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Bernoulli numbers, Bernoulli polynomials, and Euler numbers, Euler polynomials were stud-
ied by many authors. Bernoulli numbers, Bernoulli polynomials, Euler numbers, and Euler
polynomials possess many interesting properties and arise in many areas of mathematics
and physics. These numbers are still in the center of the advanced mathematical research.
Especially, in number theory and quantum theory, they have many applications.

p-Adic analysis with g-analysis includes several domains in mathematics and physics,
including the number theory, algebraic geometry, algebraic topology, mathematical analysis,
mathematical physics, string theory, field theory, stochastic differential equations, quantum
groups, and other parts of the natural sciences.

The intent of this special issue was to survey major interesting results and current
trends in the theory of p-adic analysis associated with g-analogs of zeta functions, Hurwitz
zeta functions, Dirichlet series, L-series, special values, g-analogs of Bernoulli, Euler, and
Genocchi numbers and polynomials, g-integers, g-integral, g-identities, g-special functions, g-
continued fractions, gamma functions, sums of powers, g-analogs of multiple zeta functions,
Barnes multiple zeta functions, multiple L-series, and computational and numerical aspects
of g-series and g-analysis.

The Guest Editors and Referees of this special issue are well-known mathematicians
that work in this field of interest. Thus, we got the best articles to be included in this issue.
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The results and properties of accepted papers are very interesting, well written, and mathe-
matically correct. The work is a relevant contribution in the field of applied mathematics.

CheonSeoung Ryoo
Taekyun Kim

A. Bayad

Yilmaz Simsek
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The purpose of this paper is to give some arithmatic identities for the Bernoulli and Euler numbers.
These identities are derived from the several p-adic integral equations on Z,.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Qp, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
algebraic closure of Q,, respectively. The p-adic norm is normalized so that [p|, = 1/p. Let N
be the set of natural numbers and Z, = NU {0}.

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Z,),
the bosonic p-adic integral on Z, is defined by

pN-1

pN-1
I(f) = fz f(x)dp(x) = ]\}12100 Zo f(x)y(x + pNZ,,> = lim L Z f(x), (1.1)

N—>oopN =0

and the fermionic p-adic integral on Z, is defined by Kim as follows (see [1-8]):

pN-1

Li(f) = fz fx)dp-(x) = lim ZO fx) (=1~ (1.2)
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The Euler polynomials, E,(x), are defined by the generating function as follows (see
[1-16]):

2 & "
E _ xt _
FE(t,x) = s L Z()En(x)m. (1.3)

In the special case, x = 0, E,(0) = E,, is called the nth Euler number.
By (1.3) and the definition of Euler numbers, we easily see that

En(x) = zn: (’;) Ex"! = (E+x)", (1.4)

1=0

with the usual convention about replacing E! by E; (see [10]). Thus, by (1.3) and (1.4), we
have

Ey=1, (E+1)"+E, =260, (1.5)
where &y ,, is the Kronecker symbol (see [9, 10, 17-19]).

From (1.2), we can also derive the following integral equation for the fermionic p-adic
integral on Z, as follows:

Li(f1) = -1 (f) + 2£(0), (16)

see [1,2]. By (1.3) and (1.6), we get

2 s t"
(x+y)t — xt _ —
IZ,, e du(y) P nZZOEn(x)n!. (1.7)
Thus, by (1.7), we have
IZ (x+y)"dp-1(y) = En(x), (1.8)
P

see [1-8, 13-16].
The Bernoulli polynomials, B, (x), are defined by the generating function as follows:

t
et -1

© m
FB(t, .X') = eJCt = ZOBn(X)E, (19)

see [18]. In the special case, x = 0, B,(0) = B,, is called the nth Bernoulli number. From (1.9)
and the definition of Bernoulli numbers, we note that

Bo(x) = i (7) x"B = (B+x)", (1.10)

1=0
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see [1-19], with the usual convention about replacing B' by B;. By (1.9) and (1.10), we easily
see that

Bo=1, (B+1)"—B,=61, (1.11)

see [13].
From (1.1), we can derive the following integral equation on Z,:

I(f1) = I(f) + £(0), (112)

where f1(x) = f(x+1) and f'(0) = (df (x)/dx)]|x=0.
By (1.12), we have

X+ t X — tn
J Wy (y) = e t:ZBn(x)ﬁ. (1.13)
n=0 °

Zp

Thus, by (1.13), we can derive the following Witt’s formula for the Bernoulli polynomials:
J (x+y)"du(y) = Bu(x), forn€Z,. (1.14)
ZV

In [19], it is known that for k,m € Z,,

(_1)m+1

ma:z{_kljm} [<I]c> +(-1)1*! <T]n>] % =xF(x-1)"+ TS (1.15)

where (’;) =0ifj<Oorj>k.
The purpose of this paper is to give some arithmetic identities involving Bernoulli and

Euler numbers. To derive our identities, we use the properties of p-adic integral equations on

Zp.

2. Arithmetic Identities for Bernoulli and Euler Numbers

Let us take the bosonic p-adic integral on Z, in (1.15) as follows:

_ k(o q\m (_1)m+1
hi= fsz (e =17 du(x) + (k+m+1)(k+l-(m)
— mno/m Nl [— (_1)m+1
—gé(l)( 1) fsz d#(x)+(k+m+1)(k7<m) (2.1)

M=

<nl1> (=1)' Bt + ™

‘ (k+m+1)(*m)

1l
(=}



4 International Journal of Mathematics and Mathematical Sciences

On the other hand, we get

max{km [ ( ) 1y <17>] #ﬂ_] f , Bromny ()au)

) (Dl

k+m+1-j .
<k+ml+ ! ]>Bk+m+1—j—lBl~

X
1=0

By (2.1) and (2.2), we get

EY el )

] J ) Bi+m+1-j-1B)

~ m ( 1)m+1
_Z ( )Bk+ml (k+m+1)(km)’

Therefore, by (2.3), we obtain the following theorem.

Theorem 2.1. For k,m € Z.., one has

5L () )

j=1

y <k+m+1 —j> o (-1)m+
(k+m+1)(k7<m)

Now we consider the fermionic p-adic integral on Z, in (1.15) as follows:

b="5" () o ()

X Biimi1-j-1 J‘ xldp_g (x)

Zy

1 k+7§1_j<k+m+1—j>
k+m+1-j 1

1=0

(2.2)

(2.3)

(2.4)
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_ max{z"'m} [ <k> 1y (m) 1 ’“"f‘f (k +m+1- j)
= j J/lk+m+1-j = 1

X Biym+1-j-1E1-

(2.5)
On the other hand, we get
m ~ _1)m+1
I — _1 l<m>J‘ ml+kd7 (
2 ;( ) 1 pr .ul(x)+(k+m+1)(k_;_<m)
(2.6)

~ m N m (_1)m+1
_,2203( 2 <1>E"+’“"+ (k+m+ 1) (k)

By (2.5) and (2.6), we get

malek,m] k+§1_j 1 : [<k) (_1)j+1 <m>] <k +m+1- ])
= = k+m+1-j|\Jj ] !

X Bisms1-j-1E1 (2.7)

B m N m (_1)m+1
‘,Zz(;( 2 <1>E"*’"‘l+ (k+m+1)(km)’

Therefore, by (2.7), we obtain the following theorem.

Theorem 2.2. For k,m € 7., one has

max{k,m} k+m+1-j )
> o> S — [(k) +(-1)i*! (’")
k+m+1-j[\Jj j

<k+m+1—j>
l

j=1 1=0
X Bie+m+1-j-1E1 = bl (2.8)
+m+1-j—
! (k+m+1)(kom)
=Y (-1 (’7>Ek+m_l.
1=0
Replacing x by (1 — x) in (1.15), we have the identity:
max{z’i"”} [ (k) . 1y <m> Biimi1-j(1 - x)
= j j k+m+1-j
(2.9)
(_1)m+1

— (_1)k+mxm(l _ x)k +

(k+m+1)(km)
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Let us take the bosonic p-adic integral on Z, in (2.9) as follows:

v
k+m+1-j

w5 ()0 ()

k+m+1-j ktmal— ] 5 . p
X Z i k+m+1-j-1 ( JC) //l(JC)

AR

ki1 k+m+1-j
x Z Biim+1-j-1Bi

(’}>+<-1>"”(’?)

i )Bk+m+1—] ll

v
k+m+1-j

_
k+m+1-j

x
1=0

N max{km) [(k) N (_1)]‘+1 (m) 1
= j J/lk+m+1—j

] J ) Biyms1-j-161,

X
1=0
max{k,m} k+m+1-j )
-2 2w () ()]
= k+m+1-] jL\J ]
k 1-j
X ( " ml+ ]>Bk+m+1—j—lBl

max {k,m}
o DR
max{k,m} k+m+1-j j
D (B R 6]
= k+m+1—7] jL\J ]
~ max (k,m)
(T Bemratiez 37U (5) - 0 (7))

. k _1\k+m m
XBk”"’7+<k+m—1>+( ) <k+m—1)'
(2.10)
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On the other hand, we see that

_ k= 1(k (1™
I=(-1) %(—1) <Z>Bk+m 1+ Krm () (2.11)

By (2.10) and (2.11), we get

max{k,m} k+m+1-j )
2 % e G) ()
. k+m+1-j[\J j

j=1 1=0
k+m+1- max(krm) 1/m
() B game2 5| (5) 0 ()

(2.12)
k m m
X Beom-j + <k+m—1> +D* <k+m—1>
k m+1
k (-1)
OB () Bromt* ety o
Therefore, by (2.12), we obtain the following theorem.
Theorem 2.3. For k,m € Z,, one has
max{k,m} k+m+1-j )
% % wmer () ()]
= = k+m+1-j[\] j
k+m+1-j meEm Kk jr1fm
x ] Bisms1-j-1Br +2 Jzz; j +(-1) j
(2.13)

X Bieim-j + <k + 111(1 - 1> DT (k + Z - 1> (ke Tg;}f);n;(lkim)
- (—1)k+m12:;(_1)l<llc>Bk+m—l-

We consider the fermionic p-adic integral on Z,, in (2.9) as follows:

w="SG) e (e

S (keme1-\ g L
x> ; kemilojod | (1-x)'dp-(x)
P

1=0
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) (Dl

)

k+m+1]<k+m+1_ >B e
k+m+1-j-141

AE) ()

k+m+1-j .
k+m+1-
X % ( ] ]> Brime1-j-1

23 [() ()

k+m+1-j .
k+m+1-
x> ( I J > Bicsm+1-j-100,

1
k+m+1-j

1
k+m+1-j

1=0
max{k,m} k+m+1-j )
© X 2 e G) ()]
= k+m+1-j[\j j
k 1-7
X( +ml+ ])Bk+m+1—j—1El

max{k,m}
k [ m )
22 et 1)+ ()] ousomas

Y () o ()

k+m+1-j k k+m m
X ( ] ])Bk+m+1—j—1El +2 <k+m> +(-1)*" +1<k+m>]'
(2.14)
On the other hand, we get
k m+1
k 1)
= (-1) —1’( >E - 2.15
PR ()) B+ G (2.15)

By (2.14) and (2.15), we obtain the following theorem.
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Theorem 2.4. For k,m € Z., one has

maxz":m”‘*”f" [<k> . C1y <m>] <k+m+ 1 —f)
= k+m+1-j[\j j l
% Bierms1—j—iE1 +2 [<k f m) + (—1)krmd <k Tm>] (2.16)

(_1)m+1 _(_ k+mk 1! k
“hkemen(y =Y 2;‘ b <1>E’<+m-l'
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We generalize the Euler numbers and polynomials by the generalized (g,w)-Euler numbers
E;40(a) and polynomials E; 4. (x : a). We observe an interesting phenomenon of “scattering”
of the zeros of the generalized (g, w)-Euler polynomials E,; 4., (x : a) in complex plane.

1. Introduction

Recently, many mathematicians have studied in the area of the Euler numbers and
polynomials (see [1-15]). The Euler numbers and polynomials possess many interesting
properties and arising in many areas of mathematics and physics. In [14], we introduced
that Euler equation E, (x) = 0 has symmetrical roots for x = 1/2 (see [14]). It is the aim of this
paper to observe an interesting phenomenon of “scattering” of the zeros of the generalized
(g9, w)-Euler polynomials E, 4., (x : a) in complex plane. Throughout this paper, we use the
following notations. By Z,, we denote the ring of p-adic rational integers, Q, denotes the
field of p-adic rational numbers, C, denotes the completion of algebraic closure of Q,, N
denotes the set of natural numbers, Z denotes the ring of rational integers, Q denotes the
field of rational numbers, C denotes the set of complex numbers, and Z, = NU {0}. Let v,
be the normalized exponential valuation of C,, with |p|, = p™®) = p~'. When one talks of g-
extension, q is considered in many ways such as an indeterminate, a complex number g € C,
or p-adic number g € C,. If g € C one normally assume that |g| < 1. If g € C,, we normally
assume that |q — 1|, < p~/ =1 so that g* = exp(xlog q) for |x|, < 1

1_ _ X
[x], = , [x]_, = %Z). (1.1)
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Compared with [1, 4, 5]. Hence, lim,.1[x] = x for any x with |x|, < 1 in the present p-adic
case. Let d be a fixed integer, and let p be a fixed prime number. For any positive integer N,

we set

a+dpNz, = {xeX | x= a(modde>},

where a € Z lies in 0 < a < dp™. For any positive integer N,

/"q<a + deZP> = [de]
q

is known to be a distribution on X, compared with [1-10, 14]. For

geUD(Z,) ={g| g: 7, — C,isuniformly differentiable function}.

Kim defined the fermionic p-adic g-integral on Z,

> g(x)(-9)™.

—-q 0<x<pN

1
14(8) = J‘z g(x)dpi—q(x) = ]\}ll)rloo [pN]

From (1.5), we also obtain
al4(g1) +14(g) = [21,8(0),

where g1(x) = g(x + 1) (see [1-3]).
From (1.6), we obtain

n-1
q'Iq(gn) + (1) L4(g) = [2]1,>.(-1)" g (D),
1=0

where g,(x) = g(x +n).
As well-known definition, the Euler polynomials are defined by

F(t) = - —eEt—iE "
B N T

F(t,x) =

2 ext _ eE(x)t _ iE (.‘X‘)ﬁ
et+1 a 4 LTl
n=

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)
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with the usual convention of replacing E"(x) by E,(x). In the special case, x = 0, E,(0) = E,
are called the n-th Euler numbers (cf. [1-15]).

Our aim in this paper is to define the generalized (g, w)-Euler numbers E,, ;.,(a) and
polynomials E;, 4., (x : a). We investigate some properties which are related to the generalized
(g, w)-Euler numbers E,, 4., (a) and polynomials E,, 4., (x : a). Especially, distribution of roots
for E; 4w(x : a) = 0 is different from E,(x) = 0's. We also derive the existence of a specific
interpolation function which interpolate the generalized (g, w)-Euler numbers E, ;. (a) and
polynomials E,; 4. (x : a).

2. The Generalized (g, w)-Euler Numbers and Polynomials

Our primary goal of this section is to define the generalized (q, w)-Euler numbers E, 4., (a)
and polynomials E; 4., (x : a). We also find generating functions of the generalized (g, w)-
Euler numbers E, 4., (a) and polynomials E;, 4., (x : a). Let a be strictly positive real number.

The generalized (g, w)-Euler numbers and polynomials E,; 4. (a), Engw(x : a) are
defined by

< tn ax ,axi
ZEn,q,w(a)ﬁ = f w™e™ du_y(x), (2.1)
n=0 : Zy
£ n
Z()En,q,w(x : a)ﬁ = IZ w“ye(“wx)td‘u_q (y), fort,weC, (2.2)
n= p

respectively.
From above definition, we obtain

Engw(a) = J; wax(ax)nd/"—q(x)r

(2.3)
Enquw(x:a)= f w™ (x +ay)"du_q ().
ZP
Let g(x) = w*e™. By (1.6) and using p-adic g-integral on Z,, we have
qu (g1> + I,q (g) — f wa(x+1)ea(x+l)tdl/l7q (x) + f waxeuxtdﬂiq (x)
z, zZ,
— (qwaeat + 1) J waxeuxtd#_q (x) (24)
ZV
- 2],
Hence, by (2.1), we obtain
® " (2],
ZEn,q,w(a)E = m. (25)



By (1.6), (2.2) and g(y) = w™e @** we have

2 t 2]
D Engu(x:a)— = ——— e
o n!  qwier +1

After some elementary calculations, we obtain

0

Z nqw(x El) qZ( 1) q Mg pan pant pxt

n=0

From (2.6), we have

En,q,w(x : a) = Z(Z)xnikl‘:k,q,w(a)
k=0

= (x+Egw(a))”,

with the usual convention of replacing (Egw(a))" by Ep g0 (a).

3. Basic Properties for the Generalized (g, w)-Euler
Numbers and Polynomials

By (2.5), we have

0 & "3 2,
&%E’W'w (x: a)ﬁ T ox <qw“e“‘ 71°

[ee] tn
= tZOE"W”(x : a)E
=

[ee) tTl
= ZnEﬂ_l’q'w (x: a)m.
n=0

By (3.1), we have the following differential relation.
Theorem 3.1. For positive integers n, one has

0

aE",%W(x ra) =nEy140(x: a).

By Theorem 3.1, we easily obtain the following corollary.

Corollary 3.2 (integral formula). Consider that

P

q
I Ep1gw(x s a)dx = 1( Engw(q:a)—Enguw(p:a)).
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(2.6)

2.7)

(2.8)

(3.1)

(3.2)

(3.3)
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By (2.5), one obtains

& n (2],

1 eyt
SEnguy:0) oy = ot e

o) o) ktk

:Z Enguo(X : a) ,Zy (3.4)

i<z< >Ekqw(x a)y™ >;—n

By comparing coefficients of t"/n! in the above equation, we arrive at the following
addition theorem.

Theorem 3.3 (addition theorem). For n € Z,,
n n .
Enguw(x+y:a)=> <k> Egw(x : a)y™™ . (3.5)
k=0

By (2.5), for m = 1(mod 2), one has

& s a x + ak "
Z< e Z WRE ;g o < p— a>> ]

n=0 k=0

-1 <) n
Wk x+ak (mt)
0( 1) (%En,q"’,wm ( m a>> il

<( 1) %e(ﬁak)? (3.6)
5 qmwmaema +

2
1+ quwae

3

P
Il

3
iR

>~
Il

xt

0 tn

= ZEn,q,w(x Ta)—.

|
=0 n:

By comparing coefficients of t”/n! in the above equation, we arrive at the following
multiplication theorem.

Theorem 3.4 (multiplication theorem). For m,n € N

Engw(x:a)=m

1, mt x + ak
" ] 1 Z(_l)quwakEn,qm,wm< p— a>. (3.7)
q" k=0
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From (1.6), one notes that

[2]q — J‘ qwax+ae(ax+a)td‘u_q(x) + J‘ waxeaxtd‘u_q(x)
zZ, Z,

= <qw“ J‘zp w™(ax + a)"dp_g(x) + fz,, w™ (ax)"du_g (x)> ;—n' (3.8)

0

Ms ilMs

tTl
O(qw“Enlq,w(a ta) + En,q/w(a))a.

B
Il

From the above, we obtain the following theorem.

Theorem 3.5. For n € Z., we have

[2],, ifn=0,
WE, sw(a:a) +E,,w(a) = 9 39
G0 Enq(@: @) + Engu(a) {0, if n>0. (39)
By (2.8) in the above, we arrive at the following corollary.
Corollary 3.6. For n € Z,, one has
n [2],, ifn=0,
w(a+E,w(a)) +E,sw(a) = q 3.10
q0"( 320(a)) u0(@) {O, if n>0, (3.10)
with the usual convention of replacing (Egq,(a))" by Ey g0 (a).
From (1.7), one notes that
oo n-1 tn
Z <[2]q2(_1)n11qlwal(al)m> _'
m=0 1=0 m:
— qn wax+ane(ax+an)td#_q (.X') + (_1)11—1 J‘ waxeaxtdﬂ_q (.X')
Z, z,
(3.11)
= q"w“"f w™ (ax + an)"dp_q(x) + (—1)"’1f w™ (ax)"dp_q(x) t—'
Zy Z, m.

(q"w“"Em,w(an ja)+ (—1)”’1Em,w(a)> %

)

o

m

By comparing coefficients of t* /n! in the above equation, we arrive at the following theorem.
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Theorem 3.7. For n € Z., one has

n-1
q"W ™ E o (na: a) + (=1)" " Epw(a) = [2] qZ(—l)"flflwﬂl Hal)™. (3.12)

4. The Analogue of the g-Euler Zeta Function

By using the generalized (g, w)-Euler numbers and polynomials, the generalized (g, w)-Euler
zeta function and the generalized Hurwitz (g, w)-Euler zeta functions are defined. These
functions interpolate the generalized (g, w)-Euler numbers and (g, w)-Euler polynomials,
respectively. Let

Fu(x: a)(t) = [21, 3 (-1)"q"w ™™ ™ ZEMw(x a)—. 1)
n=0

By applying derivative operator, d*/dt*|,_, to the above equation, we have

k 0
%Fqlw(x ca)(t) 0 = [Z]qzo(—l)"q"w’"‘(an +x)5, (keN), (4.2)
t= n=
Exgqw(x:a) = Z( 1)"g (an + x) (4.3)

By using the above equation, we are now ready to define the generalized (g, w)-Euler
zeta functions.

Definition 4.1. For s € C, one defines

& zz( D g™ (4.4)

(an + x)°

Note that g;‘,‘ ) (x,s) is a meromorphic function on C. Note that,ifw — 1, w — 1, and
a =1, then QE:Z, (x :s) = ¢(x : s) which is the Hurwitz Euler zeta functions. Relation between
1(3 )(x :s) and Exq(x : a) is given by the following theorem.

Theorem 4.2. For k € N, one has
&0 (x s —k) = Exw(x : a). (4.5)
By using (4.2), one notes that

k o
d—qu,w(o:a)(t) = [21,D,(-1)"q"w™ (an)*, (k €N). (4.6)

dt 0 o
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Hence, one obtains
Ekqw(a) = [2],D,(-1)"q"w" (an)*. (4.7)
n=0

By using the above equation, one is now ready to define the generalized Hurwitz
(g, w)-Euler zeta functions.

Definition 4.3. Let s € C. One defines

(9 (s) =23 D W (48)

~  (an)’

Note that Qﬁ,(s) is a meromorphic function on C. Obverse that,ifw — 1,9 — 1,anda =1,

then §,(§ )(s) = ¢(s) which is the Euler zeta functions. Relation between Q(ff )(s) and Ey 4 (s) is
given by the following theorem.

Theorem 4.4. For k € N, one has
&% (<k) = Exgw(a). (4.9)

5. Zeros of the Generalized (g, w)-Euler Polynomials E,, ., (x : a)

In this section, we investigate the reflection symmetry of the zeros of the generalized (g, w)-
Euler polynomials E,, 5., (x : a).

In the special case, w = 1 and ¢ — 1, E,4»(x : a) are called generalized Euler
polynomials E, (x : a). Since

[ee] _t n
ZEn(a -x: a)u
n!
n=0
2
_ (a-x)(~1) 5.1
et + 16 (5-1)
2 L, & tn
= 1€ = nZ:OEn(x ta)—,
we have
E,(x:a)=(-1)"E,(a—x:a) forneN. (5.2)

We observe that E,, (x : a), x € C has Re(x) = a/2 reflection symmetry in addition to the usual
Im(x) = 0 reflection symmetry analytic complex functions.
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Let
(2], L& £
Fq,w(x : t) = mex = nZ:OEn,q,w(x : Cl)m (53)
Then, we have
[Z]q’l
—x )= — T plax)(-)
Fripi(a—x:~t)= P 7€ i
2
cwr i (5.4)
qwiet +1
[ tn
= w“ZEn,q,w(x pa)—.
o n!
Hence, we arrive at the following complement theorem.
Theorem 5.1 (complement theorem). For n € N,
Epgiwi(a=x:a)=(-1)"w'E,q0(x: a). (5.5)

Throughout the numerical experiments, we can finally conclude that E;; 4., (x : a),x €
C has not Re(x) = a/2 reflection symmetry analytic complex functions. However, we observe
that E, 5 (x : a),x € C has Im(x) = 0 reflection symmetry (see Figures 1, 2, and 3). The
obvious corollary is that the zeros of E,, ;. (x : a) will also inherit these symmetries.

If Epguw(xo:a)=0, then E, 4., (x;:a)=0, (5.6)

where * denotes complex conjugation (see Figures 1, 2, and 3).

We investigate the beautiful zeros of the generalized (g, w)-Euler polynomials
Eyqw(x 1 a) by using a computer. We plot the zeros of the generalized Euler polynomials
Eyngw(x :a)forn=30,a=1,2, 3,4, and x € C (Figure 1). In Figure 1 (top-left), we choose
n=230,q=1/2,w =1,and a = 1. In Figure 1 (top-right), we choose n = 30,9 = 1/2,w = 2,
and a = 2. In Figure 1 (bottom-left), we choose n = 30,q = 1/2,w = 3, and a = 3. In Figure 1
(bottom-right), we choose n =30,g =1/2,w =4, and a = 4.

We plot the zeros of the generalized Euler polynomials E; 4. (x : a) for n = 30,a =
2,w =2, and x € C (Figure 2).

In Figure 2 (top-left), we choose n = 30,9 = 1/10,w = 2, and a = 2. In Figure 2 (top-
right), we choose n = 30,4 = 3/10, w = 2, and a = 2. In Figure 2 (bottom-left), we choose n =
30,q =7/10,w = 2, and a = 2. In Figure 2 (bottom-right), we choose n = 30,4 = 9/10,w = 2
and a = 2.

Plots of real zeros of E,; 4. (x : a) for 1 < n <25 structure are presented (Figure 3).

In Figure 3 (top-left), we choose g = 1/2,w =1, and a = 2. In Figure 3 (top-right), we
choose g = 1/2,w = 2, and a = 2. In Figure 3 (bottom-left), we choose g = 1/2,w = 3, and
a = 2. In Figure 3 (bottom-right), we choose g =1/2,w =4, and a = 2.
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Figure 1: Zeros of E; 4 (x : a) fora=1,2, 3, 4.

Stacks of zeros of E; 4., (x : a) for1 <n < 30,9 =1/2,w = 4, anda = 4 from a 3-D
structure are presented (Figure 4).

Our numerical results for approximate solutions of real zeros of the generalized
Ey40(x @ a) are displayed (Tables 1 and 2).

We observe a remarkably regular structure of the complex roots of the generalized
(g, w)-Euler polynomials E; 4., (x : a). We hope to verify a remarkably regular structure of
the complex roots of the generalized (g, w)-Euler polynomials E,; 4., (x : a) (Table 1).

Next, we calculated an approximate solution satisfying E, ., (x : a),q = 1/2,w =
2,a =2,x € R. The results are given in Table 2.

Figure 5 shows the generalized (q, w)-Euler polynomials E;, 4., (x : a) for real =9/10 <
q <9/10 and -5 < x < 5, with the zero contour indicated in black (Figure 5). In Figure 5 (top-
left), we choose n = 1, w = 2, and a = 2. In Figure 5 (top-right), we choose n = 2, w = 2, and
a = 2. In Figure 5 (bottom-left), we choose n = 3, w = 2, and a = 2. In Figure 5 (bottom-right),
we choosen =4, w =2,and a = 2.

Finally, we will consider the more general problems. How many roots does Ej g, (x :
a) have? This is an open problem. Prove or disprove: E,; 4., (x : a) = 0 has n distinct solutions.
Find the numbers of complex zeros C Epgeo(x:0) of Epgw(x : a),Im(x : a) #0. Since n is
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Figure 2: Zeros of E;, 4, (x : a) for g =1/10,3/10,7/10,9/10.

Table 1: Numbers of real and complex zeros of E ., (x : a).

g=1/2,w=2,a=2

g=1/2,w=4,a=4

" Real zeros Complex zeros Real zeros Complex zeros
1 1 0 1 0
2 2 0 2 0
3 3 0 1 2
4 2 2 2 2
5 3 2 1 4
6 4 2 2 4
7 3 4 3 4
8 4 4 2 6
9 3 6 3 6
10 4 6 2 8
11 5 6 3 8
12 6 6 4 8
13 5 8 3 10

11
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Figure 3: Real zeros of E, . (x : a) for 1 <n < 25.

10

Figure 4: Stacks of zeros of E, 4., (x : a) for 1 <n < 30.
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Table 2: Approximate solutions of E;; 4 (x : a) =0,x € R.

n X
1 1.3333
2 0.3905,2.2761
3 —-0.4011,1.560,2.841
4 -1.0546,0.6907
5 -1.5732,-0.17085, 1.829
6 -1.9151,-1.0557,0.9680, 2.94
7 0.10585,2.106, 3.68
8 —-0.7557,1.2442,3.26,4.00
9 -1.6091,0.3825,2.382
10 -2.392,-0.4793,1.521,3.52
11 -3.013,-1.3411,0.6590, 2.66, 4.4
Enguw(x:a) Engw(x:a)
0.75 0.75
0.5 0.5
0.25 0.25
a 0 0
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75
x x
(b)
Engw(x:a)
0.75 0.75
0.5 0.5
0.25 0.25
a 0 0
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75

Figure 5: Zero contour of E;; 4 (x : a).
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the degree of the polynomial E;, 4., (x : a), the number of real zeros R, ,(xa) lying on the real
plane Im(x : a) = 0is then Rg,_ ,(xa) = n — CE, , (x:a), where Cg,_ ,(x.a) denotes complex zeros.
See Table 1 for tabulated values of Rg,,,(xa) and Cg,, (x.a)- We plot the zeros of E; 4., (x :
a), respectively (Figures 1-5). These figures give mathematicians an unbounded capacity to
create visual mathematical investigations of the behavior of the roots of the E, ., (x : a).
Moreover, it is possible to create a new mathematical ideas and analyze them in ways that
generally are not possible by hand. The authors have no doubt that investigation along this
line will lead to a new approach employing numerical method in the field of research of
(g, w)-Euler polynomials E,, 4., (x : a) to appear in mathematics and physics.
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The present paper deals with the various g-Genocchi numbers and polynomials. We define a new
type of multiple generalized g-Genocchi numbers and polynomials with weight « and weak weight
p by applying the method of p-adic g-integral. We will find a link between their numbers and
polynomials with weight a and weak weight . Also we will obtain the interesting properties
of their numbers and polynomials with weight a and weak weight 3. Moreover, we construct a
Hurwitz-type zeta function which interpolates multiple generalized g-Genocchi polynomials with
weight a and weak weight f and find some combinatorial relations.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,,Q,, C, and C, denote the ring
of p-adic rational integers, the field of p-adic rational numbers, the complex number field,
and the completion of the algebraic closure of Q,, respectively. Let N be the set of natural
numbers and Z, = NU {0}. Let v, be the normalized exponential valuation of C, with |p|, =
p~® = 1/p (see [1-21]). When one talks of g-extension, g is variously considered as an
indeterminate, a complex g € C, or a p-adic number q € C,. If g € C, then one normally
assumes |g| < 1. If g € C,, then we assume that |[g - 1], < 1.
Throughout this paper, we use the following notation:

;o Ixl, = 1-Ca) (1.1)

Hence limg .1 [x], = x for all x € Z, (see [1-14, 16, 18, 20, 21]).
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We say that g : Z, — C, is uniformly differentiable function at a point a € Z, and we
write g € UD(Z,) if the difference quotients @, : Z, x Z, — C, such that

8(x) -g(y)
D, (x,y) = T (1.2)
have a limit g'(a) as (x,y) — (a,a).
Let d be a fixed integer, and let p be a fixed prime number. For any positive integer N,
we set

z
X:Xdzlim<—>, Xy =7,
N \dpNZ ’
X* = (a+dpZ,),
(e av a3

(ap)=1

a+dpNz, = {xeX | an<mOddPN>}f

where a € Z liesin 0 < a < dp".
For any positive integer N,

g

us(a+dpNz,) = 1.4
1 ) @], (1.4

is known to be a distribution on X.

For ¢ € UD(Z,), Kim defined the g-deformed fermionic p-adic integral on Z:
(®) LS s 15)
I,(g)= f g(x)dp_g(x) = lim —— > g(x)(-q)". 1.5
1 Zy ! N—oo [pN] -q x=0
(see [1-13]), and note that
gy () = [ gy (). 16)
Z, X

We consider the case g € (-1,0) corresponding to g-deformed fermionic certain and
annihilation operators and the literature given there in [9, 13, 14].

In [9, 12, 14, 19], we introduced multiple generalized Genocchi number and
polynomials. Let y be a primitive Dirichlet character of conductor f € N. We assume that f
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is odd. Then the multiple generahzed Genocchi numbers, G}, and the multiple generalized

n,xs
Genocchi polynomials, anx(x), associated with y, are defined by

r ESS x(@)(=1) e t
F)(c)(t)=< Oeft+] > Zan 0

1 at "
F?@w:< S ) St

(1.7)

In the special case x = 0, G(r = G(r) ¢(0) are called the nth multiple generalized Genocchi
numbers attached to y.

Now, having discussed the multiple generalized Genocchi numbers and polynomials,
we were ready to multiple-generalize them to their g-analogues. In generalizing the
generating functions of the Genocchi numbers and polynomials to their respective g-
analogues; it is more useful than defining the generating function for the Genocchi numbers
and polynomials (see [12]).

Our aim in this paper is to define multiple generalized g-Genocchi numbers GeP) and

XA
polynomials Gilaxﬁ ,’;)(x) with weight a and weak weight . We investigate some properties

which are related to multiple generalized g-Genocchi numbers Gfl xﬂ q) and polynomials

G r)(x) with weight a and weak weight . We also derive the existence of a specific

X4
interpolation function which interpolate multiple generalized g-Genocchi numbers Gﬁf‘xﬂ [’;)

and polynomials Gif'xﬂ ,’;) (x) with weight a and weak weight f at negative integers.

2. The Generating Functions of Multiple Generalized g-Genocchi
Numbers and Polynomials with Weight « and Weak Weight

Many mathematicians constructed various kinds of generating functions of the g-Gnocchi
numbers and polynomials by using p-adic g-Vokenborn integral. First we introduce multiple

generalized g-Genocchi numbers and polynomials with weight a and weak weight f.

Let us define the generalized g-Genocchi numbers Gi{:’f ,)7 and polynomials Gg, xq(x)

with weight & and weak weight f3, respectively,

a, - a, tn x] «
FEP 0 = S0 = [ txeoetetdu g (0,
n=0 : X
(2.1)
(a,p) < (a,8) tn 4+
R0, = 2G0T = [ et e g ()
n=0 :

By using the Taylor expansion of e+, we have

()

< n t" (a, ﬂ)t (aﬁ & Gn+1,x,q t"
nZ:oJ‘X X(x) [x]q"‘d#—qﬂ(x)_‘ Zanq n! qu + nZ:O n+1 E (2'2)
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By comparing the coefficient of both sides of " /n!in (2.2), we get

()

;t:){q _ [ ]qﬂ fZ( 1) qﬂ“X(a)Z< > 1 aulm' (2.3)
From (2.2) and (2.3), we can easily obtain that
Sttty = 31t bl @) 5 = LSV P mel 2
Therefore, we obtain
FEP(0) = 21t 3 xellet = SGit s (25)
1=0 n=0

Similarly, we find the generating function of generalized g-Genocchi polynomials with
weight a and weak weight f:

(a.p)

G 0
a,p) n+1,y, n n
Goygg() =0, 2 = fXx(y) [ ylgediog () = Rl 2, (D' x D e + 115
(2.6)
From (2.6), we have
. [e’e] . N [¢’e] a, tn
Fei (t,%) = 21t (D' y (e = 3Gl 0 —. (2.7)
1=0 n=0 :

Observe that F )(:f )(t) =F )(ff ) (t,0). Hence we have G;axﬂ ,)7 Gﬁ“xﬂ ,)1(0). If g — 1into (2.7), then
we easily obtain F,(t, x).
First, we define the multiple generalized g-Genocchi numbers G,(fxﬁ (’;) with weight a

and weak weight p:

F)(Cf'f’)(t) Z (1)2,1kqﬂ2,1k<nx(k)> [ZF ki,

k... kr=

- tff [ e ) k)
X X .
—

r-times

< ~(apr) E"
:ZGHM al
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Then we have

n

S ) x s s x0) (e

n=0

L
r-times (29)
=) r-1 n-r =) G(uﬂr)
(wpn 7 " (@pr t mirq
G G + ,
- SOk = SO S e

where (") = (n+r)!/n!r!.
By comparing the coefficients on the both sides of (2.9), we obtain the following
theorem.

Theorem 2.1. Let g € C, with |1 - g, < 1and n € Z,. Then one has

G(“ﬂr) G(“ﬂr)

) (apr)
0,59 Lxqa — =G =0,

r-1,x.9

(apr)
Gn T, n
+7,X.9 - J‘ .. J‘ x(xl) .. 'X(xr)[xl 4o+ xr]qad#—qﬂ(xl) .. .d#_qﬂ(xr)
X X

(7!

r-times
- q)" ! i=1 1 (1+g/CP)"

= [2]] i fz_l el (1)t gp(Ei acefm) |r| ; 4 +
= 7 m q | x(ai) Zlal fm
Jores@r=0 i= i= g

(2.10)

n

From now on, we define the multiple generalized g-Genocchi polynomials G Xﬂq ) (x)
with weight a and weak weight p.

Fef () = 2158 Y] (1)Z’lkqﬁz‘lk<]_[x(k)> (B il

T R (LI R M B
X X '
~——

r-times

R PR ISMN
= 2.Gnyq ()5
n=0
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Then we have

2IX ”'J‘XX(%) o x(yr) [x+ h +"'+yf];l“dﬂ—q/’(yl) e dpg (yr)%n'

r-times (212)
< (a,pr) aﬁr) nr & G(if;)q(x) "

- G T ZGW 2T
poar n! n! ("Mt n!

where (") = (n+7r)!/nlr!.
By comparing the coefficients on the both sides of (2.12), we have the following
theorem.

Theorem 2.2. Let q € C, with |1 - g|, < 1and n € Z,. Then one has

Gyt () = Gy () =+ = G2PY) (%) = 0,
(apr)
Gn T, (x) n
—e = || x ) x ) v+ e dig (v) - dpg (yr)
("r! X X 1
———

r-times

[2];;3 f-1 n n r (_1)Z+Zir=1 aiqalx+(ul+ﬁ) Sra

In (2.11), we simply identify that

;LIT%F)(C‘Z/;J) (t, x) = OTyT Z ( 1)21 1 ki (HX(k )>€(Z' | kitx)t

ki,.-.,kr=0 i=1
2 3170 (1) y(@e
— a=0 X etx — F)(Cr)(t .X')
1+eft e

So far, we have studied the generating functions of the multiple generalized g-
Genocchi numbers Giftxﬂ ,’;) and polynomials Gifxﬂ ,’;) (x) with weight a and weak weight S.

(2.14)
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3. Modified Multiple Generalized g-Genocchi Polynomials with
Weight a« and Weak Weight f

In this section, we will investigate about modified multiple generalized g-Genocchi numbers
and polynomials with weight & and weak weight p. Also, we will find their relations in
multiple generalized g-Genocchi numbers and polynomials with weight &« and weak weight
p.

Firstly, we modify generating functions of Giluxﬁ qr) and Gi,“xﬂ qr (x). We access some
relations connected to these numbers and polynomials with weight « and weak weight p.
For this reason, we assign generating function of modified multiple generalized g-Genocchi

. . . . . . . (e, B,r)
numbers and polynomials with weight a and weak weight  which are implied by G, ;4

and Gf,axﬂ qr) (x). We give relations between these numbers and polynomials with weight a and

weak weight f.
We modify (2.11) as follows:

(aﬂ r) (t, x) = F)((‘i’f,r) (q—uxt, x)’ (3.1)

where F( P )(t x) is defined in (2.11).
From the above we know that

m
(‘7‘ ﬂ r) (t x) Zq (n+r)uxG£1‘i‘)r([i:;) (x) ﬁ (32)

After some elementary calculations, we attain

(a ﬂ r (t X) —arxe(q’”[x]qa t)F)(:f'r) (t)/ (3.3)

where F(aﬁ r)(t) is defined in (2.8).
From the above, we can assign the modified multiple generalized g-Genocchi

polynomials sn ~b, )(x) with weight & and weak weight f as follows:

a,p,r a,p,r t"
S (%) = Zei)fq)(x)a. (3.4)
Then we have
gflﬂxﬁqr)(x) —(n+r)axG('X r)( ). (3.5)

Theorem 3.1. Forr € Nand n € Z.., one has

n
Eitaxﬂqr) (x) = q—(m—r)axz (:‘) aix [x]n lGI(E)'(ZV). (3.6)
i=0
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Corollary 3.2. Forr € Nand n € Z,, by using (3.7), one easily obtains

o n n-j .
a,p,r —(n+r)ax 2 n-—j+m-1 al(j+)x+m a,pr
Eilxﬂq (x) =gy <] In- ]—l>< ]m >(_1)lq o lGJ(',)(,ﬁq . 67)

m=0 j=0 [=0

Secandly, by using generating function of the multiple generalized g-Genocchi
polynomials with weight « and weak weight f, which is defined by (2.11), we obtain the
following identities.

By using (2.13), we find that

G@hn)
n+r ( ) < +r—-1 T atm
(n+):;rl [ ]qﬂz Z <m 7:1 >(_1)Zl:1

m=0 ay,...,a,=0

X qﬂ(ZIrzl ai+fm) < X(a1)> [Zai + fm + x]
i=1

i=1 a
. ! (3.8)
_ r - n a+X . ai fa(atn-D+p} 37, a;
- 21, ( >(_1) S aiglatasn .
qal,..%:o%gé al-an-1
x (lL[x(a)> LS
L i (1 q ) (1 +qf a(a+n-1)+p} )
Thus we have the following theorem.
Theorem 3.3. Let q € C, with [1 - g|, <1and r € N. Then one has
(a,pr) -1
G xq( x) r i L n +
mrnxqNTs — a+Xi ai {a(a+n— D+py > ai
(n;—r)r! [Z]quTWZa_olZ;)(al_an )( 1) ! q
" l (3.9)
r x|
X X(al)> !
<1_1[ (1-g%)' (1 + g/ latasn-Dep)y"
By using (2.13), we have
a,p,r roo c ( 1) alv [} Lai
R0 = S 3(7) e S (o
n=0 1=0 1- ) ai,...,a,=0
(3.10)

y q(anﬁ)(z;1 a;) <1L[X(ai)> i (m +n1; — 1) (_qf(awﬂ))’":l_r:.
i=1 ‘

m=0
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Thus we have

f-1

Sionty i = S St a-a” 5 o

n=0 : n=0 1=0

X q(alJrﬂ)(Zir:l ai) (Hx(ai)> <1 + qf(ul+p)> =
i=1 ’

(3.11)

By comparing the coefficients of both sides of (n + r)!/#**" in the above, we arrive at the
following theorem.

Theorem 3.4. Let g € C, with |1 - gq|, <1, r € N. Then one has

(apyr)
Ginir,y,q(X) - o
(J;:)rC;i : z]qﬂz< )(_1)lqa1x<1 _ q:x) Z (- 1)21 1 @i
..... a,=0
(3.12)
% q(al+ﬂ)(2i':1 ai) <Hx(ai)> (1 + qf(lxl+ﬂ)>
i=1
From (2.12), we easily know that
apr Sy (MAT - " kopst ok T
YSHHCEEDE A EIDMCILTE S p
n=0 n=0 1 r k1,...,ky=0 i=1
(3.13)
tTH'T
X [x+Zk] Wl
From the above, we get the following theorem.
Theorem 3.5. Let r € N, k € Z,. Then one has
G@hr Gleh) (apor)
Gogg (¥) =G (¥) = =G (x) =0
( ) l+ r = T r ! (3'14)
Gl (x) = [2];ﬂ< ’ >r! D, (FnEakighRiak <Hx<ki>> [x + Zk,] :
ki ... ky =0 i=1 =1 g
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From (2.13), we have

ZG(flﬂT) ZG(aﬁs)( )_

1 .
_ [2];;%”5 f Z (m +r— 1) (—1) i ot GBS ait fm)

ai,...,a,=0 m=0 m
(3.15)
- (S, ai+ fmta] o & k+S S bitk
x ( [Tx(a) )e!*- Z > Den=
i=1 /bs=0 k=0
x qﬂ(ZL bi+fk) <ﬁX(bi)> ol Zia bit flax]gat
i=1
By using Cauchy product in (3.15), we obtain
G (a,B,r) (a,B,5)
Z Z( )szq (X)G,,. ixq( )_
n=0 j=0
HSiHSii i Ji <]+r— )(n—j+s—1>
1=0 j=0 ai,..,a;=0 by ... by=0 n=j (3.16)
x (_1)2{:1 ai+3 bi"’”qﬂ( 1 ait 31 bitfn) <HX(‘11)> (HX(b1)>
i=1 i=1
x ol i artfjrxlat (L bit f (n=j)+xlut
From (3.16), we have
SIS @B [ ~@6hs) L
Girq (0G5 (X)) —
%<%<]> jxa =i m!
© © n f-1 f-1 .
resgres jrr- n-j+s-1
ey 305 ()05
m=0 n=0 j=0 ay,...,a;=0 by,...,bs=0 (3 17)
x (—1)Zia ot Zia bi’fﬂqﬂ(Zfﬂ ai+ 37, bitfn) <ﬁx(ai)> (ﬁx(bﬁ)
i=1 i=1

4 . - . mtm
X <|:i_zla,-+f]+x]qa+ [;bi+f(n—])+x:|qa> e

By comparing the coefficients of both sides of #"***/(m + r + s)! in (3.17), we have the
following theorem.
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Theorem 3.6. Let r € Nand s € Z... Then one has

Zl+r+s < l+7+s > ;a)z(/;r)( )Gl:’li:)]x q(x)

(l+rl+s ) (1’ + S)!

sii f}:l‘ fzi <]+r— )(n—j+s—1>
7=0 j=0 ay,...,a,=0 by,...,bs=0 n-j

(3.18)

x (_1)2;:1 ai+3 bi"’”qﬂ( 1 ait 3 bitfn) <HX(‘11)> (HX(bJ)

i=1 i=1
1
x I:Zai+fj+x] +|:Zbi+f(n—j)+x:| )
i=1 g Li=1 4
Corollary 3.7. In (3.18) setting s = 1, one has
Ler+l ((I+r (a,pr) (a,p1)
Z +r+ <l+ +1>G]X11 (x )Gl+r+1fi,x,q(x)
(B ) (r + 1)1
PR N\ < jHr-— i aitbitn B(SL ai+bi+fn)
=217 X D) (= g (3.19)
n=0 j=0 ay,...,a,=0 b;=0
1
X <x(b1)Hx(a,~)> <[Zai +fj+ x] + b1+ f(n—7j) +x]qa> .
i=1 i=1 g
By using (2.13) we have the following theorem.
Theorem 3.8. Distribution theorem is as follows:
a,p,r [f]nﬂ Vil roo r r aBr ap+---+a,
Gy = T X, (FD)TgfZiae <Hx<ai>>ci;f;,2 (),
[f ] —g 1,80 i=1 ! f

(3.20)

a, [f]" {1 ST a; /52 @ Bir) x+a+---+a,
Gt (x) = [f]_qm%-o( )% %gh 5 <1l‘1[x<al> n+,qf<—f ).

4. Interpolation Function of Multiple Generalized g-Genocchi
Polynomials with Weight « and Weak Weight

In this section, we see interpolation function of multiple generalized g-Genocchi polynomials
with weak weight a and find some relations.
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Let us define interpolation function of the G,(cif ’;) (x) as follows.

Definition 4.1. Let g,s € C with |g| <1 and 0 < x < 1. Then one defines

abr & ()Rl Sk (T (k)
b (5,2 = 21 S Tleox(e)) (4.1)
kl,,rO ['x+zzlk]
We call g(“” ) (s, x) the multiple generalized Hurwitz type g-zeta funtion.
In (4.1), setting » = 1, we have
o (_1\pl
() D x() _ @p
— = ,X). 4.2
(s,x)=1[2 ]ql’; e+ 11, v (8,%) (4.2)
Remark 4.2. Tt holds that
© -1 Siaki r ki
hl’I‘lg( ﬁr)(S, x) —or Z ( ) (HIJX( )) . (43)

ki, k=0 (x + X ki)s

Substituting s = —n, n € Z, into (4.1), then we have,

(“/ﬂ V)( -n, x) [2];/3 i (_1)2{:1 kiqﬂzl‘rﬂ ki <1L[X(kl)> [x + ikl] . (4.4)
i=1 q*

ki,....k,=0 i=1

Setting (3.14) into the above, we easily get the following theorem.

Theorem 4.3. Let r € N, n € Z,. Then one has

n‘ir ( )
W”) _ — Jmqs 4.5
( ) - (n+r)r| . ( )
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In this paper we construct the new analogues of Genocchi the numbers and polynomials. We also
observe the behavior of complex roots of the g-Genocchi polynomials G, 4(x), using numerical
investigation. By means of numerical experiments, we demonstrate a remarkably regular structure
of the complex roots of the g-Genocchi polynomials G, 4(x). Finally, we give a table for the
solutions of the g-Genocchi polynomials Gy, 4(x).

1. Introduction

Many mathematicians have the studied Bernoulli numbers and polynomials, the Euler
numbers and polynomials, and the Genocchi numbers and the Genocchi polynomials. The
Bernoulli numbers and polynomials, the Euler numbers and polynomials, and the Genocchi
polynomials posses many interesting properties and arising in many areas of mathematics
and physics (see [1-12]). We introduce the new analogs of the Genocchi numbers and
polynomials. In the 21st century, the computing environment would make more and more
rapid progress. Using computer, a realistic study for new analogs of Genocchi numbers
and polynomials is very interesting. It is the aim of this paper to observe an interesting
phenomenon of “scattering” of the zeros of g-Genocchi polynomials G, 4(x). The outline
of this paper is as follows. In Section 2, we study the g-Genocchi polynomials G, 4(x).
In Section 3, we describe the beautiful zeros of g-Genocchi polynomials G 4(x) using a
numerical investigation. Also we display distribution and structure of the zeros of the
g-Genocchi polynomials G, 4(x) by using computer. By using the results of our paper,
the readers can observe the regular behaviour of the roots of g-Genocchi polynomials
Gn,4(x). Finally, we carried out computer experiments that demonstrate a remarkably regular
structure of the complex roots of g-Genocchi polynomials G, 4(x). Throughout this paper we
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use the following notations. By Z, we denote the ring of p-adic rational integers, Q denotes
the field of rational numbers, Q, denotes the field of p-adic rational numbers, C denotes the
complex number field, and C, denotes the completion of algebraic closure of Q,. Let v, be
the normalized exponential valuation of C, with |p|, = p™»®) = p~l. When one talks of g-
extension, q is considered in many ways such as an indeterminate, a complex number g € C,
or p-adic number g € C,. If g € C, one normally assumes that |q| < 1. If g € C,, we normally
assume that |q — 1|, < p~/ =1 so that g* = exp(xlog q) for |x|, < 1:

1-(-9)"

A Y

Compare [1, 2, 4, 10, 11, 13-16]. Hence, lim, 1 [x] = x for any x with |x|, < 1 in the present
p-adic case. Let d be a fixed integer and let p be a fixed prime number. For any positive integer
N, we set

lei{n( z >, X*= |J (a+dpz,), a+deZp:{xeX|an(modde>},
N

deZ O<a<dp
(ap)=1
(1.2)
where a € Z lies in 0 < a < dp". For any positive integer N,
uo(a+dpNz,) = q; (1.3)
[dpN],

is known to be a distribution on X, cf. [1, 2, 4, 5, 9, 10, 13]. We say that g is a uniformly
differentiable function at a point a € Z, and denote this property by ¢ € UD(Z,), if the
difference quotients Fy(x,y) = f(x) - f(y)/(x — y) have a limit [ = ¢'(a) as (x,y) — (a,a).
For

g€euD(Z,) ={glg:Z, — C, is uniformly differentiable function}, (1.4)

the g-deformed bosonic p-adic integral of the function g is defined by Kim:

1
(e) = [ @i = lim - 3 sg” 1.5

q 0<x<pN

Note that

al,(f1) = L(f) + (9 -1) F(0) + %f’(o» (1.6)
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where fi(x) = f(x + 1), f/(0) = df (0)/dx. Now, the fermionic p-adic invariant g-integral on
Zyp is defined as

Lale) = [ sdug0 = Jim 5 30 39(-a)" 17)

—g 0<x<pN

If we take g1 (x) = g(x +1) in (1.7), then we easily see that

al4(81) +1-4(g) = [21,8(0). (1.8)
From (1.8), we obtain
1 = 1-1
q'1q(n) + ()" 4(g) = [2],2,(-1)""7'g(D), (1.9)
1=0
where g,(x) = g(x + n). First, we introduce the Genocchi numbers and the Genocchi

polynomials. The Genocchi numbers G, are defined by the generating function:

0

F(t = > Gu |, (It < ). (1.10)

et+1 -
n=0

Compare [4, 9-11, 17], where we use the technique method notation by replacing G" by
G (n > 0) symbolically. We consider the Genocchi polynomials G, (x) as follows:

F(x, ZG (x)— (1.11)

Note that G,(x) = >0 (% )Grx" . In the special case x = 0, we define G,(0) = G

2. An Analogue of the Genocchi Numbers and Polynomials

The versions of g-Genocchi numbers and polynomials, which were derived from different
considerations and different formulas, were defined by Kim [13, 14]. Kim [14] treated
analogue of the Genocchi numbers, which is called g-analogue of the Genocchi numbers.
Kim defined the g-extension of the Genocchi numbers and polynomials as follows:

x, (2n + 1) 1 \"lm
F — - _ ,t/(1-g) -
(0 n%cn,q - © Z 2n+1], \g-1)

0 tn /(- (27’l+1) 1 e nx t
Fy(x,t) = ZOCW(X)E - q)z “[2n+1], (q—1> T

(2.1)
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In [14], Kim introduced the g-analogue of the Genocchi polynomials as follows:
e Q0 tn
_ n+x [n+x],t _
Gy(x,t) = [2] "tnzzo(_l)n el et nZZOG""’(x)a' (2.2)

We now consider another construction g-Genocchi numbers and polynomials. In (1.8), if we
take g(x) = e*, then one has

[21,(log g +¢)
xt q
- = ) 23
(logg+1) ’[ZP e’ dp_g(x) P (2.3)
Let us define the g-Genocchi numbers and polynomials as follows:
o) tn
(logg+t) IZ eytd#—q (v) = ZGTWE' (24)
P n=0 :
X < tn
(logq + t) fZ e +y)tdy,q (y) = ch,q(x);- (2.5)
P n=0 :

Note that G, 4(0) = Gy g, limy 1G4 = G, where G,, are the nth Genocchi numbers. By (2.4)
and (2.5), we obtain the following Witt’s formula.

Theorem 2.1. For g € C,, with |1 - g|, < p~V/#~V, we have

],

x"‘ld,u,q(x) + logqj x"dp_g(x) = Gpg,
ZP

p

(2.6)
n J; (x+y)" 'du_q(y) +logq fz (x+y)"du—q(y) = Gug(x).
P P
By the above theorem, easily see that
Grgx) =S (’;) xX"KGy . (2.7)

k=0

Let g be a complex number with |g| < 1. By the meaning of (1.10) and (1.11), let us define the
g-Genocchi numbers G, ; and polynomials G, 4(x) as follows:

(2.8)

[2],(logg+t) , & t
Fq(x,t) = W@ = nZ:OGn,q(JC)E.
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For g-Euler numbers, Kim constructed g-Euler numbers which can be uniquely determined

by

2], if n=0,

29
0, if n>0, 29)

q(qEq+1)" +Eng = {

with the usual convention of symbolically replacing Ef by E,, 5, where E, ; denotes the g-Euler
numbers. For g-Genocchi numbers, we have the following theorem.

Theorem 2.2. g-Genocchi numbers G,, 4 are defined inductively by

[2],1logq 2], if n=1
Gog=——"-, G, +1)"+Gyy = v ’ 2.10
04 1+g 9(Gq+1) T o, if n>1, (2.10)
with the usual convention about replacing (G4)" by Gy, q in the binomial expansion.
Proof. From (2.4), we obtain
[2],(logg+t) & moo® W
g1 20y = G = et @11)
which yields
[2],(logq +t) = (e’ + 1)e%" = gelCr™V" + £, (2.12)
Using the Taylor expansion of exponential function, we have
< n n tn
[2];log g+ [21,t = 3 {a(Gq+ 1)" + (Gy)"}
n=0 :
= (G + 1)+ (Gy)" +q(Gy+ 1) + (Gy)' (.13)

+§{q(Gq+1)n+ (G}

n=2

The result follows by comparing the coefficients.
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5
— < e
0 —_
< _——
’ =
-5 —
-10

Figure 1: Curves of G;, 4.

Here is the list of the first g-Genocchi numbers G, 4:

Go,q =loggq,
_—1-g+qloggqg
(1+9)

_q(=2-2q-logq +qlogq)
(1+ q)Z ! (2.14)

Gy =

Gay

G q(3-3g* +logq - 4qlogq + q*logq)
3,9 == ’

(1+q)°

We display the shapes of the g-Genocchi numbers G, 4. For n = 1,...,10, we can draw a
curve of G, 4,1/10 < g <9/10, respectively. This shows the ten curves combined into one. We
display the shape of G, 4 : (Figure 1).

Because

a [oe] d tl’l
o Fa(t %) = tFy(t,x) = %EGM(@E, (2.15)
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it follows the important relation

d
EGW (x) = nGp1,4(x). (2.16)

Here is the list of the first the g-Genocchi polynomials G, 4(x):

Gogq(x) =logg,

(1+g-qlogq+xlogq+gxlogq)
i+ , (2.17)

Gi4(x) =

Since

(2.18)

we have the following theorem. |

Theorem 2.3. g-Genocchi polynomials G, 4(x) satisfy the following relation:

G — l ! I-n
L(x+y) = Z;J <n> Gnq(x)y'™". (2.19)
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It is easy to see that

© n [2],logg+ [2],t
ZGn,q(x)t_l — q gtq 9" xt
“~ n! get +1
_ Z( g logq™ +[2 ]q"’mte(a/mx/m)(mt)
2] 5 gme™ +1
B a.a a+x\ (mt)"
= Z(l)qZGnq<m>n!
q a=0
- (2], 7t a+x "
— m" q (_1)a “G, m( ) o
nZ:O < [2] g ; T ma m n!
(2.20)
Hence we have the following theorem.
Theorem 2.4. For any positive integer m(=odd), one obtains
m—
Gg(x) = m"" GG (l;x>, for n>0. (2.21)

3. Distribution and Structure of the Zeros

In this section, we investigate the zeros of the g-Genocchi polynomials G, ,(x) by using
computer. We display the shapes of the g-Genocchi polynomials G, 4(x). For n = 1,...,10,
we can draw a curve of G, 4(x), -2 < x < 2, respectively. This shows the ten curves combined
into one. We display the shape of G, 4(x) (Figures 2, 3, 4, and 5).

We plot the zeros of G, 4(x), x € C for n =10, 20,25,30,g9 = 1/3 (Figures 6,7, 8, and 9).

Next, we plot the zeros of G, 4(x), x € C forn =30, g=1/2,1/3,1/4,1/5. (Figures 10,
11,12, and 13).

In Figures 6, 7, 8, 9, 10, 11, 12, and 13, G, 4(x),x € C, has Im(x) = 0 reflection
symmetry. This translates to the following open problem: prove or disprove: Gn,q (x),x € C,
has Im(x) = 0 reflection symmetry. Our numerical results for numbers of real and complex
zeros of G, 4(x),q =1/2,1/3, are displayed in Table 1.

Figure 15 shows the distribution of real zeros of G, 4(x) for 1 <n < 20.

In Figure 15(a), we choose g = 1/10. In Figure 15(b), we choose g = 3/10. In Figure
15(c), we choose g = 5/10. In Figure 15(d), we choose g = 6/10.

We calculated an approximate solution satistying G, 4(x),q = 1/2,1/3,x € R. The
results are given in Tables 2 and 3.

The plot above shows G, 4(x) for real 1/10 < g < 9/10 and -3 < x < 3, with the zero
contour indicated in black (Figure 16). In Figure 16(a), we choose n = 2. In Figure 16(b), we
choose n = 3. In Figure 16(c), we choose n = 4. In Figure 16(d), we choose n = 5.

We will consider the more general open problem. In general, how many roots does
Gnq(x) have? Prove or disprove: G,4(x) has n distinct solutions. Find the numbers of
complex zeros Cg, ,(x) Of Gnq(x),Im(x) #0. Prove or give a counterexample: Conjecture: since
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Figure 2: Curves of G,,1/5(x).
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Figure 3: Curves of G,,1/4(x).
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Figure 5: Curves of G,,1/2(x).
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Figure 8: Zero of Gys1/3(x).
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Figure 9: Zero of Gsg,1/3(x).
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Figure 14: Stacks of zeros G,,1/3(x) for 1 < n < 30.
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Table 1: Numbers of real and complex zeros of Gy, 4(x).

q=1/2 g=1/3
Real zeros Complex zeros Real zeros Complex zeros
0 0

Degree n

—_
—_

© N oUW N
WU U W W N
Ol R N NNO OO
B U1 O U1 Wl N
R NN NNO OO

[
o

Table 2: Approximate solutions of G,,1/2(x) =0,x € R.

Degree n x
1.7760
0.2583, 3.294
—-0.1698, 0.7313, 4.767
—-0.4188, 0.1527, 1.145, 6.225
0.5848, 1.492,7.677

0.01656, 1.017,1.772,9.126

—-0.5269, 0.4468, 1.452,1.974, 10.573
—-0.8536, —0.1221, 0.8779, 12.019

-0.969, —0.707, 0.3088, 1.309, 13.46

—0.2604, 0.7396, 1.738, 14.91

© 0 N O U W N -

—_
o

Table 3: Approximate solutions of G, 1/3(x) =0,x € R.

Degree n x
1.1602
0.1523, 2.168
-0.2107, 0.5657, 3.126
-0.3621, —0.02976, 0.9703, 4.062
0.3561, 1.333, 4.989
-0.2472,0.7504, 1.652, 5.910
-0.6547, 0.1435, 1.144, 1.923, 6.828
-0.798, -0.4682, 0.5362, 1.540, 2.139, 7.744
-0.07080, 0.9292, 1.98, 2.25, 8.659
-0.673, 0.3221, 1.322, 9.573

O 00 NI O Ul = W N

—_
o

n is the degree of the polynomial G 4(x), the number of real zeros Rg, (x) lying on the real
plane Im(x) = 0 is then Rg, ,(r) = n—Cg, ,(x), Where Cg, () denotes complex zeros. See Table 1
for tabulated values of R, (x) and Cg, (r)- Find the equation of envelope curves bounding
the real zeros lying on the plane and the equation of a trajectory curve running through the
complex zeros on any one of the arcs. For n = 1,...,10, we can draw a plot of the G, 4(x),
respectively. This shows the ten curves combined into one. These figures give mathematicians
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Gq(x) Gq(x)

Figure 16: Zero contour of G, 4(x).

an unbounded capacity to create visual mathematical investigations of the behavior of the
Gy ,q(x) and roots of the G, 4(x) (Figures 1,2,3,4,5,6,7,8,9,10,11, 12, 13, 14, 15 and 16).
Moreover, it is possible to create new mathematical ideas and analyze them in ways that
generally are not possible by hand. The author has no doubt that investigation along this
line will lead to a new approach employing numerical method in the field of research of the
g-Genocchi polynomials G, 4(x) to appear in mathematics and physics. For related topics the
interested reader is referred to [15-19].
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We derive some new and interesting identities involving Bernoulli and Euler numbers by using
some polynomial identities and p-adic integrals on Z,.

1. Introduction and Preliminaries

Let p be a fixed odd prime. Throughout this paper, Z,, Q,, C, will, respectively, denote the
ring of p-adic integers, the field of p-adic rational numbers, and the completion of algebraic
closure of Q. The p-adic absolute value | |, on C, is normalized so that |p|, = 1/p. Let Z( be
the set of natural numbers and Zyy = Z-o U {0}.

As is well known, the Bernoulli polynomials B, (x) are defined by the generating
function as follows:

F(t,x) =

b Bt < t"
et_lex =Pl _nzzan(x)m, (1.1)

with the usual convention of replacing B(x)" by B, (x).
In the special case, x = 0, B,,(0) = B,, is referred to as the nth Bernoulli number. That is,
the generating function of Bernoulli numbers is given by

t < t"
F(t) = F(t,0) = —— = > B, = e, (1.2)
n=0 :

with the usual convention of replacing B"” by B, (cf. [1-23]).
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From (1.2), we see that the recurrence formula for the Bernoulli numbers is

(B+1)" =B, =61, forne€Zs, (1.3)

where 6k ,, is the Kronecker symbol.
By (1.1) and (1.2), we easily get the following:

Bu(x) = (B+x)" = i (7) Bix" = i <111> B,_x!, for n e Zs. (1.4)

1=0 1=0

Let UD(Z,) be the space of uniformly differentiable C,-valued functions on Z,. For f €
UD(Zy), the bosonic p-adic integral on Z, is defined by

pN-1
1) = [ feduco = Jim 'S £, (15)

(cf. [12]). Then it is easy to see that
I(f1) = I(f) + f(0), (1.6)

where f1(x) = f(x +1) and f'(0) = df (x)/dx|x=0.
By (1.6), we have the following:

t = t"
(x+y)t — xt _
f e ty d‘lzl(y) = et_—le = ;:()Bn(x)af (17)

Zy

(cf. [12-14]). From (1.7), we can derive the Witt’s formula for the nth Bernoulli polynomial
as follows:

I (x+ y)"dﬂ(y) = B,(x), for n € Zs. (1.8)
ZF
By (1.1), we have the following:

B,(1-x) = (-1)"B,(x), for n € Zs. (1.9)

Thus, from (1.3), (1.4), and (1.9), we have the following:

Bu(1) = By + 610 = (-1)"B,, for n € Zs. (1.10)

By (1.4), we have the following:

Bn(x + y) = Z(Z)Bk(x)ynfk, forn e Zsg. (111)
k=0
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Especially, forx =land y =1,

Ba(2) = En; (Z) Bi(1) = zn: (Z) (Bx +61x), for n € Zs. (1.12)

k=0 k=0
Therefore, from (1.9), (1.10), and (1.12), we can derive the following relation. For n € Z5,

(-1)"Bn(-1) =B,(2) =n+B,(1) =n+B, + 61, = n+ (-1)"B,. (1.13)
Let f(y) = (x+ y)"“. By (1.6), we have the following:
j (x+y+1)" " du(y) - f (x+y)" ' du(y) = (n+1)x", for n € Zs. (1.14)
z, z,

By (1.8) and (1.14), we have the following:

By (x+1) = By (x) = (n+1)x", for n € Zs. (1.15)

Thus, by (1.11) and (1.15), we have the following identity.
x”—LG:<n+1>B(x) forneZ 1.16
T+l <\ 1 &Iy 20 (1.16)

As is well known, the Euler polynomials E, (x) are defined by the generating function
as follows:

2 & "
G(t, x) = e 1ext = pF@t — ZOE,[(X)E, (1.17)
n=l

with the usual convention of replacing E(x)" by E,(x).
In the special case, x = 0, E,(0) = E, is referred to as the nth Euler number. That is, the
generating function of Euler numbers is given by

2 &, "
G(t) = G(t,0) = i > E,— = e, (1.18)
n=0 :

with the usual convention of replacing E” by E,, (cf. [1-23]).
From (1.18), we see that the recurrence formula for the Euler numbers is

(E+1)" +E, =260, forn€ Zs. (1.19)
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By (1.17) and (1.18), we easily get the following:

E,(x)=(E+x)" = i(?)lflx"‘l = zn: (7) E,_x', for n € Zs,. (1.20)

1=0 1=0

Let C(Zy) be the space of continuous C,-valued functions on Z,,. For f € C(Z,), the fermionic
p-adic integral on Z, is defined by Kim as follows:

pN-1
L) = [ 0 = Jim 3 F@ DY (1.21)
Zy % X0
(cf. [9]). Then it is easy to see that
L(f2) + La(f) = 2f(0), (122)
where fi(x) = f(x +1).
By (1.22), we have the following:
f eIy (y) = ZE (x)— . (1.23)

p

From (1.23), we can derive the Witt’s formula for the n-th Euler polynomial as follows:
f (x+y)"dp1(y) = En(x), for n € Zy. (1.24)
ZP
By (1.17), we have the following:
E,(1-x)=(-1)"E,(x), forne€ Zs. (1.25)

Thus, from (1.19), (1.20), and (1.25), we have the following:

En(1) = —E, + 260, = (-1)"E,, for n € Zsy. (1.26)

By (1.20), we have the following:
En(x + y) = Z<Z> Ek(x)y"_k, for n € Zsy. (1.27)
k=0

Especially, forx =land y =1,

En(2) = ;J( )Ek(l) Z( )(—En +280x), for n € Zs. (1.28)
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Therefore, from (1.25), (1.26), and (1.28), we can derive the following relations. For n € Zs,

(=1)"En(-1) = Ex(2) =2 - Eu(1) =2+ Ey = 260, =2 - (-1)"Ep..
Let f(y) = (x + y)". By (1.22), we have the following:
fz (x+y+1)"du(y) + IZ (x+y)"du-(y) =2x", for n € Zsy.
» »
By (1.24) and (1.30), we have the following:
E,(x+1)+E,(x) =2x", for n € Zs.

Thus, by (1.27) and (1.31), we get the following identity.

N
—

<7>E1(x) + E,(x), forneZs.

N —
—
I
S

The Bernstein polynomials are defined by

By n(x) = <Z> xk(1 - x)"‘k, for k,n € Zsy,

with 0 < k < n (cf. [14]).
By the definition of B ,(x), we note that

Bk,n(x) = Bn—k,n(1 — x).

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

In this paper, we derive some new and interesting identities involving Bernoulli and
Euler numbers from well-known polynomial identities. Here, we note that our results are
“complementary” to those in [6], in the sense that we take a fermionic p-adic integral where
a bosonic p-adic integral is taken and vice versa, and we use the identity involving Euler
polynomials in (1.32) where that involving Bernoulli polynomials in (1.16) is used and vice
versa. Finally, we report that there have been a lot of research activities on this direction
of research, namely, on derivation of identities involving Bernoulli and Euler numbers and

polynomials by exploiting bosonic and fermionic p-adic integrals (cf. [6-8]).
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2. Identities Involving Bernoulli Numbers

Taking the bosonic p-adic integral on both sides of (1.16), we have the following:

m+1

I

o = [ g (") Bt

P

Therefore, we obtain the following theorem.

Theorem 2.1. Let m € Zsq. Then on has the following:

1 &&E/m+1\/k
B’”_m+1z._0< k ><j)Bk’jBf'

k=0 j

Let us apply (1.9) to the bosonic p-adic integral of (1.16).

[ ) = S, N[ Biduc

Zyp

<

(-1)* fz Bi(1 - x)du(x)

P

k=0 j=0 Zy
L Em1, ke n [ ving
—m+1k§ p o )CDE (J,)Bk_]( 1)/Bj(-1).

Then, we can express (2.3) in three different ways.

)
)
) SO oo
)

2.1)

(2.2)

(2.3)
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By (1.13), (2.3) can be written as

fz x"’dy(x)= i( >( 1)k Z( )Bk—](]+B +061,)

p k:
)
-1

S ) < B e S (e

(e}

1
+1

i
o

S||
Mz

3

k=0 k=0 j=0
(2.4)
m-1 m k
m 1 m+1 k k
= - (Bk+Bk+61,k)+ < >(—1) < >Bk_B
par < k> m+1 kZ:O k ];0 j 7
~ 1 & /m+1 k<= (k
= 2B () B = =610 + g (") j_zo(].)Bk-]B]
& /m+1 k k k
=—61,m—m+ Z( ) ) Z()Bk_]B]
1S =0 N
Thus, we have the following theorem.
Theorem 2.2. Let m € Zxy. Then one has the following:
B - s L S (m+\ (kY g g
m—_l,m_m+m+1zz k ] (_) k-jDj- (25)

By, +m = m1+ - i zk;<mk+ 1) (’J‘) (-1)*Bi_B;. (2.6)

Especially, for an odd integer m with m > 3, we obtain the following corollary.

Corollary 2.4. Let m be an odd integer with m > 3. Then one has the following:

m(m+1)=i§k;<m+1><]) (~1)*By._;B; (2.7)

k=0 j=0
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By (1.13), (2.3) can be written as

[, = B B vm)
z<><z<>>
S (e £ e S

(2.8)

P

By (1.10), (2.8) can be written as

[ wraue) = 0 L S (M) 1)"2( )ViBB o)

Zyp k:

So, we get the following theorem.

Theorem 2.5. Let m € Zsg. Then one has the following:

0 R

By (1.10), (2.8) can also be written as

[ wmduo) =61+

Zp

i<m+1>( 1) Z( )( 1)/Bi_;B;. (2.11)

Thus, we have the following theorem.

Theorem 2.6. Let m € Zs. Then one has the following:

2 )9 (m ) 1) <I;> ()" Bi;B;. (212)

k=0 j=0

Bm = _61,m

(=}
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3. Identities Involving Euler Numbers

Taking the fermionic p-adic integral on both sides of (1.32), we have the following:

fZ s (x) = fz,, <Em<x> + %:(’,’j) Ek<x>>du_1 ()

S (), v () (e f, v e

1=0 P k=0 j=0 P
m m-1 k
m> 1 m k
= E,.E + = < > < >Ek_]E]

So, we obtain the following theorem.

Theorem 3.1. Let m € Zx. Then one has the following:

3

Em:Z<T> m— lEl %

1=0

S (e 62

]

.
Il

Let us apply (1.25) to the fermionic p-adic integral of (1.32).

m—1

1
[ wmdpac = 07 [ En-mdpat+ 5 S () 0* fz,, Ec(1 - x)dpi1(x)

p Zy k=0

=_1mmm1-jm_ “DFEp(-1 .
0 () Eus D B (33)

SEE e ey

k=0 j=0

Then, we can express (3.3) in two different ways.
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By (1.29), (3.3) can be written as

Zk: (7:) <I]<> (=1)*Ex-j (2 + Ej ~ 260,)

C2E, + (-1)" S (’I’:) EpxEx +2(=1)™E,p + g(?) Ex

% 5 Ekj (’,’:) <’;> (=1)*ExjE; + r:z;(’:) (1) Ex

=2E, + (-1)™ > <m> EmkEx +2(-1)"""Epy + Em(1) -

= 2+ 260 + (-1)" é <T£) E,._xEx + % mg: ]io (7:) <l;> (-1)*ExE;j.

(3.4)
Thus, we get the following theorem.
Theorem 3.2. Let m € Zyy. Then one has the following:
E,=-2+26 +(—1)m§m: " \EniE +1milzk: m\ (k (-1)*Ex_iE; 3.5
m = 0,m ~ k m-kLk 2 a4 k ] k-jGj- ( . )

Corollary 3.3. Let m € Zq. Then one has the following:

,_;

Em+2=(—1)m§<7;>15mkEk+%t=0§< )(5) et (36)
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By (1.29), (3.3) can be written as

mk2 (1)Ek>

( )( 1) Ek,<2 (- 1)’E>
= 2F,, + (-1)™" ki (’l’:) (-1)*E < Ex
LS (I T
() D EnaEi

e SO Cres

I

) = (0" 3
k=0

p )
220

o

(3.7)

Mz

=2E,, + (-1)™"!

=~
Il

=26+ (1" 3 (W) ) EniEi
k=0

- % s ,io (7:) (l;) (-D*(-1)/ExjE;.

k=0

So, we have the following theorem.

Theorem 3.4. Let m € Zyy. Then one has the following:

;a

m

Epn = 260 + (—1)m+1i<’l’:>(—1)’<5m_k15k - k_gig( >< ) ~“)EE. (38)

k=0 ]

N =

Corollary 3.5. Let m € Z.1. Then one has the following:

3

O%( )( >( ) ExE;. (3.9)

N~

Ep = (-1)"* S (™ (~1)¥E,p_xEx —

=~
Il
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4. Identities Involving Bernoulli and Euler Numbers

By (1.16) and (1.32), we have the following:

[ wmrdpo - fZ <m+1 Z(’",: 1)Bk<x>> <E (x) + %z;( )El(x)>d#(x)

m

o 2 (") | BB due

k=0 p

(") 21@ L Be(O)E:(x)du(x) W

1=0 p

P

1 m n-1 k 1 m+1 n k I
ey EEEECTY O o

Therefore, we get the following theorem.

Theorem 4.1. Let m,n € Zyy. Then one has the following:

(4.2)

2(m+1) i 5 Ek] Zl] <m,: 1> (7) <I]<) <i> Bi—jE1-iBij+i.

By (1.16) and (1.33), we have the following:

m

fz X" Bie n(x)dp(x) = J‘ <m;— 1>Bl(x)Bk,n(x)d#(x)

P Zy =0

(OES(TI ]
e <Z> g ,l §<m 1>< >< Jk>(_1)jB"i J‘Z x! " dp(x)
LORERCTOC )

P
]

(4.3)
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By (1.33), we have the following:

f X" By (x)dp(x) = <Z> JZ Xk (1 = x)"*dp(x)

z, »

-G >]: ("7 ), wtaut (44)

P

-QF( e

By (4.3) and (4.4), we obtain the following theorem.
Theorem 4.2. Let m,n, k € Zso. Then one has the following:

"Z_k<n j k>( 1’ Bm+k+] m+l li i ji <m N 1) ( ) (n ; k> (—1)jBl—iBi+k+j- (4.5)

j=0 i=l

Especially, one has the following:

4+ DB = 3, 5 (") G)Bepn (46)

1=0 i=

By (4.2) and (4.6), we have the following theorem. Note that (4.8) in the following was
obtained in [6].

Theorem 4.3. Let m, n € Zso. Then one has the following:

Buon = 35 (1) EwiBr 3 3 1i< ) (;) B (47)

1=0 1=0 i=0

In particular, we have the following;:
L /n 124 /n\ /1 4
Byi=2( )EnaBi+5 3 30 )(;)EriB: (4.8)
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We give some interesting identities on the Bernoulli numbers and polynomials, on the Genocchi

numbers and polynomials by using symmetric properties of the Bernoulli and Genocchi
polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, Q,, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
the algebraic closure of Q,. Let N be the set of natural numbers and Z, = NU {0}. The p-adic
norm on C, is normalized so that |p|, = p~'. Let C(Z,) be the space of continuous functions
on Zy. For f € C(Z,), the fermionic p-adic integral on Z,, is defined by Kim as follows:

pN-1
Ii(f) = fz f()dpa(x) = lim Z;) F(x)(-1)" (1.1)

(see [1-16]). From (1.1), we have
L2(f1) = ~La(f) +2£(0) (12)

(see [1-16]), where fi(x) = f(x +1).
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Let us take f(x) = e*. Then, by (1.2), we get

2t & "
t tdu_ == =, .
fzpe p1(x) et +1 nZ:OG n! (1.3)

where G,, are the nth ordinary Genocchi numbers (see [8, 15]).
From the same method of (1.3), we can also derive the following equation:

2t & t"
(x+y)t - = xt_ L
tJZ e tdu_4 (y) S 1¢ nE:O G"(x)n!' (1.4)

P

where G, (x) are called the nth Genocchi polynomials (see [14, 15]).
By (1.3), we easily see that

Gn(x) = En] <’;> Gix™! (1.5)

1=0

(see [15]). By (1.3) and (1.4), we get Witt’s formula for the nth Genocchi numbers and
polynomials as follows:

J‘Zp x"dp_1(x) = 1 J;p (x+y)'duq(y) = 1 forne€Z,. (1.6)
From (1.2), we have
[ erevapae | st =25, (1.7)
Z, Z,
where the symbol &, is the Kronecker symbol (see [4, 5]).
Thus, by (1.5) and (1.7), we get
(G+1)"+ Gy =261 (1.8)

(see [15]). From (1.4), we can derive the following equation:
[ G-y i) =0 [ erw)dua ). 1.9
P P

By (1.6) and (1.9), we see that

Gn+1 (1 - x)

_ 1 Gt (X)
1 = (-1 = (1.10)

n+1

Thus, by (1.10), we get G,11(2)/(n+1) = (-1)"(Gus1(-1)/(n + 1)).
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From (1.5) and (1.8), we have

Gn+1 (2) Gn+1 (1) Gn+1
— 7 =2 =2+ -26 1.11
1 1 1 1,n+1- ( )

The Bernoulli polynomials B, (x) are defined by

t
et —1

0 n
et = Bt :Z B, (x)ﬁ (1.12)
n=0 :

(see [6, 9, 12]) with the usual convention about replacing B"(x) by B, (x).
In the special case, x = 0, B,(0) = B, is called the n-th Bernoulli number. By (1.12), we
easily see that

n

Bu(x) = Y (’;) x"B; = (B+x)" (1.13)

1=0

(see [6]). Thus, by (1.12) and (1.13), we get reflection symmetric formula for the Bernoulli
polynomials as follows:
Bu(1-x) = (-1)"Bu(x), (1.14)

Bo=1, (B+1)"—B, =061, (1.15)

(see [6,9,12]). From (1.14) and (1.15), we can also derive the following identity:

(=1)"Bp(~1) = B4(2) = n+ By(1) = n+ By, + 61.. (1.16)

In this paper, we investigate some properties of the fermionic p-adic integrals on Z,,. By using
these properties, we give some new identities on the Bernoulli and the Euler numbers which
are useful in studying combinatorics.

2. Identities on the Bernoulli and Genocchi Numbers and Polynomials

Let us consider the following fermionic p-adic integral on Z, as follows:

h= [ B = 3(7) B ij xldji (x)

Zy 1=0 (2 1)

<n>Bn_l%, forn e Z, =NU{0}.
i l I+1
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On the other hand, by (1.14) and (1.15), we get

= (1" | Bu(l-x)dpa(x)

Zp

n

=0 ()8 | -0

1=0

1)nz< > e 1)1Gl+1( 1) 2.2)

= (—
1=0
n . G+
= (-1) a (7)3 <2 + l-il- ! -26; l+1>
_ n n - [N G1+1 n+1
= 2(-1)"(By + 610) + (-1)" D] 1) B +2(-1)""B,.
1=0

Equating (2.1) and (2.2), we obtain the following theorem.

Theorem 2.1. For n € Z,, one has

( n+1>i< > G1+1 _2( 161 0. (23)

1=0

By using the reflection symmetric property for the Euler polynomials, we can also
obtain some interesting identities on the Euler numbers.
Now, we consider the fermionic p-adic integral on Z,, for the polynomials as follows:

L= j Ga () dpir ()

Zy

_ l};(’}) Go fzp Xy (x) (2.4)
i( ) GM, forneZ,.

On the other hand, by (1.8), (1.10), and (1.11), we get

- G- (x)

P

- - 1)’”2() nzf (1= x)dp s ()
13 (1) Gy D

1=0
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n-1 o n Gl 1
= (-1) 120: ( l)cn,, (2 + l+—+1 - 251,”1)

= 2(-1)""1 (261, - G,) +2(-1)"G,

nixa (1 G
+ (—1) §<Z>Gn_lm

Equating (2.4) and (2.5), we obtain the following theorem.

Theorem 2.2. Forn € Z., one has

(1+(-1)" )Z( ) G+’+1 = 4(-1)"G, + 4(-1)""'61 ,.

(2.5)

(2.6)

Let us consider the fermionic p-adic integral on Z,, for the product of B,(x) and G,(x)

as follows:

I3

fz By ()G () i1 ()

P

5 (2) (o] 0

0 [=0 Zy

LZ Gk+l+1
m—an—l .

-2 2(0) () s

On the other hand, by (1.10) and (1.14), we get

I = f B ()G (x)dji1 ()

Zy

= (0" B =261 - D) (0

Zy
— n+m-1 3 K+l
( 1) ;}%( >< ) m—an—l J;p (1 .X') d[/l_l(.X')
= 2(_1)n+m—1Bm(1)Gn(1) +2(_1)m+anGn

nem-1x o (1M (1 Gris1
+ (=) Z'§:<k><Z>Bm"kcn_lk+l+1'

k=0 I=0

2.7)

(2.8)
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By (2.7) and (2.8), we easily see that

n+m+ R Gk+l+1
<1+( D 1>Zz= < )( ) m_kG"_lk+l+l

k=0
= 2(=1)"""(61,m + Bum) (2611 — Gy) +2(-1)"*"B,,G,, (2.9)
= 4(=1)"" " By6in + 2(=1)""BuGy + 4(=1)"" 161 b1
+2(=1)""61,,Gp + 2(=1)"" B Gy

Therefore, by (2.9), we obtain the following theorem.

Theorem 2.3. For n,m € Z,, one has

(e o) B () ()P

k=0 1=0

+ +n—-1 +n—-1 (210)
= 4(_1)m anGn +4(_1)m " Bm61,n +4(_1)m " 61,m61,n
+ 2(—1)m+"51,mGn
Corollary 2.4. For n,m € N, one has
2m 2n
2m\ [/2n Grils1
24 24 ( K > ( I >B2m—kG2n—lk el 2B5,,,Goy. (2.11)

Let us consider the fermionic p-adic integral on Z, for the product of the Bernoulli
polynomials and the Bernstein polynomials. For n,k € Z., with 0 < k < n, Bin(x) =

(F)xk(1 - x)"_k are called the Bernstein polynomials of degree 1, see [11]. It is easy to show
that Bk,n (x) = ank,n (1 - x),

L= f Bn () Bin (x) i ()

>1 (") B fz 11 = x)"dpy (x)

P

nek (2.12)

¥
E G ey gee
¥

P

nk i Gk+l+'+1
(-1)' By ——
), Z:j( >< ) lk+l+]+1

.
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On the other hand, by (1.14) and (2.12), we get

L = (-1)™ fz Bu(1 = x)Bpien(1 — x)dp_1(x)

P EEE ) 0-
rOEEE(rm

/ (2.13)
Gn—k+l+j+1 )

X <2 _261,n—k+l+j+1 + — +l+j+ 1

\

=2(-1)" <Z> B (1)8px +2(-1)"™*! (Z) Bk

e (SO

1=0 j=0

Equating (2.12) and (2.13), we see that

m n-k
n-k Y Gk+l+j+1
ZZ( )( j >( 1)Bm_lk+l+j+1

1=0 j=0
=2(~1)"B(1)80x + 2(=1)" "' B,6 (2.14)
m k
_q\m m k Y Gn—k+l+j+1
+=D %};O(l)(])( b Bm’ln—k+l+j+1'

Thus, from (2.14), we obtain the following theorem.

Theorem 2.5. For n,m € N, one has

]z”“(zmx >( 1) Boy-i Gl;ml _2B2m(1)+z< > zm_znci”;’fl. (2.15)

Finally, we consider the fermionic p-adic integral on Z, for the product of the Euler
polynomials and the Bernstein polynomials as follows:

Is = jz G (%) By (x)dp_1 (x)

(DR -

1=0 p
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~OFZ()(5 e[, e

Zp

n\ 2a "k rm\ /n -k j Grl4j+1
-2 ey

(2.16)

On the other hand, by (1.10) and (2.12), we get

Is = (-1)™! f Gm(1 = x)By (1= x)dp_1(x)

Zy

- ()%(7) cm_zﬁo () [ a-wrerige e
2

1=0 p

“ (EZ() () e

Gn—k+l+j+1
24 ——————— — 261 pktlsi
X< +Tl—k+l+j+1 1,nk+l+]+1>

(2.17)

= 260" ()G 60s + 201" () G

m k
me (1 m\ [k ; Guk+1+j+1
HeD 1<k>z.=O<l><j>(_l)lcmln—k+l+j+1'

1=0 j

Equating (2.16) and (2.17), we obtain

m n-k _ ) G it
Z <T7> <n _k) (—1)]Gm—lL].1
i j k+l+j+1

1=0 j=

=2(-1)""'Gp(1)60x + 2(=1)"G 6k (2.18)

m k
ymel m\ (k\, . Grk+l+j+1
+(=1) Z_0<l><]’>( 1)Gm_ln—k+l+j+1'

1=0 j

Therefore, by (2.18), we obtain the following theorem.

Theorem 2.6. For n,m € N, one has

L 2m\ /n j Grjs1 2 om Gpilsi
ZZ( I )<j>(_l) GZm—ll+].+1 = 2Gom(1) - D, ] G2m71n+l+1' (2.19)

1=0
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We develop methods for computing the product of several Bernoulli and Euler polynomials by
using Bernoulli basis for the vector space of polynomials of degree less than or equal to .

1. Introduction

It is well known that, the nth Bernoulli and Euler numbers are defined by

- (1 - [N
S ()B-Ba=6u  3(})Ei+ Eu= 260, (1)

-0 1=0

—

where By = Eg = 1 and 6k, is the Kronecker symbol (see [1-20]).
The Bernoulli and Euler polynomials are also defined by

Bn(x) = g <'ll> Buux!,  En(x)= Z <’;) E,x. (1.2)

1=0

Note that {By(x), Bi(1),...,B,(x)} forms a basis for the space P, = {p(x) € Q[x] | degp(x) <
n}.
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So, for a given p(x) € P,, we can write
p(x) = > axBi(x), (1.3)
k=0

(see [8-12]) for uniquely determined ax € Q.
Further,

1 _ _
a = 2 {p* W) - pED )], where p® (x) =

d*p(x)
dxk 7

. (1.4)
ag = f p(t)ydt, where k=1,2,...,n.
0

Probably, {1, x, ..., x"} is the most natural basis for the space P,,. But { By(x), B1(x), ..., B,(x)}
is also a good basis for the space P,, for our purpose of arithmetical and combinatorial
applications.

What are common to B,(x), E,(x), x"*? A few proportion common to them are as
follows:

(i) they are all monic polynomials of degree n with rational coefficients;
(ii) (Bn(x))" = nBy-1(x), (En(x))' = nEp1(x), (x")' = nx"";
(iii) [ Bu(x)dx = By (x)/(n+1) +¢, [ Ex(x)dx = Epi(x)/(n+1) +¢, [ x"dx = x"1 /(n+
1) +c.

In [5, 6], Carlitz introduced the identities of the product of several Bernoulli polynomials:

Bu(x)By(x) = i{ (;)n + <2nr>m} BZBJ:n:ln—_zrz(rX) T (<1)m!

r=0

m!n!
X mBmm (m+mn>2),

[ omeomennosin =5 (2 (2o (2o (2

(m+n-2r-1)!(p+q-2s-1)!
X

B,BsB or
(m+n+p+q—2r—25)! rPsPm+n+p+q-2r-2

m!n! p'q!
(m+n)! (p+q)!

+ (_1)m+p Bm+nBP+Q'

(1.5)

In this paper, we will use (1.4) to derive the identities of the product of several Bernoulli and
Euler polynomials.
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2. The Product of Several Bernoulli and Euler Polynomials

Let us consider the following polynomials of degree n:

px)= > By(x)-By(0)E;(x)---Ej(x), 2.1)

g+t et fs=n

where the sum runs over all nonnegative integers iy, ..., i, ji,... js satisfying iy + - - +i, + j1 +
ot jo=nr+s=1,r1:s2>0.
Thus, from (2.1), we have

pP(x)=m+r+s-1)(n+r+s-2)---(n+r+s—-k)

w (2.2)
X Z Bil(x)~-B,~r(x)E]~1(x)'quS(x).

i+ i+ ji o+ jo=n—k

Fork=1,2,...,n,by (1.4), we get

a = 2 [P0 (1) -t (0))
= % Z {Bll(l)Blr(l)Eh(l)E]s(l)_BllBlrE]lE]s}

i+ i+t jo=n—k+1

sl 2 Qo

0<a<r
0<c<s (23)

k+r-n-1<a<r

x Z B ---Bi,Ej - Ej,

i1+ tip+ i+t js=n+a+l-k-r

- Z B ---B,Ej -+ E
iyttt i+t je=n—k+1
From (2.3), we note that
(n+r+5)
an = ——— > {Bi,(1) -+~ B;,(DE;; (1) -~ Ej,(1) = By, - B, Ej, - - Ej. }

n+r+ Si1+---+i,+j1+~-+js:1

L2 G- (2 (Be

=m(1’+s)= <n+r+s—1>,

n+r+s n
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4 1 n+r+s
=
" n+r+s\ n-1

X >, {Bu()B,(E;(1)E;(1) =B -+ B, Ej -+ Ej )

i+t et fs=2

e ) ()
ﬂww

2L B ERE0)- 00 ()

Bi-t, -+ Biy=, Ejy—p, Ejip,
Lh+-+l+pr+-+ps+1

ap

(2.4)
Therefore, by (1.3), (2.1), (2.3), and (2.4), we obtain the following theorem.
Theorem 2.1. For n € N with n > 2, we have
D>, Bi(x) B (0E; (%) Ej(x)
iyttt js=n
1 "2<n+r+s>
n+r+sé k
% Z "\ (S (~1)c2s~¢ Z B ---B: E. -+ E;
a)\c & n fa Je
0<as<r i1+ Hig+j1+-+je=n+a+l-k-r
0<c<s
k+r—-n-1<a<r
(2.5)
ad n+r+s-1
_ Z Bi -+ B; Ex, -+ Ej, ¢ Bi(x) + < ; )Bn(x)

iptotip+ i+t js=n—k+1

s s s Eses (-0 ()

Bil—ll Blr—l E]l_Pl Ejs_Ps
h+-+L+pr+-ps+1
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Let us take the polynomial p(x) of degree n as follows:

p)= Y BB ()E;(x) - E (0, 26)

i1+t et fs+t=n
Then, from (2.6), we have

pR(x)=m+r+s)n+r+s-1)---(n+r+s—k+1)

x > B, (x) -+ B; (x)Ej, (x) -+ - Ej, (x)x',

ip+etip+ i+t js+H=n-k

(2.7)

By (1.4) and (2.7), we get, for k =1,2,...,n,

1

a = 5 {P* W) -p 0}

B 1 <n+r+s+1>
Cn+r+s+1 k

x >, {Bi,(1)--B;,(1)E;, (1) ---E;,(1) = By, - B Ej, - -- E;,0'}

i+ tip+ i+t s H=n—k+1

e 2 (e o8

0<c<s
k+r-n-1<a<r

n+a+l-k-r

x> >, Bi, ---Bi,Ej ---Ej,

t=0 i+t et jo=t

_ Z B; -- -E

1

“Bi,Ej, -+ Ej; ¢,

iyttt js=n—k+1

Now, we look at a,, and a,,_1.

<n+r+s+1>
n
ap= ————— > {Bi,(1)--- B, ()E;, (1) --- E;,(1) = By, -~ B Ej, --- E;,0'}

n+r+s+ 1i1+<--+i,+j1+<--+js+t:1

) g ()]

n+r+s+11\2

_r+s+l /n+r+s+1\ _ /n+r+s
n+r+s+1 n n !

N —
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( n+r+s+1
ap-1 = Z {Bll(l) 1,(1)E]1(1) E]S(l) _Bi1 -~'B,'rE]'1 E]SOt}

1’l+1"+$+1l eetp et g+t =2

_ (st 1r+1+11<r+s>+1(r+s)_1r_<_1><_1><r+s>}
T n+r+s+116 22\ 2 2 6 2 2 2

1 n+r+s+1 r+s+2_1 n+r+s
n+r+s+1 n-1 2 "2\ n-1 )’

(2.9)
From (2.6), we note that
1
ap = f p(t)dt
0
i 1 Js .
B LB 06)G) e
iyttt ji et js+t=n 11=0 =0 p1=0 = P1 Ps
1
BA_ B_E_ E._ .
X Diy-1y ir=l- Dji-p1 ]Spsll+"'+lr+P1+"'Ps+t+1
Therefore, by (1.3), (2.6), (2.8), (2.9), and (2.10), we obtain the following theorem.
Theorem 2.2. For n € N with n > 2, one has
> Bi,(x) -+ B;, (x)Ej, (x) -~ Ej (x)x'
i1+t et s tt=n
~ 1 ”22 <n +r+S+ 1)
T n+r+s+1 P k
r s n+a+l-k-r )
Cmse
42 OO $ e
0<a<r t=0  ij+etigtfibetje=t
0<c<s
k+r-n-1<a<r
_ D B - BiEj ---E; ¢ Bi(x) (211)

ity i+ js=n—k+1

n-1

cos eSS (0 ()

x Bty Bi,-1,Ejip, - E
j

1
Xll+~~-+Zr+p1+-~p5+t+1}'

+%<n+r+s)Bn,1(x)+<n+;+s>Bn(x)

js_Ps
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Consider the following polynomial of degree n:

OEND Y '.1,]1 By () By (V)E; (1) -+ (3), (2.12)

i+t i+t fs=n

Then, from (2.12), one has

Bi (x)--- B, (X)Ejl (x) - Ej.(x)

11112 . ' |]1 ]

PP =0+9) 3]

i+t ji et jo=n—k

(2.13)

By (1.4) and (2.13), one gets, fork =1,2,...,n,

) -pt )

= M Z {Bil(l)...Bir(l)Eh(l) --E; (1) - B, -+ B, Ej, ---Ej, }

ax =

i+t + i+ jo+t=n—k+1

- B;,---BiEj,---Ej
= (r +ksl) Z <T> <S) (_1)C25*C Z - Pary .]C'
. Osasr a/\¢ i1+ttt je=ntatl-k— rl1 fig -+ -daljn! - je!

0<c<s
k+r-n-1<a<r

1
- Z - - Bil“'BirEh"'Ejs
ity et je=n—k+1 iliph-dpljy - !
(2.14)
Now look at a,, and a,,_1:
_ (r+9)"! > {Bil(l)“.Bi'(l)Eﬁ(l)“'Ei@(l) - B, ---B,E "'Eis}
! n! iyt et js=1 iq 11! ']1 js!

C(r+s)" (1 1 (r+s)"

TR U AR W YAl ST
(2.15)

(r+s)"? ) {Bil(l)"'Bir(l)Efl(l)"'Efs(l) —Bi,--- B, Ej, "'Ez‘s}

ap-1 = - — -
ERY] olee g il gt
(n-1)! ety T2 iplip! -l !

B O
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It is easy to show that

1
1
%_mem_ 2 g

i1+"'+ir+j1+"'+js:n ’
(2.16)

i i Ji Js Bi1—11 “Bi,,Eji-p Eivp. /iy i\ [ ji s
DR el R (O CHR €9

Therefore, by (1.3), (2.14), and (2.15), one obtains the following theorem.

Theorem 2.3. For n € N with n > 2, one has

1
Rttt ) BB () B ()

iyttt fs=n

_§ s S) 3 <Z> C)(—l)CZH

k= 0<a<r
0<c<s
k+r-n-1<a<r

—_

B - Bi,Ej,---Ej

X
17 21,17 |
i1+ Fig+j1++je=n+a+1-k— rl1 fip! - ]1 ]C‘

1
i1l e e g Ligl e (2.17)
i1+---+ir+j1+~--+j5:n—k+111'12' Lrejies s

xB; -+ B, Ej, - Ej, Bk()+(r )B()
DY Z EHZ Z

11
@) 6) )
it et js=n 11 =0 =0 p1=0 =0 P1 Ps

Bit, - Bi, Ejy-p Ejc-p,
et heprpaD)

X
ilip! i ! -
Take the polynomial p(x) of degree n as follows:

= Y B B WE ) EOX. Qi)

i+t i+t jsH=n
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Then, from (2.18), one gets

pP(x) = (r+s+1)*

1 (2.19)
* 2 BT D () B (OB () - B ()

i+t +o 4 jsH=n—k

By (1.4) and (2.19), one gets, fork =1,...,n,

a= (P00 - pt O

(r+s+ 1)k_1 1

| 141750 oo 1o g 141
k! i1t e o H=n—k+1 nligh- gl glt!

x {B;,(1)---B;,(1)E;,(1)---E;,(1) - B;, - -- B; Ej, - - - E; 0"}

B (r+s+ 1)"*1 r s . S7cn+a+1—k—r 1
- k! > <a><c>(_1)2 2 (nm+a+l-k-r-t)! (220)

0<a<r t=0
0<c<s
k+r-n-1<a<r

DY

ip+eetig i+t o=t

1

— — — Di, -
il dglj ! !

--B,,E; -+ Ej

c

- Z B ---B,Ej -+ E;

s
e tip+ i+ js=n—k+1

Now look at a, and a,_1:

B (r+s+1)"" 1

[ i linl e q Ligleen g 1]
n! i1+-~-+ir+j1+-~-+7'5+t=111'12' il gslt!

an

x {Bi, (1) B;,(1)E;,(1)-+-E;.(1) - By, -+~ B, Ej, --- E;, 0"}

= %{%(r+s)+l— (—%>(r+s)}

B (r+s+1)""

n!

(r+s+1)"

(r+s+1)= p

7
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B (r+s+1)"2 Z 1

aA,_1 =
ol (n-1)! ity el

i+ttt jg =2

x {B;,(1)---B;,(1)E;,(1)---E;,(1) - B;, --- B; Ej, - - - E;.0'}

_(r+s+1)"‘2{11 +1+11<r+s>+1( g L _(_1)(_1><r+s>}
ST oD 26 2722\ 2 28T\ "2 )\ 2\ 2
_(r+s+1)"’2r+s+1

 (n-1)! 2

B (r+s+1)""
T 2(n-1)!
(2.21)

From (2.18), one can derive the following identity:

1
ap = f p(t)dt
0
1 ! ,
= - — - B (x)---Bi (x)Ej (x)---Ej (x)x'dt
i1+~--+ir+§--+js+t:nll! Ry MY ARERY A 4[0 i i i J
1 i i 1

2

i1+t et s +t=n

S () () B Ern !
ll lr pl ps i1—I1 [ J1—=P1~]s—Ps ll+"'+lr+p1+'”p5+t+]"

ps=0
(2.22)

il e,

Therefore, by (1.3), (2.20), (2.21), and (2.22), one obtains the following theorem.

Theorem 2.4. For n € N with n > 2, one has

1
— _ . B-x---B-erx--'E-gxxt
i1+~~-+i,+§~~+js+t:nll!12!"'lr!]ll'”]s!ﬂ u (%) w ()R () (%)

~ n-2 (7’ +5+ 1)k—1 r s . S_CnJraJrl—k—r 1
_ZT )y <a><c>(_1)2 2 n+a+1-k-r—t)

k=1 ' 0<a<r t=0

0<c<s
k+r-n-1<a<r
1
x Z — —_ __Bj,---B,Ej,---Ej,
4 ilip! - dg e !
iyttt fitetjo=t LT aji- c:
Bi ...B: E. ---E:
1 = Js
Y Bi(x)

PRI S L E P I |
ity 4y 4o js=n—k+1 Betge e J1e e Jse
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(r+s+1)""
2(n—-1)!

r+s+1)" i i g s
i1+ tip+ji+e+js+H=n =0 1,=0 p1=0 ps=0
OO, L . 1
AT b R e e L i py 4 ps A b L
(2.23)

Bn—l (x) +
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Kim et al. (2012) introduced an interesting p-adic analogue of the Eulerian polynomials. They
studied some identities on the Eulerian polynomials in connection with the Genocchi, Euler, and
tangent numbers. In this paper, by applying the symmetry of the fermionic p-adic g-integral on Z,,

defined by Kim (2008), we show a symmetric relation between the g-extension of the alternating
sum of integer powers and the Eulerian polynomials.

1. Introduction

The Eulerian polynomials A,(t),n = 0,1, ..., which can be defined by the generating function

1-t & x"
= ks ;}An(t)m, (1.1)

have numerous important applications in number theory, combinatorics, and numerical
analysis, among other areas. From (1.1), we note that

(A() + (t=1))" = tAu(t) = (1 = )on, (1.2)

where 6,k is the Kronecker symbol (see [1]). Thus far, few recurrences for the Eulerian
polynomials other than (1.2) have been reported in the literature. Other recurrences are of
importance as they might reveal new aspects and properties of the Eulerian polynomials,
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and they can help simplify the proofs of known properties. For more important properties,
see, for instance, [1] or [2].

Let p be a fixed odd prime number. Let Z,, Q,, and C, be the ring of p-adic integers, the
field of p-adic numbers, and the completion of the algebraic closure of Q,, respectively. Let
| - |, be the p-adic valuation on Q, where |p|, = p~!. The extended valuation on C, is denoted
by the same symbol | - |,. Let g be an indeterminate, where |1 - g, < 1. Then, the g-number is
defined by

1- (_Q)x. (1.3)

=

For a uniformly (or strictly) differentiable function f : Z, — C, (see [1, 3-6]), the
fermionic p-adic g-integral on Z, is defined by

pN-1
L) = [ fdg0 = Jim o 3 pe(-a)" (1.4
P -q x=
Then, it is easy to see that
SLu(F) * Lasa() = 21 f ) 1)

where fi(x) = f(x +1).
By using the same method as that described in [1], and applying (1.5) to f, where

f(x) = q(l—W)xe—x(“q)Wf (1.6)

for w € Z-o, we consider the generalized Eulerian polynomials on Z, by using the fermionic
p-adic g-integral on Z, as follows:

1+g

(-w)x p=x(1+q)wt 4 =Y
IZ q e H-1/q (x) ql_we—(1+q)wt +q

P

(1.7)
= ZO An(-gqw) t—'

n:

By expanding the Taylor series on the left-hand side of (1.7) and comparing the coefficients
of the terms " /n!, we get

q(l—w)xxnd#_l/q(x) - %An(—q, w) (18)

Zy w"(1+q
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We note that, by substituting w = 1 into (1.8),
An(-9,1) = Ap(=q) = (-1)"(1 + q)"f x"dp_1/4(x) (1.9)
ZP

is the Witt’s formula for the Eulerian polynomials in [1, Theorem 1]. Recently, Kim et al. [1]
investigated new properties of the Eulerian polynomials A,(—q) at g = 1 associated with the
Genocchi, Euler, and tangent numbers.

Let T 1/4(n) denote the g-extension of the alternating sum of integer powers, namely,

Tia/q(n) = >, (-1)'i*q " = 05" = 1%q 7" + -+ (-1)"n"q ™", (1.10)
i=0

where 0° = 1. If g — 1, Tyq(n) — Ti(n) = >, (=1)'i is the alternating sum of integer
powers (see [4]). In particular, we have

1, fork=0,
Ti1/4(0) = {O, for k > 0. (111)

Let w1, wy be any positive odd integers. Our main result of symmetry between the g-
extension of the alternating sum of integer powers and the Eulerian polynomials is given in
the following theorem, which is symmetric in w; and ws.

Theorem 1.1. Let wy, w; be any positive odd integers and n > 0. Then, one has

n

() A o) T - Dt (-1 - )"

i=0

(1.12)
= 3 (1) Ag @) i 02 = Dt (=)
i=0

Observe that Theorem 1.1 can be obtained by the same method as that described in
[4].If g = 1, Theorem 1.1 reduces to the form stated in the remark in [4, page 1275].
Using (1.11), if we take w, = 1 in Theorem 1.1, we obtain the following corollary.

Corollary 1.2. Let w; be any positive odd integer and n > 0. Then, one has

An (_‘7) = ;(7) Ai(—q, wl)Tn—i,q* (w1 — 1)(—1 - q)nii- (1.13)

2. Proof of Theorem 1.1

For the proof of Theorem 1.1, we will need the following two identities (see (2.4) and (2.5))
related to the Eulerian polynomials and the g-extension of the alternating sum of integer
powers.
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Let w1, w, be any positive odd integers. From (1.7), we obtain

,er q(l_wl)xe_x(1+q)wltdﬂ_1/q (x) ~ 1+ (qfwl e,(lJrq)wlt)WZ

J’ZP q(17w1w2)x€7x(1+q)w]wztdﬂ_l/q(x) - 1+ q—wlef(lwkq)wqt

(2.1)

This has an interesting p-adic analytic interpretation, which we shall discuss below (see
Remark 2.1). It is easy to see that the right-hand side of (2.1) can be written as

—w1 ,—(1+q)wt\ W2 -1
1+ (q w1 o q)w1 ) _ wﬁ: (_1)iq—w1ie—(1+q)w1ti

i=0

1+ q—wl e—(1+q)w1t

(2.2)
S(E ik -i, ko 1\k ) £
= Z Z (-1 (q) "W (1) (1 + q) =k
k=0 \ i=0 :
In (1.10), let g = g**. The left-hand, right-hand side, by definition, becomes
1+ (q*me*(lw)wlt)wz o0 . . o
s e kz(]) (Tk,qfwl (wr - Dwk(-1)*(1+q) ) o (2.3)
A comparison of (2.1) and (2.3) yields the identity
IZ q(l_w1)xe_x(1+q)wltdﬂ_1/q (x) . tk
v k k k
= Ty g1 (o — Dy (-1)" (1 + —. (2.4)
J’Zp q(lfunwz)xefx(lJrq)w]wztd‘u_l/q(x) k:0< q-! 1 ( q) > k!
By slightly modifying the derivation of (2.4), we can obtain the following identity:
J‘Z q(l_WZ)xe_x(1+q)w2tdﬂ—l/q(x) . tk
i = 3 (Tige (@1 = Dk (-1 (1+9)") 13- (2.5)

[, qU-erexesawentdy 0 (x) 5

Remark 2.1. The derivations of identities are based on the fermionic p-adic g-integral
expression of the generating function for the Eulerian polynomials in (1.7) and the quotient
of integrals in (2.4), (2.5) that can be expressed as the exponential generating function for the
g-extension of the alternating sum of integer powers.

Observe that similar identities related to the Eulerian polynomials and the g-extension
of the alternating sum of integer powers in (2.4) and (2.5) can be found, for instance, in [3,
(1.8)], [4, (21)], and [6, Theorem 4].
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Proof of Theorem 1.1. Let wy,w, be any positive odd integers. Using the iterated fermionic p-

adic g-integral on Z, and (1.7), we have

IIZP q(l_wl)xl+(1_w2)x26_(1+q)(w1x1+w2x2)tdﬂ_1/q(xl)d/l_l/q(xz)

fzp gU-ww)xe=x(qyoiwtdy 1,0 (x)

(2.6)
q—w1w2 e—(1+q)w1w2t +1

[2]1/’1 (q7w1 e~ Huit 4 1) (q—wze—(1+q)w2t + 1) :

Now, we put

J’J‘ZP q(l—wl)xl+(1—w2)xze—(1+‘1)(w1x1+w2xz)td‘u_1/q(xl)d‘u_l/q(x2)

IZ,, q(l“"l“’Z)xe_x(“q)“’l“’ztd#_l/q (x) (2.7)

I*

From (1.7) and (2.5), we see that

(I=w2)x2 p=(14q) (W2 x2)t |, x
I = ()1 (L) (@ix)t g Jz, 9 #o1/q(x2)
q € #_1/‘7(3(1) X (1~wyw)x p—x(1+g)wrwoat
2 T, e e g )
©

0 k 1
= <Z Ak(—q,wl)%> x <Z (Tl,qfwz (w1 - 1)ewh (1) (1 + q)l>%> (2.8)

k=0 1=0

= Z <§_(; (—1)”—1' (7) A,’(—q, w1)Tn_i/q7w2 (wy - 1)w§—i(1 + q)n_i> :l_”'

n=0
On the other hand, from (1.7) and (2.4), we have
(I—wi)x1 p=(14g) (Wr1x1)t x
I = gl-em e @igy () ) fz,,q p-1/4(x1)
z, —17q J‘Z q(l—wlwz)xefx(lJrq)wlwztdﬂ_l/q (x)
P

[ee]

[o'e] k 1
= <Z Ak(_q/an)%> x (Z (Tl,qwl (wy - Dl (1) (1 +q)l>%> (2.9)

k=0 1=0

tn
!

<1n0 SOAN (:L) Ai(=9,02) Ty g (w2 = D! (1+ q)"i> —

n

-3

0

[ee]
n= =

By comparing the coefficients on both sides of (2.8) and (2.9), we obtain the result in
Theorem 1.1. O
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3. Concluding Remarks

Note that many other interesting symmetric properties for the Euler, Genocchi, and tangent
numbers are derivable as corollaries of the results presented herein. For instance, considering

(1, 5)],

An(-1,w) = (-2w)"E, (n>0), (3.1)

where E,, denotes the nth Euler number defined by E,, := E,(0), and the Euler polynomials
are defined by the generating function

2 L2 "
EES IS (32)

and on putting g = 1 in Theorem 1.1 and Corollary 1.2, we obtain

" n . i n n . _:
<i>w11EiTn_i(w1 - 1)(4); t= Z <i>w12EiTn—i(w2 - 1)(,0;1 1, (33)
i=0 i=0
LIy )
En = Z < i >a)llEiTn,i(w1 - 1) (34)
i=0

These formulae are valid for any positive odd integers w1, w,. The Genocchi numbers G, may
be defined by the generating function

2t & t"
m = nZ:O Gn E/ (35)

which have several combinatorial interpretations in terms of certain surjective maps on finite
sets. The well-known identity

Gn =2(1-2"B, (3.6)

shows the relation between the Genocchi and the Bernoulli numbers. It follows from (3.6)
and the Staudt-Clausen theorem that the Genocchi numbers are integers. It is easy to see that

Gy =2nEy, (n>1), (3.7)

and from (3.2), (3.5) we deduce that

“ /N Gt o
En(x):ZCZ)kiix k. (3.8)
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It is well known that the tangent coefficients (or numbers) T, defined by

0 t2n—1
_ _1\n-1
tant = ; (-1) Tz"—(Zn -y (3.9)
are closely related to the Bernoulli numbers, that is, (see [1])
T,=2"(2" - 1)%. (3.10)

Ramanujan ([7, page 5]) observed that 2" (2" —1)B, /n and, therefore, the tangent coefficients,
are integers for n > 1. From (3.3), (3.6), (3.7), and (3.10), the obtained symmetric formulae
involve the Bernoulli, Genocchi, and tangent numbers (see [1]).
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Let V, = {p(x) € Q[x]|degp(x) < n} be the (n + 1)-dimensional vector space over Q. We show
that {Eo(x), E1(x), ..., Ex(x)} is a good basis for the space V,,, for our purpose of arithmetical and
combinatorial applications. Thus, if p(x) € Q[x] is of degree n, then p(x) = X, bEi(x) for

some uniquely determined b; € Q. In this paper we develop method for computing b; from the
information of p(x).

1. Introduction

The Euler polynomials, E,(x), are given by

2
et +1

0 n
et = e = 3 En(x) (1.1)
n=0 :

(see [1-20]) with the usual convention about replacing E"(x) by E,(x). In the special case,
x =0,E,(0) = E, are called the nth Euler numbers. The Bernoulli numbers are also defined

by

t B g,
S == ZA)B”E’ (1.2)
n=|

(see [1-20]) with the usual convention about replacing B" by B,. As is well known, the
Bernoulli polynomials are given by

B, (x) = Z (’;) Bix"! = Z <’;> Bix, (1.3)

1=0 1=0
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(see [9-15]) From (1.1), (1.2), and (1.3), we note that

B,(1) = B, = 61,4, E.(1) + E, =260, (1.4)

where 6k ,, is the kronecker symbol.
Let m,n € Z, with m + n > 2. The formula

By (x)Bn(x) = Z{ (;"r)n + (; >m} BorBenar(X) - _qymer M7 Briin (15)

m+n-2r (m+n)!’

is proved in [4-6]. Let V,, = {p(x) € Q[x] | degp(x) < n} be the (n + 1)-dimensional
vector space over Q. Probably, {1,x,...,x"} is the most natural basis for this space. But
{Eo(x),Ei(x),...,E,(x)} is also a good basis for the space V,,, for our purpose of arithmetical
and combinatorial applications. Thus, if p(x) € Q[x] is of degree n, then

p(x) = En]szz (x), (1.6)
1=0

for some uniquely determined b; € Q. Further,

1
bk = 2_k|{p(k)(1) +p(k)(0)} (k = 0/ 1121”'/71)/ (17)
where p®(x) = dFp(x)/dx*. In this paper we develop methods for computing b,

from the information of p(x). Apply these results to arithmetically and combinatorially
interesting identities involving Eo(x), E1(x), ..., Ex(x), Bo(x), ..., Bx(x). Finally, we give some
applications of those obtained identities.

2. Euler Basis, Identities, and Their Applications

Let us take p(x) the polynomial of degree n as follows:

p(x) = D Bi(x) By (x). 2.1)

k=0

From (2.1), we have

p® (x) =

%ZBFW)BMW (22)
T =k
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By (1.7) and (2.2), we get

1 n
<n ; )Z (Bi-k + 61,1-k) (Bu-1 + 61,n-1) + Bi-k Bu-1},
1=k

Thus, we have

bu-a = 171(712 - 1)’ bp=n+1, b,1=0.
By (1.6), (2.1), (2.3), and (2.4), we get

S Be(x) By ()
k=0

(2.3)

(2.4)

(2.5)

="Z<n+1> <ZBz kBu-i + Bk 1>Ek(x)+ Zn(n2 1) Enax) + (n+ DE, ().
k=0

I=k

Let us consider the following triple identities:

P = 3 B0)Bu()Bi(x) = ShiEi(x),

r+s+t=n k=0

where the sum runs over all r, s, t € Z, with r + s + t = n. Thus, by (2.7), we get

pP(x)=(n+2)(n+nm-1)---(n-k+3) D By(x)Bi(x)B(x).

r+s+t=n—-k

From (1.7) and (2.8), we have

bi = 2}0{ ®(1)+p®(0)}
N ("52) > {B.(1)Bs(1)Bi(1) + B, BBy}

r+s+t=n-k

n+2
<+){2 >, BBBi+ > 6,BBi+ > BB

r+s+t=n-k r+s+t=n—k r+s+t=n-k

(2.6)

2.7)

(2.8)
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+ Z BrBs61,t + Z 61,r61,th + Z 61,rBs61,t

r+s+t=n-k r+s+t=n—k r+s+t=n—-k

+ Z Br61,s61,t + Z 61,r61,s61,t } .
r+s+t=n-k r+s+t=n-k
(2.9)
Therefore, by (2.7) and (2.9), we obtain the following theorem.

Theorem 2.1. Forr,s,t € Z., and n € N with n > 3, one has

S, B, (x)Bo(x)Bi(x)

r+s+t=n

1S /n+2
=§k§< ) ){2 D, BBBi+3 BrBs+aBn_k_z+6k,n_3}Ek(x) (2.10)

r+s+t=n-k r+s=n-k-1
n+2
+ ( ’ >En(x).

Let us take the polynomial p(x) as follows:

p(x) = > B(x)Bs(x)Ei(x).

(2.11)
r+s+t=n
Then, by (2.11), we get
pP(x)=n+2)(n+n(n-1)---(n-k+3) > kB,(x)Bs(x)Et(x). (2.12)
r+s+t=n—
From (1.6), (1.7), and (2.12), we have
T w (k) (")
be= s {pP W +pP O} = 5= 3 (BOBOEQ) + BB.E)
: r+s+t=n—k
_ (%)
==5" 2 {(Br+61,)(Bs+615)(<Ei +2060,) + BrBsEy)
r+s+t=n—-k
_ (%) (2.13)
= > - Z 61,rBsEt - Z Br61,SEt +2 Z BrBs6O,t
r+s+t=n—-k r+s+t=n—-k r+s+t=n—-k

- Z 61,r61,sEt +2 Z 61,rBs60,t +2 Z Br61,s60,t

r+s+t=n-k r+s+t=n-k r+s+t=n-k

+2 Z 61,r61,s60,t}.

r+s+t=n-k
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Note that

n+2
byt = <n_1>{—ZBSEt— > BE+2 )] B,Bs—0+2Bo+ZBo+2-O}

s+t=0 r+t=0 r+s=1 (2.14)

1
- z(Zii){—1—1+2(Bl+Bl)+2+2} = 0.

Therefore, we obtain the following theorem.

Theorem 2.2. For n € N with n > 2, one has

>, B (x)B.(x)Ei(x)

r+s+t=n

1S /n+2
= EZ( k > 2 Z B,Bs -2 Z B,Ei—E, x2+4B 1+ 26k,n—2 Ek(x)

k=0 r+s=n-k r+t=n-k-1

+ (" ; 2>En(x).
(2.15)

Remark 2.3. By the same method, we obtain the following identities.

D
> By(x)Es(x)E(x)
r+s+t=n
1S n+2
= -Z( . > 2 > BEE+ > EE -4 Y BE;+4B,—4E, k1 Ex(x)
2 k=0 r+s+t=n-k s+t=n-k-1 r+s=n-k
n+2
+ < ’ >En(x).
(2.16)
(I1)
> Er(x)Es(x)Ei(x)
r+s+t=n
> 5 ) (2.17)
n+ n+
= 32( . ){ > EE, —2En_k}Ek(x) + ( 5 >E,,(x).
k=0 r+s=n-k
Let us consider the polynomial p(x) as follows:
p(x) = Z B, (x)Bs(x)x". (2.18)

r+s+t=n
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Thus, by (2.18), we get

pP(x)=m+2)(n+n(n-1)---(n-k+3) > By (x)Bs(x)x". (2.19)

r+s+t=n—k
From (1.6), (1.7), (2.18), and (2.19), we have

n+2
by = %{pm(l) +p® (0)} - ) > {B/(1)Bs(1) + B,B,0'}

2 r+s+t=n-k

:("52) > {(By+61,)(Bs +61) + B,B,0'}

r+s+t=n-k

n+2
:(5){ S BB+ S Bbi.+ S 6Bt S 6,60+ 3 BrBsot}'

r+s+t=n—k r+s+t=n—-k r+s+t=n—k r+s+t=n—k r+s+t=n—k
(2.20)
Here we note that
n-k n-k
> BB.=> > BB=) > BB
r+s+t=n—k t=0 r+s=n—k—t t=0 r+s=t
"S'B, ifk<n-1
7 1 g n—-1,
Z Br61,s = r§0 "
r+s+t=n—k 0, if k=mn,
"S'B, ifk (2.21)
, ifk<n-1, .
Z Bs6l,r = r=0 "
r+s+t=n-k 0/ if k = n,
1, ifk<n-2,
Z 61,1'61,5 = { .
rrorton—k 0, ifk=n-1ormn,
> BB0'= > BB, Vk
r+s+t=n-k r+s=n-k
It is easy to show that
1
byt = _<n+§>{ > B,B,+2 Y B,B, +ZBO}
2\n- r+s=0 r+s=1 (2'22)
1/n+2 1/n+2
= §<n—1>{1+2(B1 +By) +2} = E(n—l)‘

Therefore, by (1.6), (2.18), (2.20), and (2.22), we obtain the following theorem.
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Theorem 2.4. For n € N with n > 2, one has

>, B (x)B.(0)x’

r+s+t=n

n-2 n+2 n-k-1 n—-k-1
= 22( ){ > > BB.+2 >, BB,+2 Y, Br+1}Ek(x) (2.23)
k=0

t=0 r+s=t r+s=n-k r=0
1/n+2 n+2
() RT3}

Remark 2.5. By the same method, we can derive the following identities.

@
S, B0, ()
r+s+t=n
n-2 n-k-1 n-k-1 n-k
-2 ("ZZ>{_ S S BE.- > E. 423 B, +2}Ek(x) (2.24)
k=0 t=0 r+s=t s=0 r=0
3 (3 ) B+ ("2 2B
(D)

S E (x)Es(x)x!

r+s+t=n

1n—2 n+?2 n—k-1 n—k
=3 ( ) { > D EEs+2 > E:E.-4>E + 4}Ek(x) (2.25)
0

k=0 t=0 r+s=t r+s=n-k r=0
1/n+2 n+2
+§<n_1)En_1(x)+< ’ >En(x).

Now we generalize the above consideration to the completely arbitrary case. Let

p(x) = D B (x) -+ B;, (x)Ej, (x) -~ Ej.(x), (2.26)

i+t et fs=n

where the sum runs over all nonnegative integers iy, iz, ..., i, j1, . . ., js satisfying iy + i + - -+ +
ir +j1 + -+ js = n. From (2.26), we note that

pPx)=m+r+s-1)---(n+r+s—k) > B; (x) -+ Bj, (x) x Ej (x) -+ Ej (x).
i+t i+t js=n—k

(2.27)
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By (1.6), (1.7), (2.18), and (2.27), we get

1
e ORI O}
1 _
:§<n+rzs 1) Z {By,(1)--- B, (1)E;;(1)---E;,(1) + By, --- B, Ej, - - E;.}

i1+ tip+ji++js=n—k

_l/m+r+s-1
2 k

x > {(Bi, +61,) -+~ (Bj, + 61,,)

i+t j et je=n—k

X (_Ejl + 260,]'1) s (_Ejs + 260,]'5) + Bi1 s BirEh s E]'s }

1 n+r+s-1 r s Cmsc
:§< K > > <a><c>(—1)2 x > Bi,---B,Ej - E|

0<a<r i1+ Hig+ i+ +o=n+a—k—r
0<c<s
a>k+r-n

+ Z B ---B;Ej,--Ej
i+t i+t js=n—k

(2.28)

Note that

l/n+r+s-1 s s
G | DI S Ry S

0<c<s i+t e+ =0

+ Z Bil"'Bi,Eﬁ"'Eis}

i+t e+ s =0

:%<n+r;s—l>((2_1)s+1): <n+r:l—s—1),

l/n+r+s-1 r\/s Crs—c
w3 2 OO

0<c<s

x Z B ---Bi,Ej - Ej,

i+ tigtji et je=1+a-r

+ Z B, - B;,E; - E,

iyttt js=1
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%(n +;ii_1>{r(2—l)s+ > <z>(—1)62570 [_%(r+c)] - %(r+s)}

0<c<s

1<n+r+s—1){ 11 1 1 }
=z r——r+-s—-r—-sp =0.

2 n-1 22 2 2
(2.29)
Therefore, by (1.6), (2.28), and (2.29), we obtain the following theorem.
Theorem 2.6. For n € N with n > 2, one has
> BB (0E;(x)E;(x)
g+t et fs=n
1"‘2<n+r+s—1> <r><s>
= — (_l)Czs—c
2% k OSZEQ a)\c
0<c<s
a>k+r-n
x Z B, - B,Ej--E| (2.30)
i+t by et fe=nta—k—r ’
+ > Bi -+ B;Ej - Ej, ¢ Ex(x)
ip+e i+ i+t js=n-k
n+r+s-1
+ ( . >En(x).
Let us consider the polynomial p(x) of degree n as
p(x) = >, Bi(x)- By (x)Ej (%) Ej (x)x'. (2.31)
tHi+e i+t fs=n
Then, from (2.31), we have
pRx)=m+r+s)n+r+s-1)---(n+r+s—k+1)
(2.32)

x py Bj, (x)++ By, (x)Ej, (x) -~ Ej, (x)x".

i+ tip+ i+t s +H=n-k
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By (1.7) and (2.32), we get

be = 5 (PP 1) + ()

2k!

- 1(’”,:“) S {By()--By(DE; (1) Ej.(1) + By -+ By Ejy - E0')
2 i1+ tip+ i+ s +=n-k

_l/m+r+s

T2 k
X Z {(Bi, +61,;) -+ (Bj, + 01,,)

i1+ i+l +o+js+=n—k
x(=Ej, +260,) - (-Ej, +261,,) + B;, -+ B Ej, - E;,0'}
(2.33)

From (2.33), we can derive the following equation:

1/n+r+s r\ /s oo ek
bk:i( k ) 2 <a><C)(_1)c2 x 2 D>, B BiEjEj

0<a<r t=0  dyp+etigHjrretje=t
0<c<s

a>k+r-n

+ Z B ---B;Ej, -+ Ej

i1+ tip+ji++js=n—k

(2.34)
Observe now that
1/n+r+s S /s Cmsc
b, = 3 " o) D2 x > B,---B,Ej - E;
c=0 i+t e+ =0
+ D B, ---B,Ej---E (2.35)
i+t +j e+ =0

=%<n+;+s>[(2_1)5+1] _ <n+;+s>l
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1/n+r+s r\ /s e &
bn_1=§ no1 Z 2\ (-1)2°°x Z Z B ---B,E; ---Ej

r-1<a<r t=0 iy+etigtjitetjo=t
0<c<s

+ Z B, ---B;,Ej, -+ Ej

iyttt s =1

_l/n+r+s r+1—1r+ls—1r—ls _1/n+r+s
"2\ n-1 2027 20 27 2\  n-1 )

(2.36)
Therefore, by (1.6), (2.31), (2.34), (2.35), and (2.36), we obtain the following theorem.
Theorem 2.7. For n € N with n > 2, one has
> Bu(®) By (0)E;(x) - Ej(x)x'
i1+ +j o+ fs+=n
1"2<n+r+s> <r> (s)
— (_1)C25*C
- k=0 k Oﬁzuér a ¢
0<c<s
a>k+r-n
n+a—k-r
x Z Z B;, ...BI.HE].1 "‘ch (2.37)
t=0 ip+etigjrtetjo=t
+ > B, -+ B,Ej -+ Ej tE(x)
i1+t i+t js=n-k
l/n+r+s n+r+s
+ E( o1 )En,l(x) + < " >En(x).
Let us consider the following polynomial of degree .
1
p(x) = Z B (®) B, (x)Ej, (x) - - Ej (x). (2.38)
iyt i = [SRRRRE2Y I RN Y
Thus, by (2.38), we get
1
p (x) = (r+9)" > 7 X By, (x) - B, () Ej, (x) - Ej,(x).  (2.39)

4o 14,0
i1+~--+i,+j1+~--+j5:n—kll' it s
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From (1.7), we have

b= 5 [P0 +p9 ()

_ (r+s)k

1
2k! Z !

i1+»--+i,+j1+»--+j§:n—ki1' s gl !
X {le(l) cee Bly(l) X E]l(l) . E]s(l) + B,’l . 'BirEjl . E]s}

_ (r+s)k 1
- 2k!

R AT A
il*"'+ir+jl+"'+75=n7k11' 1r]1- Js:

X {(Bi1 + 61,1'1) cee (Bi, + 61/1'7) X (_Ejl +260,]'1) (—E]'S +260,]'S) + Bi1 .- 'Bi,Ej1 E]s}

(2.40)
Thus, by (2.40), we get
k B ---B: E: - E:
IRRALE DY <r> <S>(—1>Czs—f x 2 AT R
2k! 0<a<r \4/ \€ i1t ji et je=nta—k—r et laejie s Je
0<c<s
a>k+r-n
(2.41)

Bi,---B,Ej ---Ej

2

AT ML A
iyt e je=n—k 1 Lrejise e Js

Now, we note that

b, = (r;nf)n {:0 (z)(_l)czs-c

. Z Bil"'BirEjl"'ch+ Z Bil"‘Bi,Ejl"'Ejs}

AR AL 2 | IR TI A
i1+t 4e+je=0 b b1 Jer i1+ i e+js=0 b bl Js

_(r+9)”
T 2nl

_(r+s)"

[(@-1)+1] = ———,
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b= 52 3 () ()

r-1<a<r
0<c<s

. Z B - BE]1~--E]-C+ Z Bi,---B,Ej ---Ej
ettt jo L4 acr 11! .. u!]l‘ . ]c' ity 4t je=1 11! P 1,!]1! e ]s'
(r+s)" ( ) cns—c|_1 1 _
= ST r(2-1)° +Z (-1)°2 Sr+c)|=50r+s)p =
(2.42)

Therefore, by (1.6), (2.38), (2.41), and (2.42), we obtain the following theorem.

Theorem 2.8. For n € N with n > 2, one has

Bi (x)---Bj (x)Ej (x)---E; (x)
4}: ] ]

| ..
R e Pl : i Js:

12 (r +5)" r\ /s cns—c Bi, ---Bi,Ej, - Ej,
"2 k! Z <a><c>(_1)2 x Z i1 q i

1 |
iyt ji oo He=nta—k—r a']l' “Jer

Bi,---B,Ej ---E

2

PR M|
i1 et jo=n—k I Lrejise s

(r+s)

En(x).
(2.43)

By the same method, we can obtain the following identity:

B, (x) - By, (x)Ej, (x) - - Ej, (x)'

2

IFPA |
i+t 4t tt=n ' 1 ]S't‘

Z(r+s+1) Z <Z> <z>(_1)c25_c

0<a<r
0<c<s
a>k+r-n
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n+a—k-r Bi1 "'Bianl .. .E'].C

Z (n+a- k r—t)! Z

PR A |
iyttt b lacjiz--Je:

B.---B,E: ---E;
w BB B o
[FURRRY MY FIRERY N

2

i1+ + i+t js=n—-k

(r+s+1)""
2(n—1)!

(r+s+1)

Ep1(x) + E,(x).

(2.44)
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Recently, some interesting and new identities are introduced in the work of Kim et al. (2012). From

these identities, we derive some new and interesting integral formulae for Bernoulli and Genocchi
polynomials.

1. Introduction

As it is well known, the Bernoulli polynomials are defined by generating functions as follows:

t
et —1

0 n
Xt = pBOIE _ ZB"(")E (1.1)
n=0 :

(see [1-5]) with the usual convention about replacing B"(x) by B,(x). In the special case,
x =0, B,(0) = B, are called the nth Bernoulli numbers.
The Genocchi polynomials are also defined by

2t
et +1

[¢’e] tn
et = Gt _ ZG"(’C)E (1.2)
n=0 :

(see [1, 6-10]) with the usual convention about replacing G"*(x) by G, (x). In the special case,
x =0, G,(0) = G, are called the nth Genocchi numbers.
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From (1.1), we note that

N

Bu(x) = > <’l’> Bx"! (1.3)

1=0

(see [1-5]). Thus, by (1.3), we get
d — < n-1 n-1-1 _
—-Bu(x) = nl;( l )le = nB,_1(x) (1.4)
(see [2]). From (1.2), we note that

Gn(x) = lz@:(’;) Gix" . (1.5)

From (1.5), we can derive the following equation:
d < n-1 n-1-1
EG"(X) = nZ( ] )Glx =nGy-1(x). (1.6)

By the definition of Bernoulli and Genocchi numbers, we get the following recurrence
formulae:

By=1, B,(1)-B,=061n Go=0, G,(1)+G, =261, (1.7)
where 6,k is the Kronecker symbol (see [2]). From (1.4), (1.6), and (1.7), we note that

1B (x)dx = Bon (n>0) 1(; (x)alx——zc—"+1 (n>1) (1.8)
0 n _7’1+1 nz=V), . n = N+l n-2z . .

From the identities of Bernoulli and Genocchi polynomials, we derive some new and
interesting integral formulae of an arithmetical nature on the Bernoulli and Genocchi
polynomials.
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2. Integral Formula of Bernoulli and Genocchi Polynomials

From (1.1) and (1.2), we note that
t 2te*t 1 2te*t
s L <et+1) ?<et 1)<et+1)
(o) 1H(Eo0) (Ee0)
1=0 m=0
1
t

n

(o] n tn
=—ZG () ZZ( )Gix)Bir
n! n=0 =0 :
2.1)
1& Vi | (") Gi(x)Bpaaa |
=320+ 2| 3G+ 3 i
I#n
:i "ZH <n+l> Gi(x)Bps11 | 1"
=\ 5 l n+1 n!

I#n

By comparing the coefficients on the both sides of (2.1), we obtain the following theorem.

Theorem 2.1. For n € Z., one has

n+1
n+1\ Gi(x)Bpi1-1
Bw= > (") A 22)
1=01#n

From (1.1) and (1.2), also notes that

i " %(”fi}” ) (+52) =1 (25) (555)
5 i—T> (Zoe3)
- i <—2i <’;> %Bn_l (x)> g

By comparing the coefficients on the both sides of (2.3), we obtain the following theorem.

H—lb—\
VR /-\
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Theorem 2.2. For n € N, one has
G
Gn(x) Z( > ax n—l(x)- (24)

Let one take the definite integral from 0 to 1 on both sides of Theorem 2.1. For n > 2,

n+l

B n+1\ G Buiio n-1Gli2
22( >l+1n+1_ ~BnG2 - 2z:<>(l+1(l+2) (2.5)
l-r‘n

l#n 1

Therefore, by (2.3), we obtain the following theorem.

Theorem 2.3. For n € N with n > 2, one has

_ 5 (1\_BuiGio
Bi=2 2, <l>(l+1)(l+2)' (2.6)

=1
I1#n-1

Ho—

3. p-Adic Integral on Z, Associated with Bernoulli and
Genocchi Numbers

Let p be a fixed odd prime number. Throughout this section, Z,, Q,,, and C, will denote the
ring of p-adic integers, the field of p-adic rational numbers, and the completion of algebraic
closure of Q,, respectively. Let v, be the normalized exponential valuation of C, with |p|, =
p ) = 1/p. Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f €
UD(Zy), the bosonic p-adic integral on Z, is defined by

N
1(f) = j FEI0) = Jim S, £ (1)
(see [2,5,11]). From (3.1), we can derive the following integral equation:
n-1
I(fa) =I1(f) + 2 f'() (n€N), (3:2)
i=0

where f,(x) = f(x +n) and f'(i) = ((df (x))/dx)|«=i (see [2]). Let us take f(y) = e!**¥). Then
we have

J‘ t(x+y)d‘u(y) — ZB (x (3.3)

Zp
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(see [2,5]). From (3.3), we have
f (x +n)"du(y) = Bu(x), f y"du(y) = Bn (3.4)
z, z,
(see [2,5]). Thus, by (3.2) and (3.4), we get

n-1
J' (x+n)"du(x) = f xX"dp(x) +my ", (3.5)
Zy i=0

Zp

(see [2]). From (3.5), we have

B,,(n) — B, = mnili""l (neZ,) (3.6)

i=0

(see [2]). The fermionic p-adic integral on Z, is defined by Kim as follows [2, 8, 9]:

Li(f) = f F@ds () = Jim = Z FE) 1), 67)
From (3.7), we obtain the following integral equation:
Li(fa) = (CD)"La(f) + 22(—1)“7(!) (3.8)
(see [2]), where fa(x) = f(x + n). Thus, by (3.8), we have

n-1
fz (x+n)"du_1(x) = (-1)" fz x"dp_1(x) + 22(—1)"4’117’1 (3.9)

1=0

(see [2]). Let us take f(y) = e'®**¥). Then we have

xt n
tf Dy () = 2 t+1 ch(x)a. (3.10)

Zp n=0

From (3.10), we have

fz (x+y)"dua(y) = L(x) f y'dua(y) = i (3.11)
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6
Thus, by (3.9) and (3.11), we get

Gm+1(n) _ (_ ) < n+1 22( 1)1 1lm>

m+1

Let us consider the following p-adic integral on Z:

1=0

K; =f B, (x)du(x) = i(’;)Bn_l IZ X d‘u(x = g( ) 1B,

Zy

From Theorem 2.1 and (3.13), one has

n+l k
_ n+1 Bn+1_k k 1
k=3 ()23 (o f, anco

k=0
k#n
n+l k

_ Z <n + 1> <k> B1-kBiGy
P k 1 n+1
k#n

Therefore, by (3.13) and (3.14), we obtain the following theorem.

Theorem 3.1. For n € Z,, one has

n n+l k
n n+1 k Bn+1—kBle—l
> ByBi= > > ( >< )—
P <l> = = k l n+1

Now, one sets

Ky = f By (x)dus(0) = ) (’}) Buiit

Zy 1=0

By Theorem 2.1, one gets

K—nZHCHl) "”kk<)G Xy (%)
2= nil - k-1 . H-1

Therefore, by (3.16) and (3.17), we obtain the following theorem.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Theorem 3.2. Forn € Z., one has
i <n> Gin i <n 5 1> ( > Bu1-kGr-1Gian
1)7m 61 T < m+1)(I+1)
Let us consider the following p-adic integral on Z,:

p 1=0

From Theorem 2.2, one has

n G+ n-1 n—1
Kz = ZZ<7>“I_1 < > nlkf xFdp_(x)
n n-l
_ n n-1 Gl+1Gk+1
=2, (1)( k )B"""‘(1+1)(k+1)'

Therefore, by (3.19) and (3.20), we obtain the following theorem.

Theorem 3.3. Forn € Z,, one has

B 1-kG141Gra1

e e

By Theorem 2.2, one gets

n n-l
n\ /n-1\ G
Ky = —2ZZ<Z>< k >l+—13n_1_kBk.

1=1 k=0

Therefore, by (3.22) and (3.23), we obtain the following corollary.

Corollary 3.4. For n € Z,, one has

n n n-l
n GraBy-i-k Bk
(1 )omm=23 5 (1) (")

1=1 k=0

Ka= | a0 = 3 (7)60 | xdpa) - lz(;(’;) G 212,

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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