3 (%) (—1pe

i=0

gives the identity

f(’:)(-l)k—i pafia) = ¥ (il, . )pll(a) " pifa).

=0 R )
i;>0

For p,(x) = «™, this specializes to

k
(5= T ()
1,>0

The right side counts the number of ways of placing 7 balls into % boxes, with
no box empty. It thus equals k! S(zn, &), where S(n, k) are the Stirling numbers
of the second kind.

Setting ppn(x) = (%/b), , the falling factorial sequence, and then replacing
alb by r, we obtain the binomial identity:

e ()= 2 ()-()

valid for all r > 0. With p,(x) = {x/b)>, , the rising factorial sequence, a
similar identity is obtained where the multiset coefficients replace the binomial
coefficients.
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The difference-Abel functional e,(e, — €) gives other remarkable identities
by the same use of Proposition 3.4. For example,

Ay

% () (=1 pulak + bi
= X (") pulat8) = pu@] - [pefa + B) — poa)]
e tig=n 13000y Yk

for any sequence p,(x) of binomial type. In particular, for p,(x) = x" with
at+b=—land a=1:

5 (%) (=1 e — 2iy

=Z(i

weey 1)
) tlp=n 10 Pk

=(2¢ Y ( " )
it ti=n 11 5e0es U
i;odd

JI=D =11 (=1 = 1]

Except for the factor (—2)*, the right side counts the number of ways of placing
n balls into k& boxes, subject to the condition that each box contain an odd
number of balls.

We next consider some examples of conjugate sequences.
1.2. The conjugate sequence for the generator 4 is clearly the sequence x".

2.2. The conjugate sequence for the forward difference functional ¢, — ¢
can be obtained from {(e, — €)* | x"> = a*k! S(n, k), where S(n, k) are the
Stirling numbers of the second kind. In fact, for a = 1:

da(x) = 2": S(n, k) x*.

These are the exponential polynomials.

3.2. The backward difference functional gives a variant of the exponential
polynomials, namely, for a = I:

Qa(x) = ¥, (—1)"* S(n, k) x*.
k=0
4.2. The conjugate sequence for the Abel functional €, 4 is easily computed
to be
>on
pals @) = 3 () @yt v

K=t
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5.2. 'The conjugate sequence for the difference-Abel functional e,(e, — )
has not occurred in the literature. It is:

Zul%, @, b) = f f (’:) (ak) bv-iS(n — i, k) x*,

k=0 i=0
We call these the conjugate Gould polynomials.

6.2. The conjugate polynomials for the central difference functional §,
are found by the same methods to be the Carlitz—Riordan polynomials

— an e n . 1\n—k—i Lidn—i — k
K%)= a kgﬁ;(i)( 1)n—k—i Ridn—iS(n — i, k) x*.
7.2. For the Laguerre functional /, we find

AEO T Y PR TC | EARREN

Gt i=n U oyeens U
i>0

~ ()

Thus the conjugate sequence of the Laguerre functional is the same as the
associated sequence, namely, the basic Laguerre polynomials. The explanation
of this remarkable fact is given in the sequel.

8.2. The Bell polynomials. For the first time we require a field other than
the real or complex field. Let &k be a field of characteristic zero, to which a
sequence of independent transcendentals x, , x,,... has been adjoined. Over
this field, define the generic delta functional L by

(L|amy = x, for n>1,
L|1y==0.
The conjugate polynomials for the generic delta functional are the Bell

polynomials. An explicit formula for the coefficients is obtained from Proposi-
tion 3.4:

CLE Y xm n! X\ xp N
Buy = Bualvns a0) = 57— =X oo 1) G o

where the sum ranges over all nonnegative integers ¢, ¢,,... satisfying

6 +24=nand ¢ +¢, + - =k
For the Bell polynomials, we use the notation

ba(x; 2y, %p,..) = Y B, %,
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All known identities for the Bell coefficients B,, , follow from the multiplication
rules for delta functionals. We give a sampling:
n-1
n
(a) an,k = Z (]) xn—iBj.k—l s

J=k~—1

rewritten in the present notation, becomes the trivial

CL¥jamy "o aogy SLEL | &)
)1 _3_1(]‘)@'” PE=D

(b) Let the delta functional L, be defined by <L, | ") = x,,4/(n + 1),
for n > 1 and (L, |1) = 0. Then L = L,4 + x,A. The conjugate sequence
for L, is bu(x; x5/2, x5/3,...). An identity relating this polynomial sequence
to the Bell polynomials is derived as follows. We apply

k
b .
E_ ki i gk
L*=3% (]) LA

i=0
to the polynomial x* and simplify:
k
n Ry k- i | e
ey = ¥ () s <L 1 .
j=0 *J

Hence
x n! ;
B, (%1, %9 00) = ¥ e — ¥ B, . (2,]2, %4/3,...).
.k( 15 2 ) E{) (n _ k)’ (k __])! 1 k.J( 2/ ';/ )

Similar identities can be obtained with the unique delta functional L, such
that L = x4 + %, A2V + -+ + 2,  AY(i — 1)) 4 AL,
(c) Consider now the field 2 with additional independent transcendentals
Y1, ¥z, adjointed. The conjugate sequence of the delta functional L’ given
by <L’ | x") = x, + y, is by(x; %, + 31, X5 + ¥4,...). Setting L | 2*> = y,,,
so that L’ = L 4 L", one obtains

ok
@Wpiey = 3 () 1@y am,

=0

whence we obtain

k
Bn.k(xl +J'1 » Xg + Ye ’) = Z Bn.:i(xl s Xg :) Bn.k—i(yl » Ve x)

i=0

(d) From Proposition 3.4, one easily obtains

B,.0,0,..., %;,0,..) =0,
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unless n = jk, and

k)!
By = k(l—](])T)? Xj o

(e) Every delta functional can be obtained from the Bell generic delta
functional by specializing the values of the x;. Thus every formula for the
Bell polynomials gives a formula for all conjugate sequence. For example,
from (b) one obtains

k ik o
@y = 3 () e k(L s,
=0
where L is any delta functional and where L = L, 4 + x,4. Similarly, (c)
gives the conjugate polynomials of the sum of two (or more) delta functionals
in terms of the conjugate sequences of the summand,

6. AUTOMORPHISMS AND DERIVATIONS

Given two polynomial sequences p,(x) and g¢,(x), a frequently encountered
problem is that of determining a matrix of constants ¢, , , which we call the
connection constants of p,(x) with g,(x), such that

4ul®) = z e Pal): (*)

In this section, we give a solution to this problem when the polynomial sequences
are of binomial type. The solution we propose takes a particularly simple
form in the umbral notation we now introduce. If r(x) = 3';_, cx%* is a polynomial,
and p,(x) is a polynomial sequence, the umbral composition of r(x) with p,(x)
is the polynomial, written r{p(x})), and defined by

n

r(p(x)) = Z cx pi(x)-

k=0

If r,(x) and p,(x) are two polynomial sequences, the umbral composition of
r,(x) with p,(x) is the polynomial sequence r,(p(x)). In this notation, (x) becomes

2n(%) = 7a(p(x));

where 7,(%) = Y5_o Cu.i¥".

Umbral composition is simply the result of applying a suitable linear operator
to a polynomial sequence. In particular, if « is the linear operator on P defined
by ax® = py(x) for n = 0, 1, 2,..., then ar,(x) = r,(p(x)), and (*) becomes

qn(x) = ar,,(x).
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Thus the constants c,, ; are determined once the polynomials ,(x) = a7g,(x)
are known.

We are therefore led to define an umbral operator as a linear operator o on P,
given by ax™ = p,(x), where p,(x) is a sequence of binomial type. When we
wish to emphasize the delta functional L for which p,(x) is the associated
sequence, we write o, for a.

Before proceeding further, we recall some basic facts about adjoints of
linear operators. Let T be a linear operator mapping P into itself. The adjoint
T* of T is the operator mapping P* into itself uniquely defined by

CTHL) | p(x)> = <L | Tp(x)>

for all L € P* and all p(x)e P. The adjoint T* of a linear operator T on P
exists and is continuous. To see the latter, suppose L,, is a sequence of linear
functionals converging to-L. For any polynomial p(x), we have

(TH(La) | PR)> = (L | TP,
and by the definition of convergence in P*, if n is large, this equals

(L) Tp(x)y = <THL) | pl)>-

Thus T*(L,) converges to T*(L), and T* is continuous.

On the other hand, suppose U is a linear operator mapping P* into itself.
Then the adjoint U* maps P** into itself. Thinking of P as a subspace of P**,
in general U* will not map P into itself. The sufficient condition to ensure
that U* maps polynomials to polynomials is the continuity of U. We have

ProrosiTION 6.1. A lincar operator mapping P* into itself is the adjoint
of a linear operator mapping P into itself if and only if it is continuous.

Proof. We have already seen that the adjoint of an operator mapping P
into itself is continuous. For the converse, suppose U is a continuous operator
mapping P* into itself. Since the sequence of powers A* converges to zero,
so does the sequence U(A4*). Thus the function

5 U,

k=0

Palx) =

is a polynomial, and
CA* | pulx)> = <U(4¥) | &™)

for all k > 0.
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If we define the operator ¥ mapping P into itself by V" = p,(x), then

VKLY 1™ = (L | pul*))
= (U(L) | 2™, for all L € P*,

the last equality by the spanning argument for linear functionals. Thus V*(L) =
U(L) for all L € P* and so V* = U.

We return now to the main stream of this section. The shift of a polynomial
sequence p,(x) is the operator 6, mapping P into itself, defined by 6p,(x) =
Pra(x). If p,(x) is of binomial type, we say that 6 is an umbral shifs. By 0, ,
we mean the umbral shift defined by the associated sequence for L.

Umbral operators and umbral shifts are related to automorphisms and
derivations of the umbral algebra. Recall that a derivation 2 of the umbral
algebra is a linear operator such that 8(LM) = (6L)M + L(eM).

In order to exhibit the aforementioned relationship, we require two lemmas.

LemMma 1. Any continuous automorphism of the umbral algebra maps delta
Junctionals to delta functionals.

Proof. Let B be a continuous automorphism of P* and let L be a delta
functional. By Proposition 3.6, (L |1> = 0 implies L" converges to zero.
The continuity of 8 implies that B(L*) == B(L)" converges to zero, and another
application of Proposition 3.6 implies {B(L)|1> = 0. By Proposition 4.2,
the powers of L span P*, and thus so do the powers of B(L). The same proposition
implies B(L) is a delta functional.

Lemma 2. Let @ be a derivation of the umbral algebra which is everywhere
defined, continuous, and onto. Then there is a delta functional L such that oL — e.

Proof. Since ¢ is onto, there is a linear functional L for which oL = e.
Since & is a derivation, we infer that 8 = 0, hence, subtracting from L a constant
if necessary, we may assume that {L | 1> = 0. Now we expand L into a series
of powers of the generator ¢;4 + a,4% + ---, and since & is continuous, we
may apply it term by term to the series. Since 84" = nA"! 84, we have

€ = (a, + 2a,4 + --) 84.

Thus the series (a; + 24,4 + ) is invertible and so @, # 0. That is,
(L|x) 5 0and L is a delta functional.
We are now ready to prove

THEOREM 5. (a) An operator o of P onto itself is an umbral operator if and
only if its adjoint o* is a continuous automorphism of the umbral algebra.

(b) An operator 8 of P into itself is an umbral shift if and only if its adjoint
0% is a continuous, everywhere defined derfvation of the umbral algebra onto itself.
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Proof. (a) It is clear that the adjoint «* of an umbral operator « is linear,
continuous, one-to-one, and onto. Thus all that remains is to show that o*
preserves multiplication. Letting ax® = p,(x), this follows from the spanning
argument and the following calculations:

¥ (MN) | x> = CMN | ax™y = (MN | p(x))

_ k}_: () <M | DN | il

= z (3) <o) | <o (N) | 2
= (aX(M) a*(N) | =™,

For the converse, suppose 8 is a continuous automorphism of the umbral
algebra. In view of Lemma 1, we may let p,(x) be the associated sequence
for the delta functional L = §-(A4). Defining the umbral operator « by
ax™ = p,(x), we have

SBILY | %) = n! 8y = (L* | ax™,

for all & and n. By the Expansion Theorem, the same identity holds for all
linear functionals M,

BM)| 2"y = (M| ax™,

and thus by the spanning argument, S(M) = o«*(M). Hence part (a) is proved.

(b) Let 8 be the umbral shift defined by 8p,(x) = p,..(*), and suppose
Pa(x) is the associated sequence for L. We have seen that the adjoint of a linear
operator on P is continuous. Moreover,

CL¥ | puia()) = RKLFY | pa(x)>

COKLY) | palx)) = RLFT | pal2))s

for all », & > 0. Therefore, by the spanning argument 8*(L*¥) = kL*-! and so
6* is an everywhere defined derivation, and is onto.

Conversely, let & be a continuous -derivation of the umbral algebra onto
itself. By virtue of Lemma 2, we may let p,(x) be the associated sequence
for the delta functional L, with 8(L) = e. Then for k£ > 0, we have

SL* | 8*pu(x)y = <ALF) | pul*)>
= kL*7 | pu(x)) = k(k — 1)1 8310

= k! 8k.n+l .

and thus
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By the uniqueness of the associated sequence, it follows that &*p,(x) =
D), and part (b) is proved.

Every continuous automorphism B of the umbral algebra is thus associated
with a unique delta functional L, namely, the delta functional whose associated
polynomials are p,(x) = B*x™. Similarly, every continuous, everywhere defined
derivation § of the umbral algebra onto itself is associated with a unique delta
functional L, the one for which 0¥ is the umbral shift of the associated sequence.
We shall stress this association by writing 8 = f, and @ = ¢, . We remark
that B (L) = A and 0,(L) = «.

As an example, the simplest umbral operator is the substitution x® — a"x",
for a € K. Its adjoint maps A* to a*A4*. The simplest shift is the map 0,: x* —
x"*1, and its adjoint 84 is

CO,L | p(x)> = (L | xp(x)>.

We proceed to develop some corollaries of Theorem 5.

CoRrOLLARY 1. (a) An umbral operator maps sequences of binomial type to
sequences of binomial type.

(b) If p.(x) and q,(x) are sequences of binomial type, and if o is an operator
defined by ap,(x) = q,(x), then a is an umbral operator.

(c) If p.(x) is the associated sequence for L and q.(x) is the associated sequence
for M, then the adjoint of the umbral operator cp,(x) = q,(x) satisfies *(M) = L.

(d) If ¢, is the derivation associated with the delta functional L, then
oM =0 if and only if M = ae, for some a € K.

Proof. (a) Suppose « is an umbral operator, and ¢,{x) is 2 sequence of
binomial type, with associated delta functional M. Then

LY (MY | agn(x)> = (M* | alogn(x))
= (M| gu(%)> = k! 8, 1.

Thus ag,(x) is the associated sequence for the delta functional (a~')*}, and
is therefore of binomial type.

(b) A slight modification of the calculations in the proof of Theorem 5
will show that, if ap,(x) = ¢,(x), then «* is a continuous automorphism of
the umbral algebra, and thus « is an umbral operator.

(c) This follows by noticing that
¥ (M) | pu(x)) = (M | apn(x)>
= (M | go(%)> = 8,1 = (L | pu(x)>
foralln > 0.
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(d) Clearly, 9;(ae) = 0. The converse follows by observing that, for
Du(x) the associated sequence for L, 0 = (O, M | p,(x)> = (M| ppsa(x)), and
thus M = ae for some a € K.

Part (a) of the preceding corollary implies that the composition of two umbral
operators is an umbral operator. This allows us to define a group operation
on delta functionals, which we call composition, as follows. If L. and M are two
delta functionals with associated umbral operators a; and «,,, the composition
L o M is the delta functional associated with the umbral operator o o oy, .

ProposiTioN 6.2. If p,(x) and q,(x) are sequences of binomial type, being
the associated sequences for L and M, respectively, then q,(p(x)) is of binomial
type, being the associated sequence for L o M.

Proof. Since op: x™ — p,(x) and oyt 2™ —> g,(x), it follows that oy o oy
x" — g.(p(x)). Since a; o oy, is an umbral operator, ¢,(p(x)) is of binomial
type, and is the associated sequence of L o M by definition of composition
of delta functionals.

Since the umbral operator «, is the identity, the generator A4 is the identity
under composition of delta functionals, and thus Lo 4 = A <L =L for all
delta functionals L.

Recall that we defined the delta functional M to be reciprocal to the delta

functional L whenever the associated sequence for L is the conjugate sequence
for M.

ProrosiTION 6.3. A delta functional M is reciprocal to a delta functional L
if and only if Lo M = A.

Proof. Suppose M is reciprocal to L, and let L have associated sequence
pn(x). Then since p,(x) is the conjugate sequence for M, we have

k 7
Pala) = z N LA

and, by the spanning argument, for any polynomial ¢(x),

Z ME1g(x)) s

wp() = 2 —5

k=0
If we take ¢(x) = ¢,(x), an associated polynomial for M, we find
gn(p(x)) = 2™

Therefore, L o M = A by Proposition 6.2. The converse is obvious.
We remark that if af' = ay, then ap 0, =1 and MoL = A. Thus by
the previous proposition M = L, and therefore a7' = o7 .

607/27/2-3
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We are now able to give the connection constants for sequences of binomial
type.

ProrosiTiON 6.4. If p,(x) and q,(x) are sequences of binomial type, being
the associated sequences for L and M, respectively, and if

qn(x) = rn( p(x))

for a polynomial sequence r,(x), then r,(x) is of binomial type, and is the assoctated
sequence for the delta functional L o M.

Proof, 'The proof is immediate from Proposition 6.2,

We now interpret the composition of delta functionals in terms of their
indicators. Recall that, if f(t) = ay + a,t + a,> 4 -+ is any formal power
series in F, and g(#) is any formal power series with zero constant term, then
the series

Fg(D)) = ap + ayg(t) + ax(g(t)) + -,

called the composition of f() with g(¢), converges in the topology of F. In
particular, if g(z) is any formal power series whose constant term is zero and
whose linear term is nonzero, then there exists a unique formal power series
£7(¢), called the inverse of g(t), with the property that g(g=%(t)) = g~(g(?)) = t.

Finally, recall that every formal power series f(2) = ay + a;t + a,t® + -
has a derivative f'(t), obtained by termwise differentiation; that is, f'(¢) =
a;, + 2a,t + 3agt? - -,

THEOREM 6. Let L and M be delta functionals, with indicators f(t) and g(t),
respectively. Then the composition L o M is a delta functional with indicator g( f(2)).

Proof. Writing B, , Bar, and Bp.ay = Ba o B, for the automorphisms of P*
associated with the delta functionals L, M and L o M, respectively, we have
BLf(4) = A, BuglA) — A and Bpy(L o M) = A. Thus Lo M — B7l,(A) —
(Bu > B)(A) = B = BiH(A) = Bi'e(4) — g(B4) — g( F(A)). Therefore the
indicator of L o M is g( f(2)). ‘

CoroLLARY 1. Two delta functionals L and L are reciprocals if and only if
their indicators are inverse formal power series.
We can now include indicators in our solution of the connection constants

problem.

ProrosiTION 6.5. If p,(x) and q,(x) are sequences of binomial type, being
the associated sequences for L = f(A) and M = g(A), respectively, and if

gn(x) = ro(p(x))
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for a polynomial sequence r,(x), then r,(x) is the associated sequence for the delta
functional L o M = g( f~Y(A)).

We conclude this section with two results on derivations. The chain rule
for derivations of the umbral algebra is easily derived:

PROPOSITION 6.6. Let 8, and 0y be the derivations of the umbral algebra
assoctated with the delta functionals L and M, respectively. Then

8y, = (8,M) By .

Proof. Any linear functional N can be expanded into a convergent series
of powers of M:

N = ay + a;M + a,M? + -+, a;,€ K,
and since @, and 9,, are continuous, we have

N = ay + 2a,MO, M + 3a,M2,M + - = (8, M) 2,N.

Thus v
B, = (9, M) 8y .

The following proposition is immediate.

ProrositioN 6.7. If L is any delta functional and M is any linear functional,
the L-indicator of 0, M is the derivative of the L-indicator of M.

7. SHIFT-INVARIANT OPERATORS

On the algebra of all linear operators on P we define a topology by specifying
that a sequence T, of operators converges to an operator T whenever, given
a polynomial p(x), there is an index n, such that if n > n, then T, p(x) = Tp(x).
Under this topology, the algebra of all linear operators is a complete topological
algebra. ‘

Every linear tunctional L defines a multiplication operator on P*, mapping
the linear functional M to the linear functional L - M. We denote this operator
by w(L)*. Thus, u(L)*M = L - M. Every multiplication operator is continuous,
hence by Proposition 6.1, its adjoint (L) maps polynomials into polynomials.
In symbols,

(LM | plx)> = uLY*M | pl)> = <M | (L) p())-
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We investigate the properties of the map L — u{L), beginning with

ProrostrioN 7.1.  The mapping L — p(L) of lLinear functionals into linear
operators is a continuous algebra monomorphism.

Proof. Only the continuity need be verified. Let the sequence L;, of linear
functionals converge to zero. Given n > 0, we have (L, |x/> =0 for j =
0, 1,...,n and for large k, depending on n. Hence, for all scalars e € K and
for large &, (L, | (x + @)®> = 0and thus 0 = (L, | (x + a)*> = <{e, | p(Lp)x™>.
Therefore p(L;)x" == 0 for & large. Q.E.D.

The set of all operators of the form p(L), for some linear functional L, is
thus a topological algebra. We call an operator of this form a shift-invariant
operator, and denote the algebra of all shift-invariant operators by X. Thus,
the umbral algebra and the algebra of shift-invariant operators on P are
isomorphic as topological algebras.

CoroLLARY 1. A shift-invariant operator T is invertible if and only if
T1 +#0.

As an example, consider the shift-invariant operator E* = u(e,). From
Cearn | (%)) = easy | p(3)) = Lo | Eop(x)) -

we conclude that E%(x) = p(x 4+ a). We call E°® the translation operator.
In particular, E® = I, the identity of 2. Similarly, it is seen that D = u(A4)
is the ordinary derivative Dp(x) = p'(x).

A characterization of shift-invariant operators is

ProprosITION 7.2. A linear operator T is shift-invariant if and only if TE* —
E*T for all a € K, that is, if and only if it commutes with all translation operators.

Proof. Suppose TE® = E°T for all ae K and for some operator T on P.
We show that T = u(L), where L is the linear functional defined by (L | p(x)> =
e | Tp(x)>. In fact:

o | f"(L) P(x)> = (Le, |p(x)>
=L | plx + a)) = {e| Tp(x +a)>
= (e | E*Tp(x)) = {ea| TP(x))
for all a € K and thus u(L) p(x) = Tp(x).

Another characterization of shift-invariant operators is

ProposiTioN 7.3. Let M be a delta functional. Then a hnear operator T'
is shift-invariant if and only if Tuw(M) = p(M)T.
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The proof is omitted.

In view of the isomorphism between the algebras P* and Z, we may expect
operator analogs of some of the notions introduced for the study of the umbral
algebra.

A delta operator is an operator of the form Q = u(L), where L is a delta
functional. Delta operators are characterized by the following property of
immediate verification:

ProrosiTiON 7.4. A shift-invariant operator Q is a delta operator if and
only if Q1 = 0 and Qx is a nonzero constant.

If O = p(L) is a delta operator, the associated sequence for Q is defined to be
associated sequence for L. The relationship between a delta operator and its
associated sequence p,(x) is a generalization of the relationship between the
derivative operator and the sequence p,(x) = x™.

ProposITION 7.5. The polynomial sequence p,(x) is the associated sequence
Jor the delta operator Q if and only if it satisfies the following conditions:

(1) polx) =1,
(i) pa(0) = 0 for n > 0,
(iil)  Opn(*) = npn_y(x).

Proof. Let Q = u(L) and suppose first that p,(x) is the associated sequence
for Q, and hence for L. Then

SLF| Qpu(x)> = (L | py(a))
=n! 8k—*—l,n = <Lk I npn—l(x)>-

Therefore, by the Expansion Theorem,
KM | Qpu(x)y = (M | npy_y(x)>

for every linear functional M, and thus Op,(x) = np,_,(x).
Conversely, suppose the polynomial sequence p,(x) satisfies (i), (ii), and (iii).
Then
= <€ l (n)k Pn—k(x)> = nl Sn,k ’
so that p,(x) is the associated sequence for L.

The Expansion Theorem, stated in terms of shift-invariant operators, leads
to another generalization of Taylor’s formula:
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PrOPOSITION 7.6. Let Q be a delta operator with associated sequence p,(x),
and let T be a shift-invariant operator. Then

ro 3 LD o

k=0

CoOROLLARY 1. Let Q be a delta operator with associated sequence p,(x). Then

pk(y) Ok.

Br= ) T ©

= X
gl

CoroLLARY 2. Let Q be a delta operator with associated sequence p,(x),
then if p(x) is any polynomial, we have

pa+y) = ]Z P 4 (.

For Q = D, Corollary 2 is precisely Taylor’s formula.

If O = w(l) and T = (M), then the Q-indicator of T is the L-indicator
of M.

We next consider automorphisms and derivations of the algebra X of shift-
invariant operators. In view of the isomorphism p: P* — X of Proposition 7.1,
every automorphism v of X' is of the form y = pfu!, for some automorphism g
of P*. In fact, every automorphism of X' is related to a unique delta operator
Q = (L) by Bo = pBrp~".

Similarly, every continuous derivation of X is of the form 8, = pé,p.
These characterizations can be made more explicit as follows:

THEOREM 7. (a) Every continuous automorphism of the algebra of shift-
tnvartant operators is of the form T — o~'Ta, where o is an umbral operator,
and conversely.

(b) Every continuous derivation of the algebra of shift-invariant operators
is of the form T — T8 — 0T, where 0 is an umbral shift, and conversely.

Proof. (a) Suppose B, is a continuous automorphism of 2, where Q = u(L).
For a shift-invariant operator T = u(/M) we have

BoT) = pBrp™(T) = pBL(M).
Now if N is a linear functional and p(x) is a polynomial, we may write
(N | (BM)) p(x)> = {BUM) N | p(x),
= (BUMBLI(N)) | p(x)> = (MBLYN) | BL¥p(x))
= (BL(N) | w(M) BL*p(x)> = (N [ (BL)* TBLp(%))
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and thus Bo(T) = (BY)* TB.*. The same argument proves the converse
assertion.

(b) Let g be an continuous derivation of 2. If Q = u(L)and if T = p(M)

is any shift-invariant operator, we have

8o(T) = uou™(T) = uoy(M).
If N is any linear functional, and p(x) any polynomial, then
(N | poy (M) p(x)) = <8 (M)N | p(x)>
= C0(MN) — Mo_N | p(x)>
= (N[ (To* — o.*T) p(x))-
Therefore, 8(T) = T9,* — 8, *T. The converse is proved similarly.

As an application, we obtain a representation of umbral shifts.

‘THEOREM 8. Let 8, and 0, be the umbral shifts associated with the delta
functionals L and M, respectively, and let Q = u(L) and P = p(M). Then

0, = 0u(2pO) "

Proof. By Proposition 6.5, 9,M = (L) and so 9y = (OpL) ™ Gy .
Observing that 8y, = p180pu(uY(Q)) = p 18,0, for a linear functional N
and polynomial p(x), we have '

(N[ 0,p(x)) = CBLN | p(x)>
= {(@puL) ™ 0N | px)> = <OMNN | p{(@0L) ] ()7
= (OuNN | [W(OnL)] ™ p(x)>
= 0mN | (2:Q)7" p(x)>
= (N | 00(8pQ) (%))
The conclusion follows.

By letting M = A in the preceding theorem, we obtain

CoroLLARY 1 (Recurrence Formula). Let p,(x) be the associated sequence
for the delta operator Q. Then

Pr(x) = (0pQ) ! pul(x).

COROLLARY 2. Let 8, be an umbral shift, with corresponding delta operator Q.
Then

00, — 0,0 =1
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For the special case O = D, the associated shift 8, is the operator X of
multiplication by x, and Corollary 2 reduces to the familiar formula
DX — XD = I. For convenience we denote the operator 0,7 = TX — XT
by 7", and if L = p~%(T) we denote p~(7") by L’

As expected, the indicator of the operator 8,0 is the derivative of the indicator
of 0.

We conclude with some powerful formulas for computing the associated
sequence for a delta operator.

THEOREM 9 (Transfer Formula). If Q = PD is a delta operator, where P
is an invertible shift-invariant operator, and if p,(x) is the associated sequence

Jor O, then

foralln = 0.

palx) = Q'P-1e»

Proof. Letting q,(x) = Q’P"1x", we see that

Qgn(x) = PDQ'P~"71x™ = ng,,_y(x)

and thus by Proposition 7.5 we need only show that g,(x) = 1 and ¢,(0) = 0
for n > 0.
It is clear that gy(x) is a constant. Furthermore,

(e | go(x)> = (| QP = (e | (P + DP) P71}
=Ll b =1,
and we have go(x) = 1. For n > 0,
(e | gn(x)> = (e[ QP ™)
— (e | (P + DP') Pw-tgn
— (e| P-ma™y 4 (e nP'P-nlgn-1y
— (e | Pramy — (e | (Ponysnt
— (| Py — (P | 4
= 0.
Thus ¢,(0) = 0 for » > 0 and the theorem is proved.

CoroLLARY 1 (Transfer Formula). If O = PD is a delta operator, with
assoctated sequence p,(x), then

Puls) = P
for all n > 1.
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Proof. The result follows from Theorem 9 and from the following com-
putation:
Q' P--1x* = (P 4 DP') P 1x
= P-ngn | pP’P-n-lyn-1
= P-ngn — (P-n) g1
= Py" — (P-"X — XP) a1

= xP-"xn1,

‘CoroLLARY 2. Let Q be a delta operator, with associated sequence p,(x).
Let R = QT be another delta operator, with associated sequence q,(x), where
T is an invertible shift invariant operator. Then

qn(x) = xT—"x‘lp,,(x),
Jorn = 1.

Since any two delta operators Q and R are related by OT = R for some
invertible shift-invariant operator, Corollary 2 relates any two associated
sequences.

8. ExAMPLES

We are now ready to show how the methods developed so far give an efficient
technique for the computation of associated polynomials and connection
constants. Specifically, to compute the matrix of constants ¢, ; in

pale) = z e ril)

where p,(x) and g¢,(x) are of binomial type, one uses the fact that the sequence
(%) = Xy €, 1%* is also of binomial type, and that its indicator is computed
by umbral methods in terms of the indicators for p,(x) and g,(x). Once the
indicator for r,(x) is known, the coeflicients of r,(x) are computed by one
of the explicit formulas given in the previous section.

1.3. We have already remarked that the operator u(4) is D, the ordinary
derivative. Clearly D’ = I, and the associated sequence is p,(x) = x™.

2.3. The forward difference operator is 4, = p(e, — €) = E* — 1, and its
derivative is 4," = aFE®. To compute the associated sequence, we use the
Recurrence Formula:

Pa(®) = 2(do)7! pua(%)
= xa ' E7°p,, ()

= a lxpp (¥ — a),
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whence

Pal®) = ax(x — a)(x —2a) - (x — (n — 1)a)

as previously announced.
We can use the Recurrence Formula to compute the conjugate sequence
for ¢, — ¢ = e — ¢ by computing the associated sequence for the conjugate

functional [log(1 + A)]/a. Indeed, we have

gn(x) = xa(l + D) g,_4(x)
= -+ = [ax(l + D)]*|

= e~ *(axD)" e,

We know from previous discussions that the g¢,(x) are the exponential
polynomials. Thus we have proved the Stirling numbers identity

e~ (xD)" e* = Y S(n, k) x¥,

k=0

where S(n, k) are the Stirling numbers of the second kind. It is easy to see by
Rolle’s theorem that these polynomials have real roots.

3.3. The backward difference operator I — E?, with derivative aFE~¢, is
similarly treated, giving the associated polynomials p,(x) = {(x/a}, .

If Q is a delta operator with associated sequence p,(x), and if ¢,(x) is the
associated sequence for the Abelization R = QFEa of Q, then we have

galx) = xE-01p, ()

= il Ppo(x — an). ()

X — an

This specializes to a host of polynomial sequences studied in various circum-
stances.

4.3. The Abel operator u(Ae,) is DE?; hence its derivative is (DE?) =
E*(1 + aD). The Transfer Formula computes the Abel polynomials

Dalx) = xE-ongn-1

= x(x — an)" L.
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5.3. The difference-Abel operator is ES(E® —I) and its derivative is
E%(a + b) E®* — a). From Eq. (), we compute the Gould polynomials

pa(®) = xE~*"x~Y(x[b),
x x — an
T x—an ( b ),,'

6.3.  The central difference operator is.u(8,) = E*/* — E-%/2 and its derivative
is (Ea/2 4 E-/%)]2. For a = 1, Eq. (*) (with a replaced by —a/2) gives the
Steffensen polynomials

P'n(x) = xEn/zx—l(x)n
= x(x + nf2 — 1),_, = «I"L

7.3. The Laguerre operator is L = u(l) = D(D — I)"L. The Laguerre
operator satisfies

Lp(x) = f_ow elp'(x + 1) dt.

To compute the derivative L', we recall that

L'p(x) = (LX — XL) p(x),

whence
0
L= f tetp’(x + t) dt.
Several expansions for the associated sequence can be obtained. By the Transfer
Formula we have
L,(x) = x(D — I)®» x*! = xe*Dre~x"1,
which is the classical Rodriques formula. By the Transfer Formula,
L, (xy =L'(D — I)»+! x
= —(D —I)r1an
= —e®D"le—oxm,

Finally, expanding (D — I)»~! we obtain the coefficients explicitly:

n

L) = EOZ—S(Z ~ ) (e
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Next we give some examples of computation of connection constants. By
way of orientation, we repeat a classical instance:

2.4. Determine the constants ¢, ; in

(‘x)n = Z Cn.k<x>k .
k=0

Since (x),, is the associated sequence for g(4) = e? — e and {x),, is the associated
sequence for f(4) = e — 4, g(fY(4)) = Af(e — A). Therefore, r,(x) =
S k_0 Cn.i¥® = Ly(—x), where L,(x) are the (basic) Laguerre polynomials.
One can hardly hope for anything simpler.

3.4. Determine the constants ¢, ; in

n

<x>n = Z Cn,l;<x,/fa>k "
k=0
Since {(x), is the associated sequence for g(4d) = ¢ — e, and <{x/a)>, is the
associated sequence for f(4) = € — e~%1, we have g( f~1(d)) = ¢ — (e — A).
Thus by the Recurrence Formula,

ru(x) = xa(l — D)*"'r, 4(x)
e —— an(x(I o D)a~1)n 1
== qe®(xD)* 7.

4.4. Express the Abel polynomials as linear combinations of the Laguerre
polynomials. That is, determine the constants ¢, ; such that

A fx,a) = Y ¢, Ly(x).
oy

The sequence L,(x) is the associated sequence for f(A4) = A4/(A — ¢), and
A (x,a) is the associated sequence for g(A4) = Ae*4. Thus g(f-1(4)) =
[4/(4 — 1)] e*4/4-1) By the Transfer Formula, the associated sequence for
gf(A) s

7o(x) = x(D — I)" e=onD/(D-Dyn-1

- xeache—xe-anD/(D—l)xn—I.

The coeflicients ¢, ; are now obtained by a routine Taylor expansion.

5.4. Determine the connection constants ¢, ; of the Gould polynomials
with the factorial powers:

3

Golx, a, —1) = Y €120y .

k=0
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Again, G,(x, a, —1) is the associated sequence for g(4) = e*4(e~4 — ¢) and
(x>, is the associated sequence for f(4) = e — ¢4, hence, g(f~1A4)) =
—A(e — A)® By the Transfer Formula

ra(®) = (—1)" 5(I — D)on 271
an
= (=1 (=DF (@ — 1) an%,
5 () e
a relative of the Laguerre sequence.

6.4. Determine the connection constants ¢, ; of the Steffensen polynomials
with the factorial powers:

n

] = 3 cpa(®)y -
k=0

The Steffensen polynomials are the associated polynomials for 8 = e_;5(e; — €).
In this case g(A) = e 4/ e! —¢€) and f(4) = et —e Thus g(fY4)) =
A(e + A)7/2 and

ra(x) = x(1 + D)yr/2 xn1

L (%)= e

k30

ll

again a most explicit answer.

74. We derive Erdelyi’s duplication formulas for Laguerre polynomials;
that is, we determine the ¢, ; for which

Ln(ax) = é() Cn,kLk(x)'

Now L,(ax) is the associated sequence for g(4) = a'4/(a 4 —¢) and
therefore 7,(x) = Y y_o ¢n.xx* is the associated sequence for 4/[(¢ — a)4 + a].
By the Transfer Formula,

7a(x) = x{((1 — a) D + al)* x"!
=S HG )0 e

Thus:

Lyax) = ¥ % G _ i) (1 — a)"* gLy (x).
k>0 "7
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2.5. We give some applications of umbral techniques to the Stirling numbers
s(n, k) and S(n, k) of the first and second kind. Recall that the exponential
polynomials

b.05) = 3. ()

are the associated polynomials for the delta functional log(e + A).
The Recurrence Formula gives a recurrence formula for the exponential
polynomials:

bnl(*) = %I + D) $ns(*)
= ¥($na(¥) + Sna(®))-

Dobinsky’s formula is practically trivial. Letting p,(x) = (&), , we take an
umbral composition

P = 3 = o= Y 2

k30

and thus for any polynomial p(x),

For p(x) = ", we obtain Dobinsky’s formula:

()6”(3&') — e Z k”}’:!Cn

k>0

Consider the polynomials
Yalx) = 3 s, ) -

k=0

If we define the umbral operators a: x”-> (x), and f:a" — ¢,(x), then
Corollary 1 to Theorem 5 gives a=! = 8. Therefore,

l/}n(qs(x)) = 18(‘/‘71(”)) = Ba(x)n - (x)n ’

or, more explicitly:

s(n, k) =}, s(n,j) (7, 1) S, k).

0330
Similarly, from ¢,,((x)) = (x), , we obtain

Y S(n,k)s(k,i) =8, ;.

k30
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We can derive another recurrence for the exponential polynomials as follows.
If o is an umbral operator, then

W*(A¥Y = a*(A¥') a¥(A).

Applying to a polynomial p(x) and using the properties of adjoints and deriva-
tions:
CAF [axp(x)y = (AF | xep(a*(A)) p()))-
Therefore,
wep(x) = xa(p(a*(4)) p(*))-

Now if we take a: " — ¢,(x), then a*(4) = ¢4 — € and so u(a*(4)") = E.
Setting p(x) = x" gives

bnia(%) = x(¢ + 1),

which, in terms of coefficients, gives the Stirling numbers recurrence

St +1,8) =Y (?)S(i,k—— 1).

>0

9. SHEFFER SEQUENCES

So far, we have no explicit formula for shift-invariant operators. In obtaining
an explicit formula for (L), we are led to a new class of polynomial sequences.
A polynomial sequence s,(x) is a Sheffer sequence relative to a sequence p,(x)
of binomial type if it satisfies the functional equation

e +3) = 3 () ) )

k=

for all n > 0 and for all ye K.
Some characterizations of Sheffer sequences follow. The proofs follow a
familiar pattern, and are therefore omitted.

ProposITION 9.1. A polynomial sequence s,(x) is a Sheffer sequence if and
only if there exist a sequence of binomial type p,(x) and an invertible shift-invariant
operator P such that

Pn(x) = Ps,(x)
for alln = 0.
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ProrosiTION 9.2.  The following are equivalent for a polynomial sequence s,(x):

(a) The sequence s,(x) is a Sheffer sequence.
(b) There exists a delta operator Q) such that

an(x) = 115, 1(%)
Joralln =1
(c) There exists a delta functional L and an invertible linear functional N

such that
(NL¥ | sp(%)y = nl 8, ,

for all n, k = 0.

If Q is a delta operator and Qs,(x) = ns, ;(x), we say that s, (x) is Sheffer
for Q. Moreover, if s,(x) is a Sheffer sequence with respect to p,(x), the associated
sequence for Q, then s,(x) is Sheffer for ), and conversely. If T is an invertible
shift-invariant operator, and s,(x) is Sheffer for Q, then Ts,(x) is also Sheffer
for Q, and T"s,(x) is Sheffer for T-1Q.

Given a delta functional L and an invertible linear functional N, there exists
exactly one polynomial sequence s,(x) satisfying

(NLE | s (%)) = nl 8, .,

namely, the sequence s,(x) = p(N)™p,(x), where p,(x) is the associated
sequence for L. We say that s,(x) is the Sheffer sequence for N with respect to L,

or the (N, L)-Sheffer sequence.
A pair (N,L), where N is an invertible linear functional and L is a delta
functional, determines a unique Sheffer sequence s,(x) in this way.

Tueorem 10 (Second Expansion Theorem). Let s,(x) be the (N, L)-Sheffer
sequence, and let Q = p(L), S = p(N). Then

(a) Ewvery linear functional M can be uniguely expanded into the convergent
series

(M| Slc(x)> LEN.

-3

(b) Ewvery shift-invariant operator T can be uniquely expanded into the
convergent series

z <El Tsk(x)> QkS

(c) Every polynomial p(x) can be uniquely expanded into the finite sum

. (NL¥ | P(x)>

k>0

s(%)-
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We can now give explicit formulas for shift-invariant operators:

THeoreM 11. (a) Let s,(x) be a Sheffer sequence relative to the sequence
Pn(x) of binomial type. Every shift-invariant operator u(L) can be represented by

n

L) @) = ¥ () L1 2®)> snao):

k=0

(b) Conversely, suppose that for a delta operator Q = u(L) there is a sequence
of constants a,, such that

05,) = 3. () i)

Then s,(x) is a Sheffer sequence relative to a sequence p,(x) of binomial type,
and a, = {L | p(x)> for alln > 0.

Proof. (a)Suppose p,(x) is the associated sequence for the delta functional M.
Then

w(M: j) sn(x) = (n)i sn—j(x)
= 3 (3) O s 80

By a closure argument, we may replace M7 by any linear functional. Q.E.D.

(b) Define the operator T by T's,(x) = ns,_,(%) forn > 1 and Tsi(x) =
Then s,(x) will be a Sheffer sequence if T is shxft-mvarlant But

705, = 3. (1) aTon-s(¥)

k=0

n—1

=Y (Z) ay(n — k) 5,_x_1(x)

k=0

n—1

=23 ("% 1) asnra®

k=0
= nQsp_5(x) = OTsy(x),

and then Proposition 7.4 implies T is shift-invariant. Since s,(x) is a Sheffer
sequence, part (a) implies @, = (L | pp(x).
We define the conjugate Sheffer sequence of the pair (N, L) as the polynomial
sequence
(NLF | 27
) = ¥ NI

k>0

607/27/2-4
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Not unexpectedly, it turns out that every conjugate Sheffer sequence is
Sheffer, and conversely. The proofs of Proposition 9.3 and Theorem 12 below
are similar to those of Proposition 4.4 and Theorem 4.

Prorosition 9.3. A polynomial sequence

n
Sn(x) = Z Cn,kxk
=0

is a Sheffer sequence with respect to the sequence of binomial type

Pn(x) = Z an,kxk
k=0

if and only if

(i +]) Cmiiss i (Z) Ck,i%n—t.i - (%)

! k=0

THEOREM 12. (a) Every conjugate Sheffer sequence is a Sheffer sequence.
(b) Ewery Sheffer sequence is a conjugate Sheffer sequence.

Every pair (V,L) is associated with two Sheffer sequences, its Sheffer
sequence s,(x) and its conjugate Sheffer sequence r,(x). We say that r,(x) is
reciprocal Sheffer to s,(x).

Similarly, a Sheffer sequence s,(x) is associated with two pairs, namely,

the pair (M, L) for which s,(x) is the Sheffer sequence, and the pair (Mf,\i),

for which s,(x) is the conjugate sequence. We say that (MTL) is the reciprocal
pair to (M, L).

Our goal now is to give a solution to the connection constants problem for
Sheffer sequences. We proceed in a manner analogous to that for sequences
of binomial type.

A Sheffer operator is a linear operator A defined by A: % — s5,(x), where
sq(x) is a Sheffer sequence. If Ps,(x) = p,(x), where p,{x) is of binomial type,
then

A=Plog

where « is the umbral operator a: ™ — p,(x). We infer

THEOREM 13.  An operator A is a Sheffer operator if and only if its adjoint
15 of the form B o uW(M~2)*, where B is a continuous automorphism of the umbral
algebra, and p(M=Y)* is multiplication by an invertible linear functional M-1.

Proof. If Ais a Sheffer operator then A = P~ o «, where P = p(M). Taking
adjoints and applying Theorem 5 gives the result. 'The converse is obvious.
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- ProOPOSITION 9.4. (a) A Sheffer operator maps Sheffer sequences into Sheffer
sequences.

(b) If A: s,(x) — r,(x), where r,(x) ts (N, R)-Sheffer and s,(x) is (M,L)-
Sheffer, then X is a Sheffer operator and \¥(NR¥) = ML*, k =0, 1, 2,....

We come now to the principal question for Sheffer sequences. Given two
Sheffer sequences r,(x) and s,(x), determine the connection constants ¢, ; in

o) = 3 cnsi)

We know that the polynomial sequence

n
tn(x) = Z Cn,kxk
k=0

is also Sheffer. Thus the problem of computing the connection constants
reduces to the problem of determining the pair of linear functionals which
determine the sequence #,(x). Stated in other terms, the problem is to determine
the pair of linear functionals corresponding to the umbral composition of two
Sheffer sequences. We shall state the solution in terms of indicators.

ProPosITION 9.5. If the pair (M, L) with Sheffer sequence s,(x) has indicators
(f(2), g(t)), and the pair (N, R) with Sheffer sequence t,,(x) has indicators (h(t), k(t)),
then the pair of the Sheffer sequence s,(t(x)) has indicators

(f(2) K(g(®)), k(&(2)))-
Proof. Let (X, Y) be the desired pair of linear functionals. Then clearly
A0 (4) g(AY — AF,
Alv.ry: B(A) WA — A%,
and
Ay XY — 4%,
Therefore,
XY* = A&, n) ™ (4%) = (Ade,0)* (v.0) ™ (47)
= (M, 0) 7 (A(A4) K(A))
= w(M)* () (h(A) R(A)¥)
= Mh((or*)™* 4) k(2 *)7 A)*
= Mh(L) k(L)*
= f(2) h(g(1)) A(g(2))"- Q.E.D.
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CoROLLARY 1. If the pair (M, L) has indicators ( f(t), g(t)), then the reciprocal
pair (M, L) has indicators
1
> 7))
VoRad

COROLLARY 2. Suppose s,(x) is Sheffer for (M, L), with indicators ( f(t), g(t))
and r,(x) is Sheffer for (N, R), with indicators (h(t), k(t)). If

7a(®) = 1n(s(x))

Jor a polynomial sequence t,(x), then t,(x) is Sheffer for the pair with indicators

MeD) pea
ey » 4 )

The following theorem is a recurrence formula for Sheffer sequences.

Tueorem 14. Let s,(x) be a Sheffer sequence relative to the associated sequence
pa(x) for O = pu(L), and let Ps,(x) = p,(x). Then

Sna(®) = (POo(P~) 4 L) s(%).
Proof. First notice that
Sner(®) = P7ppa(%) = P10, po(x) = P710Psy(x).
From part (b) of Theorem 7, we have
P, P = (P, — 0, PP + 0, = Poy(P) +6,,

hence the conclusion.

A wide variety of polynomial sequences studied since Euler turned out
to be Sheffer sequences, and no computer list can be drawn here. We shall
only give a few examples to illustrate how the seemingly endless variety of
identities 1s in fact the repetition of a few general formulas.

Sheffer sequences relative to the sequence x" are called Appell sequences.
Some of the best-known instances are:

The Bernoulli polynomials, defined by the functional

Ly | plx)y = J: px) dx.

Thus,
{yA* | By(%)> = n! 84 s

or, setting J == u(y), in operator notation B,(x) = J'x". All identities for
Bernoulli polynomials follow from the definition and from the above theory.
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For example, an application of the Second Expansion Theorem gives the
Euler-MacLaurin expansion formula

€ = z <€a lgk(x)> ’)/Ak,
k30

or more explicitly

plx) = Z _%_('xl Jo ! p(2) dt.

k>0

Similarly, the Euler functional e defined by
1 0
e | playy = 220

gives the Euler polynomials e,(x) = p(e)~* x* and again the Second Expansion
Theorem delivers Boole's summation formula

e
2 = ¥ %8 e pogay.
k0
Along the same lines, the Boole polynomials are the Sheffer set {,(x) =
u(e)(x), , and the corresponding expansion goes by the name of Boole’s
second summation formula

ORSD) Z’;e(!x) Ce | A4p())-

k>0

The Bernoulli polynomials of the second kind are the Sheffer sequence defined
by b.(x) = J(x), , so that, for example, the identity

n

b,(0) = kz s(n, K)/(k + 1)
=0
is trivial in the present context. The corresponding expansion gives a variant
of the Euler-MacLaurin formula where derivatives are replaced by differences.
The umbral composition of Appell sequences reduces to the following
simple rule: The Appell sequence r,(x) = f,(s(x)) is the sequence TSx*,
where t,(x) = Tx" and s,(x) = Sx".

10. FACTOR SEQUENCES

An inverse formal power series—or inverse series for short—is a formal power
series of the form

@

fO) =243+ =Y ap

k=1



146 ROMAN AND ROTA

The family I" of all such formal power series is an algebra under ordinary
addition, formal multiplication and multiplication by scalars; the algebra
does not have an identity. The series f(x) is said to be of degree —n if a; =
a, =" =a,_, =0, but a, £ 0.

In a sequence f ,(x) of inverse formal power series it is tacitly understood
that f_,(x) is of degree —n, forn =1, 2,....

We indicate sequences of inverse formal power series by the notation f_,(x),
n = 1,2,..., in contrast to polynomial sequences p,(x). We endow I" with a
topology which stipulates that a sequence f_,(x) = ¥, _, @, ¥~ converges
to f(x) = Yr_, ax~* if, for each &, there exists an index n;, such that if n > n,
then a, ; = a; . Under this topology, I' becomes a topological algebra, and
every sequence f ,(x) spans; that is, every inverse formal power series f(x)
can be uniquely expressed as a convergent series f(x) = ¥ ,-; a,.f_(x) for
suitable constants a;, .

Recalling that

() =TT ) () =

for a scalar a, we set
(x_i_a)—n_«z ( )ak N k

the right-hand series being convergent. One easily verifies that
(v + a)y™x 4 a)™" = (x 4 a)™ ™.

The symmetry in x and a of the left side is deceptive. The variable a ranges
over all scalars, but x is not a variable at all, unlike the case of polynomials.
Unlike polynomials, one may not ‘“‘evaluate’” an inverse formal power series
by giving x a constant value.
~ For any inverse formal power series f(x) = Y, ax %, we may define
f(x +a)as

o0

E*: f(x) = ) a(x + a) 7,

k=1

since the series on the right converges. The resulting operator E?® is again
called the translation operator.
The derivative operator D on the algebra I' is defined by setting Dx—" =
—nx~"1 and extending to all of I" by closure. ‘
We introduce the notion of factor sequence, which is in some ways analogous
to a Sheffer sequence. Let f_,(x), n = 1, 2,..., be a sequence of inverse formal
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power series, where f_,(x) is of degree —n. We say f_,(x)-is a factor sequence
relative to the sequence p,(x) of binomial type if it satisfies:

foals 0 = 3 () 9u) Foncal), )

k=0

for all # = 1, 2,... and for all scalars a € K. The identity () is called the factor
(binomial) identity. If p,(x) is the associated sequence for the delta functional
L, we say that f_,(x) is the factor sequence associated to the delta functional L.
Caution: again the symbols x and a cannot be interchanged in (x).

The simplest factor sequence is the sequence x~*, n = 1, 2,..., which satisfies
the factor (binomial) identity:

o«

(x+am=) (—k”) arx—n-k,

k=0

Our first goal is to establish an algebra isomorphism from the umbral algebra
P* into the algebra of linear operators-on I". For any linear functional L € P*
we define the linear operator (L), mapping I into I" by

olL) x=n — o ([~ L | x% x—n—k,
D=3 () @1 (+4)

We must show that o(L) can be defined on all inverse formal power series.
To this end, if f(x) = Y.y @ *, set o(L) f(x) = Y gy axo(L) 2%, Since the
degree of o(L) x~* is at most —&, this series is convergent. In other words,
we may extend definition (*x) by closure to all of I'. Thus, o(L) is a continuous
operator on I

The dual space I'* to I, that is, the vector space of all continuous linear
functionals on I is easily described. It consists of all linear functionals M on
I" such that (M| x> = 0 for all nonnegative integers n, except for a finite
number.

Now consider o(L)*, the adjoint of the linear operator o(L), acting on the
dual space I'*.

For any continuous linear functional M in I'™*, we have

{o(Ly* M | =) = M| a(L) %"
- (" kN g—h—k
=<M Eo(k)<le>x >

() L1 | iy, (xk)

Il
™Ms

td
i

0
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Moreover, in (**x%), the sequence x~" can be replaced by an arbitrary factor
sequence f_,(x):

TaeorReM 15. Let L be a linear functional in P* and let f_,(x) be a factor
sequence relative to the sequence p,(x). Then, for any continuous linear functional
M in I'*, we have

]

(L) M|y = 3 (") L1 Ba)}M | fog s>

k=0

Proof. Let I'(x,y) be the topological algebra of all inverse formal power
series in the variable x, whose coefficients are polynomials in the variable y.
Define the map L, M, of I'(x, y) into the field K by

L M(yix~) = (L | XM | x7%).
Since any element f(x,y) in I'(x,y) is of the form f(x, ¥) = Yr_1 pu(y) x5,

where p,() is a polynomial in y, and since (M | x~*)> = 0 for all but a finite
number of x*, we may define

LM f(x,3) = ) <L|pa)XM|«75),

k>0

the sum on the right being finite. This makes L,M, a continuous linear func-
tional on I'(x, ¥). Thus equation (#x**) becomes

(o(LYM | ¥ = LM(x + )™

Since o{L)*M is in I'*, it follows that {o(L)*M | x~") = 0 except for a finite
number of integers n > 0. For f(x) = 3%_, a;x~* we have

0
Y akx"“>
k=1

oLy M| £ = (o(Ly* M

e o]

= Y ao(l)* M| «7%)

k=1

o]

= z akLva(x +y)_k

k=1

= LM, Z a(x +y)—k

k=1

= LM, f(x +3).
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Finally, for the factor sequence f_,(x), we have

CHLY* M | fola)) = LyM of o + )
— LM, z (72 242 Fon-sla)

= 3 () <L 1M | fon ). QED.

k=0

An immediate corollary is a characterization of the shift invariant operators.

COROLLARY 1. Let L be a linear functional in P* and let f_,(x) be a factor
sequence relative to the sequence p,(x). Then

ADVSn) = T, (37) L1l S

ProposiTION 10.1. Let L and M be linear functionals in P* and let N be a
continuous linear functional in I'*. Then

(LY (o(M)*N) = o{LM)*N.
Proof. On the one hand,

o

LMY* Ny = ¥ (7)) LM | #55CN | xn)

k=0

© &,
=3 3 () @ imaar oo s,
On the other hand,
(o(L)* (oMY N) | 5

= (7)< 1>eon N |5

j=0
=1(; )<L|x,>z( ) G || i,

and letting & = 7 4 j, this equals

i ( ) L) Z ( ) (M | xB=5(N | x~"*)

=0 k=j§

o k

=33 (77l XM | 55N | 5705,

x=04=0 * J
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We can now prove

ProposiTioN 10.2. The map L — o(L) is an algebra monomorphism from
the umbral algebra P* into the algebra of all continuous linear operators on I

Proof. We have already seen that o(L) is continuous. If ¢(L) = 0, then

—-n — < —n - —N—hk
0 = ofL) x _k;(k)@]m,x k

and thus (L | #*) == 0 for all £ = 0, so that L = 0. Therefore o is one-to-one.
Finally, for any continuous N in I™* and any inverse formal power series f(x)
in I, we have

(N | o(LM)f()> = <oLMY*N | £(x)>
= Co(L)H(o(MY*N) | f(x)) = (o(M)*N | o(L) f(x)>
— (N [ o(M)o(L) f(x)>.
Thus, o(LM)f(x) = o(M)o(L)f(x) and so o(ML) = o(LM) = o(M)o(L)

Therefore o preserves multiplication and the proposition is proved.
We call the image of o the algebra of shift-invariant operators on I', and

denote this algebra by Q.

CoroLLARY 1. A shift-invariant operator T in § is invertible if and only if
Tf(x) is of degree —1 whenever f(x) is of degree —1.

Let p,(x) be a sequence of binomial type, and let f ,(x) be the first member
of a factor sequence, and thus of degree —1. If we choose an arbitrary sequence
of constants ¢, & =0, 1, 2,..., and set

—1
Tf \(x) = 60 fan(3).
1 ;gg ( k ) kJ~1-k )
then there exists 2 unique linear functional L in P* such that (L | p.(x)> = ¢, .

Thus, setting

Tf (&) =3 (—];n) rf-n-n(*)

£20
we obtain a shift-invariant operator. In summary:
ProrosiTION 10.3. Gizen a factor sequence f_.(x) and an inverse series
g(x), there is a unique shift-invariant operator T such that Tf_,(x) = g(x).

We are now able to give the following characterization of the shift-invariant
operators on I
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ProrositioN 10.4. A linear operator T on I is shift-invariant if and only
if it is continuous and TE* = E°T, for all constants ac K.

Suppose T is a continuous operator on I" with TE® = E°T for all ae K.
Define constants ¢;, by

«w

Tx! = Z (_l;l) 1k,

k=0

By the previous proposition, there is a unique shift-invariant operator .S for
which Sx~! and Tx~!. Thus the operator S — T is continuous, and satisfies
(8 —T)E* = E¥S — T) and (S — T)x! = 0. Therefore we have

0=E(S —T)x1=(S—T)Eex?
=(§—1T) i (';1) aicx—l—k

for all a € K. By alternatingly setting @ = 0 and dividing by & we conclude
that (S — T)a1-* =0 for all £ > 0. Thus S = T. QE.D.

We define a topology on the algebra of shift-invariant operators 2 as follows.
A sequence T, of operators converges to the operator T if given any inverse
formal power series f(x), and any continuous linear functional P in I'*, there
exists an index my such that if m > my then (P | T, f(x)> = {P| Tf(x)).
Under this topology, 2 is a topological algebra. Moreover, we have

ProposiTION 10.5. The isomorphism o, mapping P* onto 8, is continuous.

Proof. LetL, be a sequence of linear functionals in P*, with-L,, converging
to the zero functional. Then if P is a continuous linear functional in I'™*, we
have (P|x*) = 0 for all but a finite number of exponents % > 0. Thus
we may choose m, such that m > m, implies (L, |x*> =0 whenever
{P1x*y 5 0. Then, if m > m,,

PlolLn) x> = . (77) L | £8P 205
k=0
=0

foralln > 1. Thus {P| o(L,,) f(x)> = O for all inverse formal power series f(x).
We can now prove the Expansion Theorem for shift-invariant operators on I.



152 ROMAN AND ROTA

Turorem 16 (Expansion Theorem). Let T = o(M) be a shift-invariant

operator, and let Q — o(L) be a delta operator, with associated sequence p,(x).
Then

Proof. 'The conclusion follows after applying the (continuous) isomorphism

o to the corresponding expansion of the linear functional 3 in powers of the
delta functional L.

We call a shift-invariant operator Q a delta operator if Q = o(L) for some
delta functional L.

ProposITION 10.6. The sequence of inverse formal power series f_,(x), where

the degree of f_,(x) is —n, is a factor sequence if and only if there exists a delta
operator Q suck that

Of a(¥) = —nf_ny()-

Proof. If f_,(x) is a factor sequence relative to the associated sequence
Pa(#) for the delta functional L, then

AL Fls) = 3 () L1 2D fors)

= i (—kn) 8k 1.S—n—n(x)

= —nf_,_4(x).

Conversely, if Of ,(x) = —nf_, 4(x), for some delta operator O, then if
Pu(x} is the associated sequence for Q, by the Expansion Theorem,

o

™Ms

Er =

k=0

and hence

Foa 4 a) = z 249 gy (e

= 5 () @) neslo).

k=0

Thus f_,(x) is a factor sequence.
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CoOROLLARY 1. Given any inverse formal power series f_,(x) of degree —1,
and a sequence p,(x) of binomial type, there is a unique factor sequence f_,(x)
Jor which f_\(x) is the first member.

To preserve the analogy with Sheffer sequences, if Q is a delta operator,
and Of_,(x) = —nf_,_;(x) we say that f ,(x) is a factor sequence for Q. More-
over, if f_,(x) is a factor sequence relative to p,(x), the associated sequence
for o=1(Q), then f_,(x) is a factor sequence for Q, and conversely. By the previous
proposition, if 7" is an invertible shift-invariant operator and f_,(x) is a factor
sequence for Q, then Tf_ ,(x) is also a factor sequence for Q, and T7f_,(x)
is a factor sequence for TQ.

Suppose f_,(x) and h_,(x) are factor sequences relative to the sequence
Pn(x) of binomial type. Then by Proposition 10.3, there exists a shift-invariant
operator T for which Tf_;(x#) = h_y(x). But since Tf_,(x) is a factor sequence
relative to p,(x), the previous corollary implies Tf ,(x) = h_,(x). Thus any
two factor sequences relative to the same sequence of binomial type are related
by a shift-invariant operator.

The correspondence between linear functionals in the umbral algebra and
the shift-invariant operators on I" can be recast in a suggestive form as follows.
Again we consider the algebra I'(x,y) of inverse formal power series in the
variable x whose coefficients are polynomials in the variable y. If T = o(L)
is a shift-invariant operator on I', we denote by the same letter T the operator
(L), operating on the vector space of polynomials in the variable y. Then
the identity

Tfons - 0) = 3 (37) <eol 23> T

= 3 () ool | D> Foan®)

k=0

can be suggestively rewritten in the form

5 (3") T0) f sl

k=0

3 (1)) Tonse) =

In other words, the action of a shift-invariant operator on a factor sequence
can be “‘transferred” to the corresponding sequence of binomial type.

Proposition 10.6 shows that there is a strong analogy between factor sequences
and Sheffer sequences. It is natural to single out those factor sequences which
are the analogs of sequences of binomial type. We are led to define the associated
factor sequence for a delta operator Q as the unique factor sequence f_.(x)
for Q = o(L) whose first term is

Fal®) = 3 (1P L | o0y ik

k=0
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If we define the derivative of Q = o(L) to be Q' = o(8,L), then since ¢,L
is invertible, so is ', and we have

Jalx) = Q'ah,

We come now to the explicit computation of associated factor sequences:

TueoreMm 17 (Transfer Formulas). Let Q = DS be a delta operator on I,
Then if f_.(x) is the associated factor sequence for I', we have

(1) fol®) = Q'S*m,
(2) fou(x) = xSrx—"L,

Proof. (1) Let g_,(x) = Q'S* '« Then Qg_,(x) = —ng_,_4(x) and so
by Proposition 10.6, g_,(x) is a factor sequence, relative to the associated
sequence for o7(Q). Moreover g_(x) = Q'x™t = f ,(x) and se by Corollary 1
to Proposition 10.6, g_,(x) = f_.(%)-

(2) Letting o(M) = S, the following string of identities verifies the
equivalence of the right-hand sides of (1) and (2), thus proving part (2),

Qrsn_lx‘» — G(QA(AM) M';g-l) N

= Z (-;en) (BAAM) M 1| &% o
Je=0

I
M8

() <1 -+ A0,00) Mt | o

&
I
S

8

5 () ar e

k=0

If

— f (""k”" 1) (M™ | aFy gk

k=0

= xo(M") a1 = xSt L

CoroLLARY 1. Let f ,(x) be the associated factor sequence for the delta
operator Q and let g_,(x) be the associated factor sequence for the delta operator
R = OP, where P is invertible. Then

(1) g-nlx) = RPHQ') f_p(),
(D) g-nlx) = xP a7 ().

Proof. Let Q = DS and R = DT, where S and T are invertible operators,
and P = S-1T. To prove part (1), we observe that part (1) of Theorem 17 gives

SA(Q) T fnx) = w0 = TR g (s).
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The result follows by solving for g_,(x). Part (2) is proved in the same manner
using part (2) of Theorem 17.

Since any two delta operators ) and R are related by QP = R for some
invertible shift-invariant operators, Corollary 1 relates any two associated
factor sequences.

The following corollary is immediate from Theorem 17.

CoroLLARY 2. If f_,(x) is the associated factor sequence for the delta operator
O =o(L), and if L = AM, we have

o0

Fore) = 5 (T ) o s

e Ln n-+k
- go (—1)* S___I;’ic_?_ .

The Transfer Formula allows us to compute explicitly the coefficients of a
factor sequence.

CoroLLARY 3. Let g_,(x) be a factor sequence relative to the delta functional
L = AM, and let g_,(x) = Tf_,(x), where f_,(x) is the associated factor sequence
Jor L and T = o(N). Then

x—n—k,

Proof. 'The Transfer Formula gives:

2n(®) = Tf_u(x) = To(L'M) 5

— o(NL'M™ 1) 3 = ¥ (_];") (NL'M7-1 | x5 gn—h

k=0

5 gy Y e

= Z ( —1 ____|___._ x‘”‘k.
= n!
We next derive a recurrence formula for the associated factor sequence:

COROLLARY 4 (Recurrence Formula). If f_,(x) is the associated factor
sequence for the delta operator Q, then

Jona(®) = Q'a7f_n(2).
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Proof. By the second formula in the preceding theorem we have

fonl) = wSman-1
and so
Q'3 () = O/Srat,

which, by the first formula, equals f_,_,(x).

Given an invertible shift-invariant operator 7" and a delta operator Q, with
associated factor sequence f ,(x), we say that the factor sequence g_,(x) =
Tf_n(x) is the (T, Q)-factor sequence. Clearly, any such pair (T, Q) determines
a unique factor sequence, and conversely. Notice that, in the theory of Sheffer
sequences, the role of 7"is played by 71

Now we derive a recurrence formula for factor sequences, which is the
analog of Theorem 14.

If f_,(x) is the associated factor sequence for the delta functional M = o-(Q),
the shift 0, , is the linear operator on I' defined by 0,f_,(x) = f_, (), for
n 2= 2. Notice that d, is not everywhere defined on I'. Now if T is a shift-
invariant operator on I', by the Expansion Theorem we may expand T in
powers of Q, say T = g(Q). It is straightforward to verify that on the algebra I
of inverse formal power series of degree at most —2, the operator T8, — 0,T
satisfies

T8o — 04T = g'(Q).

Thus, on I, T0, — 8,T is shift-invariant and we denote it by 2,T.

ProprosiTiON 10.7. Let g_,(x) be a (T, Q)-factor sequence, and let f_,(x)
be the associated factor sequence for Q. Then

g—71+1(x) = (T—laoT = 00) g—n(x)’
Jor n = 2.

Proof. 'The result follows from

g-n(®) = Tf_niy(¥) = T0of n(x)
= T0oT7'g_n(x) = (T — 8oT)T + o) g_n(x)
= (T79oT + 80) g_n(%)-
We can now study the umbral composition of two factor sequences, say

Fon(®) = Ypn Caxa™® and g_,(x). The umbral composition f_,(g(x)) is the
sequence

Fol®) = 3 cnngosla).

k=n
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Lemma 1. IfL and M are delta functionals in P*, then

(M oLy | av+iy = zm‘_—,-z)—, (L | xRy st | sy,

Proof. Let p,(x) and ¢,(x) be the conjugate sequences for L and M,

respectively. Then by Proposition 6.2, M < L = L o M is the conjugate sequence
for g.(p(x)). This yields the following string of identities:

n+i ° nti
2 w # = gnia(P(¥))

=0

ntt Mj niiN J Lz j

j=0 =0
(e | "ii (M | kv HSCLE | xa>

=Z ) 7

rgz 1 n+i—1 <Mk+l I x"+’><Ll ] xk+l>
w = (k+ D!

Comparing the coefficients of x” in the first and last formula gives the result.
We can now prove

THEOREM 18. If f_.(x) is the associated facior sequence for the delta operator
O = o(L) and if g_,(x) is the associated factor sequenmce for the delta operator
R = o(M), then the umbral composition f_,(g(x)) is the associated factor sequence
for the delta operator o(M o L).

Proof. By Corollary 2 of Theorem 17 we have

fonl) = Z (—1y M’i’? -
and
g_n(x) Z ( l)k <M |xn+ % o
k=0
Thus
© L n4-k M” k n-Fk+ .
f-n(g(x)) = Z=: (~1)k_<——|n_!x—2 Z (—1) L(%‘_.’%)T_“L_Z I
= kzo 20( 1)k+ TR + I (L | grHleS M | gnetkddy gon—k-i
f“ ( 1)’ Z 1 < In xn+k>< Mrnik [ x"+i> x—n—i
= n! (n -} k)l .

607/27/2-5
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By Lemma 1, the last member simplifies to

M - L)" | 2745

Z ( l)z —n—i’

1==0

which is the associated factor sequence for the delta functional M o L.
We may carry the analogy a step further with

THEOREM 19. If f_.(x) is the (f(D), g(D))-factor sequence and if g_,(x)
is the (R(D), k(D))-factor sequence, then the umbral composition g_.(£(x)) is the
factor sequence with pair

(f(D) k(g(D)), k(g(D))).

Proof. Suppose g(D) has associated sequence p,(x) and associated factor
sequence /_,(x), and suppose k(D) has associated sequence ¢,(x) and associated
factor sequence k_,(x). Then if we let T" == f(D) and S = k(D),

£af) = SEE) = ¥ () Ce 1 S0 ka s (E®)

k=0
=t g., (?) e | Squ(x)> k_n_s(h(x)).

Defining the umbral operator a: x" — p,(x), then («2)*4 = g(4) and so
the above equals

T3 (7)< o (S) | P> Fn-ulBi)

= To((o1)* 071(S)) E_y(h(x))
= /(D) W(g(D)) ku(h(®)).

The result follows.
We can now give a solution to the connection constants problem for factor

sequences.

CoroLLarY 1. Suppose f_,(x) is the ( f(D), g(D))-factor sequence and g_,(x)
is the (h(D), k(D))-factor sequence, and suppose

o]
gon(®) = Y, C_npf-ilx)
k=0
for constants c_y, ;. Then the sequence 7_o(x) = Yy o C_p 2%~ is a factor sequence

Jor the pair
k(g (D)) 1
(Fisoyy  He @)
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COROLLARY 2. Suppose f_,(x) is the associated factor sequence for f(D)
and g_,(x) is the associated factor sequence for g(D), and suppose

g—n(x) = f Conk —k(x))

k=0

for constants c_, . Then the sequence r_,(x) = Yy o C_n.x%* is the associated
Sactor sequence for g( f~(D)).

11. AppLicATIONS TO FORMAL POWER SERIES

Given a formal power series

=3 3

we can define a linear functional L in P* by <L |x*> = a;. We call L the
generating functional of the sequence a;, . The series f(¢) is the indicator of the
linear functional L and L = f(4).

When a, = 0 and @, # 0 we call f(£) a delta series. We have seen that the
composition f(g(t)) is well defined when the constant coefficient of g(t) vanishes,
in particular when g(t) is a delta series, and that

Fle®) = lio <f(g(1:')) | x> s (*)

If f(#) is the indicator of the delta functional L, we have seen (Corollary 1
to Theorem 6) that

i = 3 L

=kl

That is, the reciprocal series f~1(t) is the indicator of L, the reciprocal functional
toL.

If f(t) and g(t) are the indicators of the delta functionals L and M, then
Theorem 6 tells us that f(g(t)) is the indicator of the delta functional f(g(A4)) =
M oL, and (x) becomes

fe) = 3 MBI (%)
k=0 *

The problem of determining the composition of formal power series is thus
equivalent to the problem of determining the composition of delta functionals.
It turns out that the latter can often be explicitly computed by the present
methods, as we shall see.
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We can relate the composition of delta functionals to the umbral composition
of sequences of binomial type. Suppose p,(x) and g¢,(x) are the conjugate
sequences for the delta functionals L = f(A4) and M = g(A4), hence the
associated sequences for I, and M. Then g,(p(x)) is the associated sequence

for Lo M, and thus the conjugate sequence for Lo M = (gto f-1)}4) =
(fog)(4) = M o L. By definition therefore,

Qn(p(x)) - zn: i(ﬂ—[i%f‘n}— xk, (**x)

k=0
Comparing (x*) and (x#%x%), we see that the coefficient of t*/n! in f(g(t)) is

the linear coefficient in g,(p(x)).
By definition of umbral composition, we have

n n

au(P() = T gy L 7y M |8 )

and so () gives

(M oLyt | x7y = 2};

=07

KM | xmyCLF | ).

Thus the coefficient of t*/n! in f(g(?)) is

i _lf M | &KL | &7, (k)

As an example, we compute the power series (1 + g(2))” — 1, where r is a
real number, and g(¢) is a delta series. Here f(¢) is the delta series f() =
(1 +#)r — 1. Expanding L = f(4) in powers of 4 by means of the binomial
series, we find that (L |’y = (r); — 8;, and thus the coefficient of #"/n!

in (1 +g@) —1is
i( JRZIEDS (#x5xx)

Formula (%) yields at once Faid di Bruno’s formula for the composition
of two formal power series. The special cases of this formula to be found in
the literature are obtained by explicitly computing a sequence of binomial
type. For example, setting g(¢) = log(1l -+ #), we find immediately from (s*x%)
that the coefficients of f(log(l + #)) are given by umbral composition of ¢,{(a},
when ¢,(x) are the Stirling polynomials, and a is the umbral sequence g,
of coefficients of f(¢). Similarly, the coefficients of f(e! — 1) are given by ¢,(a),
when ¢,(x) are the exponential polynomials.
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8.2. We now compute the reciprocal polynomials to the Bell polynomials;
that is, the associated sequence p,(x) for the delta functional L = AN =
2 A + 2, 422! + x344/3! + ---. We may take x, = 1. We wish to use the
Transfer Formula p,(x) = xP-"x"~!, where P = u(N), so we compute P".

The indicator of P-" is (1 -+ g(#))~", where g(t) is the indicator of M =
N — e. Hence, the coefficient of D*/k! in the expansion of P-" is given by
(#***x), with r = —n and n = k. The computation of (*+#*x) is straight-
forward by binomial expansion and by the identity

(L %%y LR

<N‘ I xk> = (k + i)i (k + z)‘ Bk+z Qe
‘We obtain
o k .
P~ ; (n+j—1) ,
= —1Y __~__-—_.____ B X le
Eo;;,( Iy — ) (k+ ) TF
and then

o k j + —1 +] -

Similarly, the associated factor sequence to the Bell polynomials is

© k1 . k)i —n—
1) = T3 T (—1po e B

Umbral techniques can be used in several ways to compute power series
expansions.

Consider the function [log(l + #)]". If we take f(¢) = ¢" + ¢ and g(t) =
log(1 4 ), then both f(¢) and g(#) are delta series, and the expansion of f(g(2))
differs from the desired one only by the addition of log(1 -+ #). To find the
coefficients of f(g(t)) we compute the umbral composition g¢,(p(x)), where
g.(x) is the conjugate sequence for g(A4) and p,(x) is the conjugate sequence
for f(4). The sequence q,(x) is the associated sequence for g7(4) = ¢4 — ¢ =
&, — ¢, and we have seen that g,(x) = (), = Sy, 5(n, K)x*, where s(n, k) are
Stirling numbers of the first kind. It is even easier to compute the polynomials
Pa(). For

pute) = 3 S

= éo ((n — k)l;(n — 1)) Z—:x
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Thus the linear coefficient in g, (p(x)) is r!s(n,r) 4 s(n, 1) =rls(n,r) +
(—1)*Yn — 1)}, and so

flog(1 + ) = ¥, 1)

Consider next the function log(l + sin ¢). We have f(#) = log(l + ¢) and
g(t) = sin t. Since M = g(A) = sin 4, by expansion we have

M = (ZIT)/ 2]: (]) (_l)j—k et A(2k—3)

But (em4 | x5 = {(mA)*[n! | 5®> = m" and so

a7 & () i —r

Now if L = f(A) = log(l + A4), then
(L) @) = (—1p4}] 4| o) = (—1p9( — !

Thus the coefficient of #*/n! in log(l - sin £) is

P |7y =

P i

n g (___
XY
=0 k=0
Next we give the generating functions of associated and Sheffer sequences.
If p(x) is the associated sequence for the delta functional L = f(4), then
by the Expansion Theorem

Z ”fMV
Passing to indicators gives

k=0
Finally, replacing f(t) by t gives
eyf—l(g) Z Pk(y) tk
k=0

Thus, if f(£) is a delta series its reciprocal is the series

_l(t) — Z pk (0)
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where p,(x) are the associated polynomials to f(4). Our recipe for finding
the reciprocal of a formal power series is thus the following: Compute the
associated polynomials, possibly by using the Recurrence Formula or the
Transfer Formula, and then take the coeffictents of x in these polynomials.
It turns out that computing the whole polynomial sequence is often speedier
than computing a single coefficient.

We turn to some more examples.

2.6. The exponential polynomials ¢,(x) = Yy_o S(n, k)x* are the associated
polynomials for f—1(4) = log(l + A4). Thus

o' - $u(®)
eolet-1) — Z ’;z_! k.
k=0
4.5. The Abel polynomials p,(x) = x{x — an)** have the generating
function
- o x(x — ak)1
&) — Z __.___k__!__ t’",
k=0
where f(t) = te*t.

7.5. The basic Laguerre polynomials

L) = 2 57 G ) (=

have the generating function

o v L)
o3t/ — Z ~%!__tk_
k=0
If s,(x) is the Sheffer sequence for N = f(¢) with respect to the delta func-
tional L = g(t), then by Theorem 10

e, N1 = Z —Skl(eTy) Lk,
=
Taking indicators and simplifying as before, we find the generating function
: i -1 g sk(y) :
e Mh — VIR gk
T o) Z7H

For the higher Laguerre polynomials L{(x) we have f(f) = (1 — £)—=-!
and g(t) = ¢(t — 1), hence
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For the Hermite polynomials of variance v, H{"(x), we have f() = ev*'/2
and g(¢) = . Thus

© H(v)(x)
—vt2 /2wt k k
eV 2e0t — Eo A 2

Lagrange’s inversion formula is immediate in the present notation. It states
that if f(¢) is a delta series, then the nth coefficient in f ~1(#)* equals the (» — k)th
coefficient in ( f(¢)/¢)~", multiplied by %/n. In our notation, this reads

CLElamy k(M| ARy
nl n m—R!

where the indicator of L = AM is f(t). The verification of this fact is now
a trivial computation with adjoints. If p,(x) is the associated sequence for L,
then using the Transfer Formula we find

(L¥ [ a7y = (AF | po(x)y = AP | ap(M)™ xn )
i <kAk—1 ! 'u,(M)—n xn—1> — k<Ak—1M—n ' x"‘1>

= M7 | Dty =% i caaon |,

as desired.

We can just as easily prove the variants of the Lagrange inversion formulas,
for example: Given two delta series f() and g(t), the nth coefficient in g( f1(2)),
multiplied by 7, equals the (n — 1)st coeflicient in g'()( f(2)/£)-". In symbols:

x"—l> .

But this is also an immediate consequence of adjointness. Indeed, the right
side can be written as

ey 1o = (g (L)

{g(4) | xPman—1,

where P = p( f(A4)/A). We recognize an instance of the Transfer Formula:
{g(A) | pa(x)>, where p,(x) are the associated polynomials for f(4). Letting
o be the umbral operator mapping %" to p,(x), and recalling that the auto-
morphism a* maps f(4) to 4, we have

g(A) | pul)> = {g(4) | ax™>
= La*g(A) | ) = {g(f~U(A)) | x™.

It is hard to imagine a simpler proof.
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A variant of the same reasoning gives Hermite’s version of the Lagrange
g gr grang

inversion formula, namely,
A —n

< Ag(f~1(A)
FH A (F4)

The generating functions of factor sequences cannot be expressed by ordinary
generating functions, and lead us to introduce an analogous formal device.
Let f(t) be a delta series and let g(t) be a formal power series. We define the
Cigler transform of the pair (f, g), in symbols

F(x) = j_: g(t) e/ dt

to be the formal power series obtained after term-by-term integration of

[ sy @ e as

The point is that one can compute with the Cigler transform in much the same
way as with an ordinary integral, for example,

[ [} (1]
f o(t) =10 dy _|_f o(t) M0 dt =f (1) err e gy,

thus the Cigler transform is an “integral” analog of a formal power series.
If f_,(x) is the associated factor sequence of the delta operator Q = f(D),
then

) == [ feta
- f * i dt,

and more generally, applying O successively,

o= I

thus the generating function of f_,(x) can be expressed by the Cigler transform:

Y foula) st = f P mstraro gy,
-0

x>1

Similarly, if g,(x) = Tf_,(x) is the factor sequence obtained from the
associated factor sequence by applying the invertible shift-invariant operator
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T = g(D), then by a Cigler transform one can express the generating function
of g_,(x) in the form

g =101 = [ sOf W e

= [ iy eroa

whence B
= 00 d = [ GO oy e
and again
Y gl = [ g e ar,

k>l

12. ExamMPLES OF FACTOR SEQUENCES

2.7. 'The negative factorial powers

(%) = 1
Vo S G DE L) )

are the associated factor sequence for the operator 4 = o(e; — €). This
follows from the Recurrence Formula:

A"x_l(x)~n = Elx_l(x)fn = (x)—’nfl .

Thus we immediately have

9= T () O
as well as
Am(x)—n = ("'n)m(x)—'nvm .

Corollary 2 to Theorem 17 gives

N | sn+k
k \L | X ek

=X D) et

where L = ¢, — e. But q,,(x) = Yy_o ((L* | a®>/k!) ¥ is the conjugate sequence
for L. Thus
LM | a5 nl = S(n + k, n),
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where S(n, &) are the Stirling numbers of the second kind. Therefore, we obtain
the identity
IA — = 1)k —n—k
(x+l)(x+2)--~(x'+n)uz( 1)* S(n + k, n) x~%,

k=0

3.5. A similar treatment may be given to the associated factor sequence
for V = o(e — e_,), which is

o (1
B = G Dm—2) =)

We state as a sample:

XYy = i S(n + &k, n) x"F,

k=0

4.6. The associated factor sequence for the Abel operator Des? is given
most easily by the Transfer Formula:

A_(x, a) = xEsnx—n-1

= a{x + an)~"1,
Thus the identity

@

& +9)x +y +anyt = ) (_kn) (Y + sk} (x + a(n — k))~mk1

k=0
is immediate. .
Corollary 2 of Theorem 17 yields

A_(x, a) = f (””k_ 1) (an)t x-nF,

k=0
6.6. 'The negative Steffensen polynomials are the associated factor sequence
for e~2/%(¢? — 1), and thus by Corollary 1 to Theorem 17,
wl=rl = xE— 2 Y(x)_,
=xx —n2—1)_n,y

X

S G- G

7.6. The associated factor sequence for the Laguerre operator D|(D —I) is

L_,(x) = x(D — Iy xn1

=3 () D F = — Dy

k=0

this by the Transfer Formula.
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In view of Theorem 18, the factor sequence L_,(») is self-reciprocal, as

expected.
If f_.{x) is the associated factor sequence for the delta functional L, then the

conjugate factor sequence g_,(x) to f_,(¥) is the associated factor sequence for L,
the reciprocal to L. By Theorem 18, we have f_ (g(x)) = g_(f(x)) = x™™.

2.8. The negative exponential polynomials ¢_,(x) are the conjugate factor
sequence to (x)_,, and are therefore the associated factor polynomials for

log(I + D).
Corollary 2 to Theorem [7 gives

bon(®) = g (— D s(n + &, ) a7,

where s(n, k) are the Stirling numbers of the first kind.
We have by Theorem 18 the umbral substitutions,

AT = go (——1)’L s(n + k’ n)(x)—n-—k

- i (—1)* S(n + k, n) ¢_, ),

k=0
which are equivalent to the Stirling number identities

Y s(n+kon) S j,n k) =8,

k=0

and

Y Stn+kon)s(n+j,n+k)=38;,.
%=0
By the Recurrence Formula,
9541—1('”) - (I + D)_l x‘ld’—n(x)

ba(®) = *{I + D) b_, 1)
— o = I+ DY i)

and so

Taking » = 1 and k = #n gives

$1(%) = [+ + D)" $_1_o()
= (DY ep_y_o(2).
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3.6. The conjugate factor sequence to the sequence A_,(x, @) is computed
by Corollary 2 to Theorem 17:
had n | at+k
poatt @) = 3 (<1 ELID
P n!
where L is the reciprocal to ¢,4. However,
(Ln | amt®y (n +k— 1) [—a(n -+ k)]*
n! T\ n—1 n!

and thus

The umbral identity x" = p_,(A(x, @), a) gives the elegant power series
identity:

= i (_n) ‘_————[_a(n";{_ ol [x -+ a(n + k)]~"—*-L

k=0 k

We turn now to some connection-constant problems.

2.9. Determine the connection constants ¢_, ; in

1 - i Coni(—1)¥
x4+ Dx+2)@+n  Z@—1)x—2)(x—4k"

Since (x)_, is the associated factor sequence for g(D) = e? — I and {(xD>_,
is the associated factor sequence for f(D) = I — =P, we have g(f~Y(D)) =
DI — D) and so

T eyt = L_y(—3).

k=1

Thus

1 _ < —n ('—n_ 1)k—~n
(x4 1)(x+2)(x+n) —Z'l(k—n) (x—1Dx—2)(x—4k) "

6.7. Determine the constants ¢_,, ; in

0

X . Z [
G—mDE—a2t D@+ S EFDE+2) R

Since #[-#1 is the associated factor sequence for g(D) = ¢~P/%(e? —1I) and
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(#%)_, is the associated factor sequence for f(D) == eP — I, we have g( f7'(D)) =
D(I 4 D)~*/2, Therefore,

Z C——n.kx_k = x(I + D)—n/2 x—n—1
k=1

— i (_Z/z) (—n — 1), a7,
and so
S A T

7.8. Determine the constants ¢_, ; relating the Laguerre polynomials to
the exponential polynomials:

L) = f: o abr(—).

Since L_,(x) is the associated factor sequence for g(D) = D|(D —I) and
é_.(—x) is the associated factor sequence for f(D) = log(I — D), we have
g(f-{(D)) =1 —eP and so

M

-k
™ = (XD
k

1

Thus
Cony = S(k, n)

and

L(x) =Y S(k n)dor—).

k=1

We postpone discussion of Hermite and higher-order Laguerre factor
sequences until Section 13.
We conclude with some examples of Cigler transforms.

2.10. For the factor sequence (x)_,, we obtain as a special case of the
Cigler transform Nielsen’s factorial expansion of the incomplete gamma
function:

Y (#)g st = j * el + 1ye dt.

k3l
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4.9. For the Abel sequence 4_,(x, a) we obtain

Y A_x, a)s+t = f ’ el gy
k>1 —®
0 s t zja
=/ e '(f—l(t)) a,

£(t) = tet,

where

7.9. For the Laguerre sequence L_,(x) we obtain
)
Z L_k(x) -1 — J e—st+at/(t-1) gy
k3l —®©
2.11. For the negative exponential polynomials:
0 ,
Y i(x) 1 = f e—stiatet-1) gy,
(>3} —©
4.10. For the sequence u_,(x, @), reciprocal to the Abel factor sequence:

0
Z Pi(, @) $¥1 = J‘ e—tttute® gy
k1 —©

13. HERMITE AND LAGUERRE POLYNOMIALS

Theories of special functions often present those functions that are of frequent
occurrence as special cases of some general concept, and the present development
is no exception. In actual fact, however, those special sequences of polynomials
that have actually occurred are best defined by their own structural conditions.
Such axiomatic descriptions remain largely undiscovered, partially because
of a deficiency of notational suppleness in the theory of special functions which
it is the avowed purpose of the present work to remedy.

Hermite Polynomials

As an instance of such a structural characterization, we consider the following
problem: Find all Appell sequences s,(x) with the property that

s 4) | sa(#)) = —(1/0)ss1(A4) | sn42(x),

for some constant v.
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By the Recurrence Formula,
Sna(®) = (% 4= T(T7T)) sa()
= (¥ 4 5) sn(),

where s,(x) = T1x". But this gives s;(4) = —(1/v)(é,, + S¥)s;_4(A4), whence
S* is multiplication by —vA4 and S = —oD, and thus T = ¢*P*/2, The
resulting polynomials are the Hermite polynomials H'(x) — e—vP*/2xn of
variance o. For v = 1, we obtain the classical Hermite polynomials.

The elementary properties of the Hermite polynomials have been derived
in “Finite Operator Calculus.” We shall give a sampling of applications of the
present methods. From the operational formula

(v — vD) px) = —e=/2(vD) e=*2rp(a)
one infers the recurrence
H{)(%) = (v — oDY Hy(s) = (=1) "™ @Dy e " HP(x), (%)
and for » = 0 the Rodrigues formula
HO(x) — (—1)" & 29(uD) 12,

Expanding (¥) by the Leibnitz formula gives

J

HO) = Y (—of™ () () HO) B (o) (+4)

k=0

Replacing # by # — 2m and setting j = n, Eq. (%) becomes
o = N (o (™) (1 — 2 HO 0 HO. (5
an-aml(¥) = 3, (—2) 2 (n M)n—re Hy" (%) HZgm().
k=0
We recognize an umbral composition with the Laguerre polynomials
LT = Y (=1 () (0 — 2m)i o™
k=0

Using the fact that the Laguerre polynomials are self-reciprocal (proved later
in this section, or see “Finite Operator Calculus”), we obtain

P H () B () = 3. () @0 — 2m) s HE o).

k=0
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Changing n to n | m gives

n+m n m
@) BOu@) = Y (" ") 0 — Mnms H o),

k=0

and finally letting § = & — m we have

HL) Hu) = 3 (71 ) (o ey HE )

From this formula we obtain

22 H(v)( x)]2 ot H(v)m(x) Hr(:-’zm(x)

% 6= (G5 = GG ") e,

Now for negative variance v, we know (Finite Operator Calculus) that H{?(x)
is nonnegative, and since the above coeflicients are nonnegative, we obtain

IIM:

vzn[H;v)(x)]z n+mH(v) (x) H( m(x) >0

For m even, we obtain a Turan-type inequality.
We give now a duplication formula for Hermite polynomials. That is, we
determine the connection constants ¢, ; in

HY@) = 3 e, a0,
k=0
Since H{“'(x) is the Sheffer sequence for the pair (¢*4"/2, 4) and H(ax) is
Sheffer for the pair (¢** 4’2, a-14), we have by Corollary 2 to Proposition 9.5

that 2,(x) = Yy_o ¢, ** is Sheffer for the pair (et®e -4’12 g-14) and so

t,,(x) — gretw—va"h) D 2ym
n

= 3 Lot ) e

k
k=0 2

We next determine the connection constants ¢, ; connecting the Hermite
polynomials to the Bernoulli polynomials:

HY%) = Y, 0 BO).

k=0

Since H”(x) is Sheffer for the pair (e*4"/2, A) and B{(x) is Sheffer for the pair

607/27/2-6
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(((¢* — €)/A), A), the sequence t,(x) = Ti_q€nx* is Sheffer for the pair
(((e* — €)JA)= ev4’/2, A) and thus

D __ [\«
—on?2 { €
t,,(x) = ¢—vD /2( h) ) x%.
The constants ¢, , are then determined by a routine Taylor’s expansion.

Laguerre Polynomials

We have seen that the basic Laguerre polynomials arise in computing the
connection constants between (x), and <{x>,. We now consider the more
general problem of computing the connection constants between E—*-(x),
and {x), , for « a real number. More explicitly, we determine the constants
Cq,p IN

(x—a—l)(x—a—Z)-“(x-—a-—n)=icn.kx(x—{—l)"'(x—{—n——l").

The sequence E-~Y(x),, is Sheffer for the pair (e>+1)4, ¢4 — ¢) and the sequence
(x>, is Sheffer for the pair (¢, ¢ — e~4). Thus Corollary 2 to Proposition 9.5
tells us that t,(x) = Y'5_ ¢,..#* is Sheffer for the pair ((¢ — A)>1, A/(e — A)).
Thus

to(x) = (I — D+ Ly(—).

The Laguerre polynomials of order « are
Lx) = (I — DY Ly(x).

The ubiquitous presence of these polynomials can be traced to the fact that
they give this important set of connection constants. The reader is referred
to “Finite Operator Calculus” for the elementary properties of the Laguerre
polynomials, We cite only

L;u+8+1)(x +y) = Z (Z) L;ca)(x) Lf{’lk(y) (*)

ES0
and the formula due to Kahaner, Odlyzko, and Rota:

Llemaros—tadyy g odd,

Lﬁ"l)(L(az)(L(as)( ‘es L(mk)(x) . ))) = gM(al_a2+a3_. ..+ak)(x) E even (**)

where MM(x) = (I — D)2 xn,

Equation (%) gives the connection constants between Laguerre polynomials
of different orders. Equation (xx), for % ==2, gives L{&(L(®)(x)) =
(I — Dy am = (—1)» L& ™™17"(x). For o; = a, = «, we obtain L(L¥(x)) =
x* showing that ali the Laguerre polynomials are self-reciprocal.
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Various representations of the Laguerre polynomials of Rodrigues type
follow from our methods. As an example, we prove Carlitz’s beautiful:

L) = (XD — X + a4+ D, 1.

This formula is a consequence of Theorem 14. In the notation of the theorem,
we have (Q')' = —(D — I)?, whence the corresponding shift operator is
6 = —X(D — I Similarly, P = (I — Q)**!, so that P9oP-! = (¢ + 1)(I — D).
Thus
LP(x) = (—( + 1D — 1) — X(D — If) Ly (x)

= (XD — X + a + 1)(I — D)LE(x)

= (XD — X + a + 1) LD (x)

= =(XD—X+a+1)1L

More generally, we have proved
L® (x) = (XD — X + o + 15, L&),

We derive the Erdelyi duplication formula for Laguerre polynomials:

n
L(ax) = ¥ cnslid(x).
k=0
Since L{(x) is Sheffer for the pair ((¢ — A)=1, A(4 —¢)) and L%(ax)
is Sheffer for the pair ((¢ — a 14)1, A/(A — a)) the sequence t,(x) =
Y ko € 2" is Sheffer for the pair (a**(a + (1 — a)A)="1, A)(a + (1 — a)A)).
By the Transfer Formula,

t(x) = aa 4 (1 — a) D)=+n x

= i (: i Z) a¥(l — a)** (n),_; x*.

k=0

Factor Hermite Sequences

The factor Hermite sequence of variance v is the factor sequence for the pair
(e-vP*2, D). Thus
HYO(x) = 22,
We have
= [—N

HOw +3) = ¥ () ¥ HO).

k=0
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Corollary 3 to Theorem 17 gives

—vA2[2y [n—1 | anth-1y -

n!

A = 3 (17

= % (=5)
Theorem 19 easily establishes the umbral composition
HEHY(@) = HE).
The Cigler transform for H)(x) gives
Y H(_"“,g(x) o - f 0 Pl oL
381 -®

We establish the duplication formula for factor Hermite sequences
HY5(ax) = Z cn tHR (@),

It is not hard to see that if f ,(») is the (f(D), g(D))-factor sequence, then
f_n(ax) is the (f(a'D), g(a D))-factor sequence. Thus since H'")(ax) is the
factor sequence for the pair (e-*a"P*/2, D) and H™)(x) is the factor sequence
for the pair (e~*2°/2) D), the sequence r_,(x) = Y5 _;c_,¥~% is the factor
sequence for the pair (e®—*""D"2, g-1D) and thus

T_n(x) — g—telw—va~)DE/24—n

(w — va~%)*

o
=) an" T (T T
k=0

Factor Laguerre Sequences

The factor Laguerre sequence of order « is the factor sequence for the pair
(I — Dy, D{(D — I)). Thus, by analogy with L{®(x), we have

LE) = (I — DY L)
= (1) (I — Dy

= 3 (0T 1

k=0

We have

£ +3) = 3 () ) L),
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and applying the operator (I — D)+* = a(e — A)?+ we obtain the composition
law -

L5296 49) = 3 ()12 L.
k=0
Theorem 19 implies ,
LLP (%) = (I — D~* 5"
= (—1)" L"),
For « = B, we obtain the identity
LELEO@) = 5™,

showing that the factor Laguerre sequence L®)(x) is self-reciprocal. Explicitly
we have

] o (¥—n ()
" = (—1)* (=)a_p LZ().
Eo (n — k) bk
The Cigler transform for the sequence L®)(x) gives

@ 0
z LS}:’Z(x) Sk—l — f (1 . t)—-cx—l e—-st-f—.’rtf(t—l) dt.
k=1 —x

We determine the connection constants ¢_,, ; in

«©

1 _ Z (=1)*c_n
x—a)x—a+1)@F—a—14+n Zx—1D)x—2)(x—F"

Just as before, E->1(x)_, is the factor sequence for the pair (e (=)D ¢2 — J)
and {x), is the factor sequence for the pair (I, — ¢~P). Thus Corollary 1
to Theorem 19 implies that r_,(x) = X, ¢, % is the factor sequence for the
pair (I — Dy, D/(I — D)). Hence

r_o(x) = L(—2)

o {a—n
— _ —k
T (2R
as expected.
Finally, we derive the duplication formula for factor Laguerre sequences.
Namely, we determine the constants ¢_,, , in

L¥%ax) = T c_p L),

k=1
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Since L®)(x) is the ((I — D)+, D/(D — I))-factor sequence, Corollary 1 to
Theorem 19 implies that r_,(x) = Y5, ¢_,¥* is the factor sequence for
the pair (a=*"(a + (1 — @)D)**, Df(a 4+ (1 — a)D)). Thus

7_u(x) = a*(a + (1 — a) Dy x"

P i P e

14. AppLICATIONS TO COMBINATORICS

We define a store o as a set, in general infinite, together with a map d which
assigns to every element of o a positive integer, called its degree. The subset
of ¢ consisting of all elements of a given degree is assumed to be finite, In
practice, the elements of o are sets endowed with some structure, and the
problem is to count o; that is, to determine the number a4, of elements of ¢
of degree n. We call a, the counting sequence of o, and we assume that a, > 0.

We define the generating functional of o as the delta functional L satisfying

L|x™ =a,.

The counting sequence is thus the sequence of coeflicients of the indicator of L.

The partitional of a store ¢ (a translation of Foata’s ‘‘compose parti-
tionnel”) is a second store part (o) defined as follows. An element p of part (o)
is a set (not a sequence) of pairs {(B, , s),..., (B}, 5x)}, where

(i) the B; are the blocks of a partition of the set {1, 2,..., n}, for some n
(hence B; is nonempty);
(ii) the s; are elements of the store o;

(iii) the degree of s; equals the number of elements in B;.

To every such element p, called a part of part (o), we associate two integers;
the degree d( p) of p is the sum of the degrees of s; and the part number of p
is the number of blocks.

The partitional part (c) is obtained by letting 7 range over all positive integers.
We let b, ;. be the number of elements of part (o) of degree 7 and part number &,
and call it the counting sequence of the partitional. We set by, = 1. Since
a, > 0, we have b, ,, > 0 for all n.

The following proposition motivates this definition.

ProrosITION 14.1. Let b, ; be the counting sequence of the partitional part
(o) of a store o having generating functional L, for the degree n and the part number k.
Then

by = (L¥| a™>[RL.



THE UMBRAL CALCULUS 179

Proof. Evidently the counting sequence satisfies the identity

() bmes = 3 () b

t k=0
Therefore, by Proposition 4.3, there exists a delta functional M such that
by = CMF | s/,
But it is immediate from the definition of partitional that b, ; = a,. Thus

M =L, Q.E.D.

We remark that ¥p_, b, »** is the conjugate sequence for the delta func-
tional L.

COROLLARY 1. Let ¢, = Y159 0n.x be the number of elements of degree n
in part (c). Then
cn = (et | 2.

CoroLLARY 2 (Foata). The exponential generating function of c, is the
indicator of the exponential of the generating functional of .

We illustrate these notions with some elementary examples.

ExampLE 1. Find the number of partitions of an n-set.

Solution. Let o be the store having exactly one element of each degree.
Then part (o) is the set of all partitions of finite sets. An element of part (o)
of degree # and part number % is a partition of an n-set into % blocks. Now
since <L |&"> =1 for all # > 0, we conclude that L = ¢4 — e = ¢; — ¢,
the forward difference functional. Thus Proposition 14.1 implies that the
number &, ; of partitions of an #-set into & blocks is S(n, k), the Stirling numbers
of the second kind, defined by

— (—l)k d i k n
S(n, &) _T;;o (—1) (i)z )
Corollary 1 tells us that the Bell numbers B, of partitions of an n-set satisfy

B, =<et|x",

where L == ¢4 — e. Corollary 2 gives the exponential generating function for
the Bell numbers as exp(ef — 1).

ExampLe 2. Let S be an n-set. Then a k-partition of S with selected subsets
is a partition of S into k blocks B, , B, ,..., B; together with a nonempty subset
C,; of each block B, .
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ProBLEM. Count the number of partitions of an n-set with selected subsets.

Solution. Let o be the store consisting of all pairs B;, C; of nonempty
sets, such that B; D C;. Then part (o) is the set of all partitions of finite sets
with selected subsets. Since (L | > = 27 — 1, we see that

L= (2 —1) A4k = ed(et — 1),

ES1

the difference-Abel functional. Applying Proposition 14.1, we find that the
number b,, ; of k-partitions of an n-set with selected subsets is the kth coefficient

of the nth conjugate Gould polynomial:
L AR
by = .V ES(n — 1, k).
=2 (3)

By Corollary 1, the number P, of partitions with selected subsets is
Py = (et | am),

where L = et(ed — 1).

ExampLE 3. Find the number of rooted, labeled trees on n vertices, where
each vertex is of degree 1, except the root.

Solution. Let o be the store whose elements of degree #n are rooted, labeled
trees on 7 vertices in which each vertex has degree one, except the root. Then
part (o) consists of all forests with the specified degree requirements. Since
{L|x"y = n, we conclude that L. = AeA4, the Abel functional. Proposition 14.1
implies that the number of forests on # vertices with 2 components satisfying
the above degree requirements is

by = (Z) ko,

Corollary 2 implies that the exponential generating function for the number ¢,
of forests on n vertices with the above degree requirements is exp(ze?).

Exampre 4. Find the number of permutations of an n-set all of whose
cycles have odd cardinality.

Solution. Let o be the store whose elements of degree 2n + 1 are all cyclic
permutations of the set {I,2,..,2n + 1}, and having no elements of even
degree. Then part (o) is the set of permutations of finite sets whose cycles
have odd cardinality, the elements of degree 2n - 1 and part number % being
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permutations of the set {1, 2,..., 2n -+ 1} with & cycles, all of odd cardinality.
Thus <L | #*+1) = (2n)! and (L | 227> = 0. Hence

B (2k)!
L=2 G+

k>0

A2kl — Z

k>0

241
2k + 1 4

= } log((e + A4)/(e — A)) = arc tanh 4
Now let T,(x) be the conjugate polynomials for L. The recurrence
Tosy(%) = xTp(x) + n(n — 1) Tp_4(x)

is established by applying L* (where L = tanh A4) to both sides and using
the fact that (L¥ | T,(x)> = n! 8§, ; and

CIF | xT (%)) = <BL¥) | To(x)) = <kL*Y(e — L2) | T™(x)).
Putting x = 1 in the above recurrence, we have
Toin(1) = To(1) +n(n — 1) Tpo(1)
so that the required number is

To(1) = 1232+ 52 -+ (2n — 1)2.

ExampLE 5 (Cayley). Find all rooted, labeled trees with n vertices.

Solution. Let o be the store whose elements of degree # are all rooted labeled
trees on # vertices. Then part (o) is the set of forests. Letting b,, ; be the number
of elements of part (6) of degree #» and part number %, we have the obvious
recursion, obtained by removing the root of a tree and counting the resulting
forest:

bn.l =n Z bn—l.k .
k

In terms of the generating functional, this becomes

Z(Lklx" D

L) = = (et | Dx™)

= (Ae" | x5,

and thus L = AeL. We seek the conjugate sequence for L. But 4 = Le™* =
f(L)and soL = f-Y(A) and L = f(4) = Ae~A4. Thus we see that L is the Abel
functional and

Y by x* = x(x + n)y*L
%
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Therefore,
n— 1

bus = (i )

and the numbers of rooted labeled trees on n vertices is n”-1,
Recall that a binary tree is a tree in which each vertex has degree one or
three, except the root, which has degree 2.

ExampLE 6. Find all rooted, labeled binary trees with n vertices.

Solution. Let o be the store whose elements of degree n are binary trees
with n vertices. Then part (o) is the set of forests of such trees. We have as in

Example 3:
L1y = IR 0 (A |,
soL = A(L? + 2¢)/2 and L = 2A4/(A4% 4 2¢). By the Transfer Formula,
Y by px* == x27(D? 4 2)n g1
%

™M=

= (Z) 27¥(n — 1),y x™-2%,

k=0

Thus,
(0, n + k odd.

bk = " — (k—n)/2
((n . k),r“2) (n— 1)y 2 , n -+ k even.

A linearly ordered tree is one in which all but two vertices are of degree 2.

ExampLE 7. Find all rooted, labeled forests on n vertices in which each
tree is linearly ordered.

Solution. Let o be the store in which the elements of degree n are rooted,
labeled linearly ordered trees on # vertices. As in Example 3, we see by removing

the root that
CL1amy = L] am1y + (4] x).

Thus L =LA + A, and L = AJ(A + ¢). By the Transfer Formula,
Y by 4 = a(D + Iy an-1
3
Z (n
= (n — 1), x*
2 (1) = Do

== Ln( —x)!

where L,(x) are the Laguerre polynomials.
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