Applied Mathematical Sciences, Vol. 7, 2013, no. 128, 6369 - 6380
HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988 /ams.2013.24287

The ¢g-Exponential Operator
Husam L. Saad and Abbas A. Sukhi

Department of Mathematics, College of Science
Basrah University, Basrah, Iraq
hus6274@hotmail.com (Husam L. S.)
ala2s3@yahoo.com (Abbas A. S.)

Copyright (©) 2013 Husam L. Saad and Abbas A. Sukhi. This is an open access article
distributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Abstract

We define a g-exponential operator R(bD,) which turn out to be
suitable for dealing with the Cauchy polynomials P,(x,y) and the ho-
mogeneous Rogers-Szegd polynomials hy(x,y|q). By using this opera-
tor, we derive Mehler’s formula and Rogers formula for the polynomials

Po(x,y) and hn(2,ylq).
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1. Introduction

In this paper we will follow the standard notations on g¢-series in [9] and we
always assume that |¢| < 1. The g¢-shifted factorial is defined by:

CUEZY 1—a)1—aq) - (1 —ag"?), ifk=1,2,3,....
We also define

[e.o]

(a:0)oo = [ [(1 = ag").

k=0
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The generalized basic hypergeometric series is defined by
1,02, ... 0
r¢s(a17a27"' 7ar;b17b27~' 7bs;qu): T¢S b 4, T
bla b27 © bs

i alq (a2; @)n -+~ (ar; On [(_1)"q(3)]1+8_rx", (1.1)

n(01; On(b2; O -+ - (b3 O

where ¢ # 0 when r > s+ 1. Note that

A1,02y ... 5 Qrq1 . (a'l; Q)n(a@u Q)n T (ar—f—l; Q)n n
r r 4, T ) = T
e ( biba. by Y ) ; (¢ (015 O (b2; @) -+ (br;

The following easily verified identities will be frequently used in this paper:

, (19w
@i = (0" ¢)0’
(@ Qnir = (a;9)n(aq"; @)

We shall adopt the following notation of multiple g-shifted factorials:

(a1, a2, @m; Qn = (@15 Q)n(a2; On -+ (Qm; @)n,
(a1, a9, am; Qoo = (15 9)00(A25 @)oo+ * (Am; @)oo

The g-binomial coefficients is defined by:

=9 (@GOG Dn—r

m @D o<k,
0, otherwise.

One of the most classical identities in g-series is Cauchy identity

(@D (080w
;(Q'Q)nx ~ e T

9

The following is the homogeneous form of the g-shifted factorial:

y.  (12)

Because the polynomials P, (z,y) occur so often in g-series, Chen et al. [7]
proposed to call them the Cauchy polynomials because they are the coeffi-
cients in the expansion of the homogeneous version of the Cauchy identity
(the generating function of P,(z,v)):

Po(z,y) = (y/z;q)na” = (x —y)(z — qy)(x — ¢y) -+ - (x — ¢" "

[e. 9]

Sroal s e

n=0
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Setting y = 0, the Cauchy identity becomes Euler’s identity:

o0

3 GO P (1.4)

= (G0)o  (7t¢)

Setting x = 0, the Cauchy identity becomes, another, Euler’s identity:

= (—1)mq3) (yo)
(@)

= (Yt; @)oo (1.5)

n=0

In 1970, Goldman and Rota [10] have shown the ¢-binomial identity

P = 3 [ P Pt (16)

k=0
Setting z = 0 in (1.6), one obtains the following identity:

n

P =3 [} 0@ tant (17)

k=0

Note that, the Cauchy polynomials P, (z,y) naturally arise in the g-umbral
calculus as studied by Andrews [1, 2], Goldman and Rota [10], Goulden and
Jackson [11], Thrig and Ismail [12], Johnson [14] and Roman [17].

The usual ¢-differential operator, or the ¢-derivative operator is defined by:

D, {f()y = L= Tar) (19

T

The Leibniz rule for D, is the following identity:

Dy {f@lgle)} = X [} 4D () Dy {atata)} . (19

D f(x) is understood as the identity.

In [5], Chen and Liu developed a method for deriving hypergeometric iden-
tities by parameter augmentation, which means that a hypergeometric identity
with multiple parameters may be derived from its special case obtained by re-
ducing some parameters to zero.

In [6], Chen and Liu realized the parameter augmentation by the g-exponential
operator T'(bD,), which leads to considerable simplifications of some well known
g-summation and transformation formulas. The g-exponential operator is de-
fined by

rpy = 3 CP)

“— (¢;q)n

The following operator identities were obtained:
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Theorem 1.1. (Chen and Liu [6]). Let D, be defined as above. Then

kg.ny _ (@ @n 2k
Dq {z"} = 7(q;q)nik . (1.10)

PG} * e =

The classical Rogers-Szegd polynomials play an important role in the the-
ory of orthogonal polynomials, particularly in the study of the Askey-Wilson
integral [4]. Some important results on the Rogers-Szego polynomials naturally
fall into the framework of parameter augmentation such as Mehler’s formula,
Rogers formula and the linearization formula and its inverse [3, 6, 13, 15, 16,
18, 20]. The classical Rogers-Szegé polynomials are defined by:

tatela) = 3 [

k=0

which has the generating function:

1

P ( xq = ,  max{|xt|, |[t|} < 1. 1.12
nz; ) = g el ) (112)

In the same paper, Chen and Liu represented the polynomials h,(x|q) by the
augmentation operator as follows:

T(Dy){z"} = ha(zlq).

Using the above operator definition of the Rogers-Szego polynomials and the
augmentation argument, they easily derived Mehler’s formula and the Rogers
formula for h,(z|q).

Theorem 1.2. (Chen and Liu [6]).
The Mehler’s formula for h,(x|q) is

Zh (x]g)hn y|q)( n) B LT : (1.13)

¢ q)n (xt,t,yt, xyt; q)oo

where max {|zt|, |t], |yt], |zyt|} < 1.
The Rogers formula for h,(x|q) is

2 — t" s™ x5t q) oo
S5 bl R T

(@GO (¢ ODm (x8, 5,2, q)00

n=0 m=0

where max {|zs|, |s|, |zt], [t|} < 1.
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In 2006, Zhang and Wang [19] used the g-exponential operator 7'(bD,) to
some terminating summation formulas of basic hypergeometric series and g¢-
integrals to obtain some g-series identities and g-integrals involving 3¢5. The
following operator identity were obtained:

Theorem 1.3. (Zhang and Wang [19]). Let D, be defined as above. Then
: k.
o )= Gy Gl T )oY 1.15

In 2003, Chen et al. [7], introduced the homogenous ¢-difference operator
D,,, which is suitable for the study of the Cauchy polynomials, acting on
function in two variables x and y:

flx,qy) — flqz,y)
r—qly

Doy f(z,y) = :
Based on the homogeneous g¢-difference operator, they built up the homoge-
neous ¢-shift operator as the g-exponential of the homogeneous ¢-difference
operator:

They also introduced the homogeneous Rogers-Szego polynomials and derive
their generating function by using the homogeneous ¢-shift operator E(D,,).
The homogeneous Rogers-Szego polynomials are defined by:

tutei) = 3 [{] A

k=0

which has the generating function:

- t (¥t @)oo
E hn(x,y|q = . max{|zt|,|t|} < 1.
—~ (@3] )(q;Q)n (8,4 q) oo et I3

In 2007, Chen et al. [8] present an operator approach to derive Mehler’s
formula and Rogers formula for the homogeneous Rogers-Szego polynomials
hn(x,y|q). The proofs of these results are based on parameter augmentation
with respect to the g-exponential operator 7'(D,) and the homogeneous g-shift
operator E(D,,).

In this paper, we introduce a new g-exponential operator R(bD,). We
present an operator proof for Mehler’s formula and Rogers formula for both the
Cauchy polynomials P, (z,y) and the homogeneous Rogers-Szegd polynomials

ho(z,y]q).
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2. The ¢g-exponential operator R(bD,)

Let D, be defined as in (1.8). We define a g-exponential operator R(bD,) as
follows:

R(bD,) = 7bD§. (2.1)

= (—1)kq et
o (¢ @)k

k

The operator proof needs operator identities, so we derive some identities
for the g-exponential operator R(bD,). We use R, for the operator R acting
on the variable a. The following theorem for the exponential operator R,(bD,)
is easy to verify.

Theorem 2.1. We have

Ra(qu){m} - % (2.2)
raep {E=t = o (). e

Theorem 2.2. We have

Ra(qu){ (av; @)oc }: (bs: @), ( U/tésb/a ;q’at)' (2.4)

(at,as; q)oo (as;q)oo

Proof. By using (1.9), we get

Ra(qu){ (av; 9)oo }

(at,as;q)oo
- S S e o ()
- S S S e )
- & S eEteniony (it} o s 10
- S ) s by wing (2:2)

CwabS§Q)OO - (U/t7a5§Q>k —1)kq(k)(bt)k

)
av, bs; q) oo sy ( v/t,as » bt)
 q) s :

av, bs
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By Jackson’s transformation [9, Appendix III, equation (II1.4)], we get the

required result.

Theorem 2.3. We have

1
R,(bD,) S ——— ¢ =
(6000 {(&Saat;q)oo}
Proof. From (1.9), we get

R4 (bD,) {m}

(bt; q)so

(as,at; q)o

1
! ! { (as; @)oo
(tg")"*

(2.5)

at
1¢1 ( bt 7q7b8) .

P )

(as; @)oo

”} "= s*
(

oo _k’g)sk 0 \p
st o

(atq*; q)oo

(by using (1.11))

a2 (btg")"

(as,at; @)oo =5 (G Q)i — G @)n
= (as’;t;q)oo i (_1)(2ff;:bs)k(at;Q)k(btq’“;Q)oo (by using (1.5))
" Gt
|
Theorem 2.4. We have
N e i i (25)
Proof. By using (2.1) and (1.9), we get
Ry (yDy) {ﬁ}
0 b (%) K
o oMK ER LR CEY
_ (zth) = (—1)j(2(;é2§ftq”)j k; m (—1* g ykzm*  (by using (1.10))
(yt; @)oo b2 ( )

(2t @)oo (Yt; @)n

(by using (1.5) and (1.7))
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3. Mehler’s formula and Rogers formula for
Py(z,y)

By using (1.7), the Cauchy polynomials P,(z,y) can easily be represented
by the augmentation operator as follows:

R.(yD,) {z"} = Pu(z,y). (3.1)

Using the operator definition (3.1) of the Cauchy polynomials P,(x,y), it
is easy to give a simple derivation for Mehler’s formula and Rogers formula for

Pn(:v,y).

Theorem 3.1. (Mehler’s formula for P,(x,y)). We have

N " (zwt;q)e ( w/z
Pn I7y Pn Z7w e ¢ ,q,yzt 7 Z"L‘t <1
% @)l )(q; On  (@2tQ)0 '\ awt |2t

Proof. From (3.1), we get

Z Pn(%y)Pn(Z?w)L = R.(yD,) Z Pz, w) (xt)n
n=0 (Qa q)n k
= Rauoy {0 (by using (1))
7(xwt;q)oo 101 ( wquz '%yzt) . (by using (2.3))

Theorem 3.2. (Rogers formula for P,(x,y)). We have

— o s" (Yt @)oo at
Pn m\d, = 4, )
ZZ +m(T ?J)( (25, 8 ) 191 gt Y8

n=0 m=0 q; q)” (q’ q)m

where max{|zt|, |xs|} < 1.
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Proof. From (3.1), we get

= R.(yD,) {( (by using (1.4))

8, Tt; ) o

WD wt :
- m 11 t 1q,ys | . (by using (2.5))

4. Mehler’s formula and Rogers formula for
ha(,ylq)

The homogeneous Rogers-Szegé polynomials h,(x,y|q) can easily be rep-
resented by the augmentation operator as follows:

Ro(yDy) {hn(z]q)} = hn(z,ylq). (4.1)

Using the operator definition (4.1) of the homogeneous Rogers-Szegd poly-
nomials h,(z,y|q), it is easy to give a simple derivation of the Mehler’s formula
and Rogers formula for h,(z,y|q).

Theorem 4.1. (Mehler’s formula for h,(z,y|q)). We have

t" t, zUt; q) oo ,xt,v/u
Zh (@, yla)hn uv\é])( - q>) 3¢2(y / ;q7ut),

Gq)n  (wt,t, 2ut; q)s yt, xvt

where max {|zt|, [¢|, |ut], |zut|} < 1.
Proof. From (4.1), we get

tn
Zh 2,ylq)hn (u, vlg)

(¢

)n

'Q

Mg

— R.(yD,)R.(vD,) { () (] g) }

= (¢ On
- RPN G P (it ) (o ueing (L13)

_ Rx@Dq){( it 2¢1(“’“/“;q,ut)}. (by using (2.4))

xt, t,urt; ¢)oo vt
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By Heine’s transformation 9¢; series [9, Appendix III, equation (II1.2)], we get

rt,v/u zut, vt; q)eo t,v/u
[ ) = e (vfe )

vt (vzt, ut; @)oo vt

Hence

tn
Zh 2, ylg) b (u, v\q)(f

&G Pn

(£, v/u; @)n(u {
y

(vt; @)oo
(t, ut; q)oo

|
M g

(q,vt;q)n

I
o

n

_ (Wt yhg)e Z(t 0/ n(ut)" Po(, ) (by using (2.6))

(@t bt ut; q)oo = (¢, 060)n (Yt @)n

_ (Ut7yt7Q)oo t,U/u7y/{L‘ ) .
= a0 (o awut) o (by using (11) and (12)

By transformation 3¢, series [9, Appendix III, equation (II1.9)], we get the
required result. |

Theorem 4.2. (Rogers formula for h,(x,y|q)). We have

m

(yS;Q)oo Y,TS
hn m = 7 ; 7t 5
ZZ +m(,919) (8,8, 5 q) oo 21 ys 1

=i (QQ) (@3 @)

where max {|zs|, |s|, |zt], [t|} < 1.

Proof. From (4.1), we get

Zzhn-I—m X y‘q tn Sm

n=0 m=0 )m

- e {Zzh’”mx'q R }
———R,(

- <stq> o) { i)
Do

= (ys: Sy/T T usin
= (stq) (25 ) 2¢( s t)- (by using (2.4))

By Heine’s transformation 9¢; series [9, Appendix III, equation (II1.3)], we get
desired result.

(by using (1.14))
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Our derivation for Mehler’s formula and Rogers formula for h,(z, y|q) seems

shorter and simpler than the one given in [8], because we only use the ¢-
exponential operator R(bD,), while their proofs are based on parameter aug-
mentation with respect to the g-exponential operator T'(D,) and the homoge-
neous ¢-shift operator E(D,,).
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