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CLASSICAL POLYNOMIALS — A UNIFIED PRESENTATION
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1. Introduction:

The classical polynomials have a generalised Rodrigues’ formula of
the form

1
1.1 F - D" (x) X"
( ) n(x) Kn. (x) [ ( ) ]’

where K, is a constant, X is a function in x, whose coefficients are mdepen-
dent of m, and w(x) is the weight function, where F,(x) is a polynomial in x.
Most familar polynomials defined in this manner are as follows:

1.2) P, (x)= 71—‘— D" (x?—1)* — Legendre polynomials.
"n!

(1.3) P,(,“'B)(x) =(—2_—1):1(1 —x)"*(1+x)"BD*[(1—-x)*+"(1 + x)B+n]
r.n!

— Jacobi polynomials.

1 1
(1.4) P = 1 “71)"[(1 ]
— Gegenbauer polynomials.
(1.5 R,,(x)=D"[x" (1 —x?)"] — Appell [1].
(1.6) LY (x) = i' x~®e* D"[x%+" ¢~*] — Laguerre polynomials.
n!
1.7) H,(x)=(—1)"e¥D"*(e~**) — Hermite polynomials.
(1.8) Vo (X, @+ 2, b) =b="x—% ebl* D" [x2+27. g=bl%]

— Bessel polynomials.

1.9) h, (x)= —1‘— e¥ D" (x" e~**) — Humbert polynomials.
n!
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Generalisation of Rodrigues’ formula has been a starting point of many
researches in the past. And in this direction Menon [8] generalised Legendre
polynomials by defining the polynomials

1

nts»

(1.10) P (2)= D (z -1y

Gould-Hoper [7], Chatterjea [2, 3], Singh-Srivastava [12] generalised
Hermite polynomials, Laguerre polynomials, Humbert polynomials etc. by the
following relations:

(1.11) H,(x, a, p)=(— 1)" x~ erx" D" (x3 ¢ p¥"),

—a
(1.12) Li(x,r, p)= T (x, p)=" — er Dn (x0T,
n!

(1.13) FO(x, o, m, p) = x—%eps™ D [xx+mn g=px'],

Also there have been attempts by Fuziwara [6], Chatterjea [5] and many
others to give a Rodrigues’ formula to include all familiar classical polyno-
mials, and they succeeded to some extent. In this direction it is of interest

to study a set of polynomials P,(,“’ 8.5 (x, r, 5, m), defined by relation
(1.14) PO (x, 1, 5, m)=x—(1 —k x7) ~8/k Dn [xeatmn(] _ foxr)Blicssn],

where o, B, k, r, s and m are parameters.

This function happens to include all the polynomials and functions given
above from (1.2) to (1.13). Following are particular cases of (1.14);

(1.15) P,,(x)=(—l)"2—_'—P,EO’°’ Dix, 2, 1, 0)=(—#P§°’°’1)(1—;ﬁ, 11, 1)
n! n!

=—1—P,(,°’°’”(—1—x, 11, 1).
n! 2

(1.16) P,S“"”(x)=(‘#a$““’ (l—tx 11, 1):119,(,"’“""(%, 11, 1).
ni

2 n!
1\ )‘—i,l—l,l
(1.17) C,(,A)(x)=(-iP,,( 22 )(}ﬁl, 1, 1)
n! 2
;\_i,)\_l, 1 _ —_ 1\ O,A—i,l
=ip,(, CRME )<1«"1 1,1)=( D P,(, z )(x,2, 1,0).
n! 2 2n.u!
(1.18) R, (x)=P>%V(x,2, 1, 1).
(1.19) LY (%)= Il(in% ;:Tp,‘,“"”" (x, 1,0, 1).

(1.20) H,(x)= lim (= 1)" PO2R(x, 1,0,0)= lim (- 1y" PO1.0(x, 2,0, 0)
K—0 K—0
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(1.21) Vo(x, a+2,b)= lim b P@bb(x, —-1,0,2).

(1.22) A, (%)= lim — ! PO O(x, 2,0, 1)= lim P“’”’(x,l 0, 1).

K—0 1! K0 n!
(1.23) P, S(x)- s) PO%V(x, s, 1, 0).
(1.24) H!(x,a,p)= Il(i_x)r:)( — 1) P@rB(x, r, 0, 0).
(1.25) T®(x, p)=LD(x,r, p) =K1’i_r)1:)% P2 K)(x, r, 0, 1).
(1.26) FO(x, a,m, p)= Il{in‘t P@PrE) (x, r, 0, m).

2. Expansion and generating function

From (1.14), it is easily seen that explicit form for P& (x, r, 5, m) is

2.1 P&&R) (x, r, 5, m) = nl x(m=D7 (1 — kx)s-
n (=B = ksn)* D r i tmnrt
- (=1 ( Bi‘s”) ( X )Z(‘)(+ )
i=0 ! =0

where (@)%D=a(a+k)(@a+2k)- - -(a+(@-1)k).
Also from (1.14) we have

.2 i - PEPP e r, 5, my=
n=90

—xr (1= kw0 S L' D[ {am (1 — kryyrxe (1 — ey,
n=0 M.
and interpreting the last expression with the help of Langrange’s theorem [9],
_fn =
D'l {[® (x)]*f(x)}, where
1—¢ (D, (y) ngo
y=x+1t®(y), we find that

(2.3)

(2.49) i — PP R(x, r, 5, m)
n=0 n!

where z=x+1z" (1 ~kz")s.
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This gives a generating function for (1.14). In view of the relations
(1.15) to (1.26), (2.4) yields a large number of generating functions for the
polynomials of Jacobi, Hermite, Laguerre, Bessel, Gegenbauer, etc.. For instance
we have the special cases:

Legendre polynomials —

S Q0P (x)=(1+2£2)1,
n=0
where
z=x+1(1-22),

which on simplification gives [10]

@.5) S wn P, (x) = (1 — 2ux +u) -1,

n=0

Jacobi polynomials [10] —

(2.6) S PP (x)tn=22+BR-1(1 =1+ R)~%(1+ 1+ R)®,

n=0
where
R=(1-2xt+ )12,

Generalised Hermite function [7] —

2.7 > t—’ HP(x, a, p)=x"%(x— 1) e GT—G—n"),
n=0 M.
Generalised Laguerre function [2, 12] —

2.8) S 7 L9 (x, 1, p) = (1~ £)—2—1 en==0",
0

n=

Chatterjea’s generalised function [3.4] —

-] t” (r) z o
2.9) z —F. (x, a, m, p)=(_.) (1 —mtzm=1)=1epGr=2z"
n=o 1! X
where
Z=x+12z"
Now using the Taylor’s expansion
- tll

xkn
fr+ed) =3 ' D f(x),

n=0 N

we get another generating function as

(2.10) > —t—' mmn Bl k) (%, v, 5, m) = (1 + txm—1 (1—=kx)9=-
n=0 N:

« (1= Kxn) =Pk {1 — x7 (1 + txm=1 (1 — k) }Bik,
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Also we have

e A - -
(2.11) 2 _;l_'_ P'(lzx mn--n, B—ksn-+-kn, k) (x’ r, s, m) —
n=0 rt:

=(_Z_)°'( Lk )B/k{l —xmet (L= kxrp=t (1= k (r+ D )},

X 1—kx
where
' z=x+tzx" 1 (1 —kz") (1 — kx")s~1,
® - n 1 —kzm \Plk
2.12 PP (e r, 5, m t—=(i)a( ) '
( ) Eo ¢ ) n! x 1—Fkx
{1—mt (1 - kx")*zm-1}~1,
where
z=x+1tz"y (1 —kx7)s
and
i 4 ox—mn-+n, 3 — ksn, k) 1 n
.13 P pl-mntmp—kemio o <——7)
) ,Zo n! ¢ ) xm=1 (1 — kxS
— r — $)-r\B/k
=(1—t)"°‘—1( 1-kx*(1-1) ) .
1—Fkxr

These relations also yield into interesting generating relations for the
familiar classical polynomials.

3. Orthogonality type relations:

From (2.1) we observe that P& B’k)(x, r, s, m) is a polynomial of degree
(m+rs—1)n when k0, and of degree (m+r—1)n when k=0.

If r is not even integer and k0, n(I+pg—1) is positive integer, then
it is easily seen that

amyl*

(3.1) f x2(1 — kxr)ple P&B0 (x p s my. P *(x, p, g, 1) =

0
=0; p>n(I+pg-1),

+0; p=n(+pg-1),
and when k=0 and n(I+p—1) is a positive integer

3.2) [ e s BP0 (x,r, 0,m) PO (x, p, 0, D=0; u>n(+p-1)
0

+0, p=q(+p—1).
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In the case r be an even integer, the polynomials admit the following
integrals only in case r=2, and when k=0 and n(/+pg—1) is a positive integer
1
1/_IC__
(3.3) [ x*(1—kx2)Plk PEPB (x, 2, 5, m) PSP (x, 2, g, D dx
1
VE
=0; u>n(+pg-1),
+0; p=n({+pg-1),

and when k=0, n(I+p—1) is a positive integrer

(3.4) [ x=e=2 P20 (x, 2,0, m) PO (x, 2, 0, Iy dx

=0; p>n(l+p-1,
+0; p=n(+p-1).

The values of the above integrals are easily obtainable for w=n(+pg—1)
or u=n(/+p—1), as the case may be, by application of successive integration
by parts. Since these values are not required here for any use, hence have
not been obtained. It is also easily seen that, in particular cases, above inte-
grals hold.

4. Recurrence and other relations:

Following recurrence relations are easily seen to satisfy by

P&l (x, r, 5, m):

“.1 DP®® (x, 1, s, m) + (*a— —rBx-1(1- kx')“) PR s, m)
x

. = PO (s, m)-x~™ (1 =kx")~s,

an

42) PEYO @, r, s, m)=(atnm4m) xm=1 (1 — ks OISR (0 Loy
—r(B+k (n+ 1)5) xmir=1 (1 — kxr)s=1 petm=blthe—kby o L s m).

Interestingly (4.1) leads to

o xr-1 (2, B, k) 4 (o—m, B—sk, k)
<D+b_rﬁﬁ) e (X, I, m)=x—m(1__er)—spn+1 ’ ’ (x’r’s’m)'
X — Kx"

r—1
Letting D=D+ > _ rBx

% , we have
X — kX'

(4.3)  DPFPP(x,r, 5, m)=xm (1 —kxr)=s PET P00 (v s m),



Classical polynomials — a unified presentation 175

and repeated operations of D give
4.4 PO (x, r, 5, m) = x~m(1—kxr)=st PE TR (0 b s m).

® is the operator of Gould-Hopper [7} for k=0 and hence obviously
gives, as particular cases the following [7, 11]:

4.5 D Hy(x, o, B) = (— 1Y Hype(x, a, B).

(4.6) DI (x, B) = () ! X Ty (v, B).
4.7) DBy, (x,0+2, B)=x"%y,,, (x, « +2—2m, B),
(4.8) D FO(x, @, m, B)=x""F0), (x, a—kt, k, B).

In case of Jacobi polynomials we have

t
(4.9) (.D +;C%—|—%) Pr(la’ B) (x) — (n;,H)t! 2—n-2t (x2 _ 1)_1P$l0!+—t1,3—1) (x).

It is easily seen that

(4.10) W)= 5 O DU-DY.
i=0

1

This relation is analogous to that of Gould-Hopper [7]. Using (4.4) for
n=0, we get

n » .
(4_ 1 1) D= z (;‘)x—m(n—i) (1 _ er)—s(n—i) Pr(za__,-m("_l)’ B—sk (n—i), k) x, r, 5, m) . D\,
i=0

Again we see that

Jo.
DiP*PO (x, v, 5, m)= 5 () PP 7P (x, 7,0, 0) D PP, 1, 5, m).
i=0

This suggests inverse relation to (4.11) as
i,
(4.12) Di=3 () PZF PP (x,r, 0, 00D
i=0
Suppose that f(x+1¢) possesses a power series in powers of ¢ as
- tn

fx+n=73

n=0 n!

D f(x).
Then using (2.9) and (4.11) and simplifying we get

LEVN = < i J
(4.13) IO 0BT

N A -
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Hence choosing f (x)=P,(,°" BB (x, r, s, m) and using (4.4) we obtain

(4.14) i—’P(“_’"" I ey s, m) = (14 xm= (1 — k).

j=0J:
- (1 —kx")=Pk{1 — kxr (1 4 tx™= 1 (1 — kx7)s) }ik .
. plobh (x+txm=1(1 —kx"), r, 5, m).
Also we get by use of (2.12)

1 (x—mn-+n, B—ksn, k) t n
4.15 P, ’ M, r, s, m) | ————
(4.15) nzon, : ( ) (xm_l . er)s>
1 —kzr \Plk (pk
=(l—g)~u—t-a[ —— "= " p&BR (7 r s, m),
(1-1) (1_ kx,) ( )

where
z=x/(1-1).

The generating relations (4.14) and (4.15) reduce to (2.9) and (2.12)
respectively for n=0. These 1elations are of particular interest as we can use
them to obtain bilateral generating functions.

5. Bilateral generating functions:

In this section we apply the generating function (4.14) and (4.15) to
prove the following theorems:

Theorem 1. — If

n
(5.1) F(x, t)= z a PEm kb s my
n!

n=

where a, are arbitrary constants, then

(5.2) (1= txm=1 (1 —kx)$)> (1 — kxr)y=P {1 — kx™ (1 + txm™=1 (1 — kx7)s}8lk .

CF| x4 txm=1(1 - kx7)s, !t
(1 —tx™=1(1 = kx")$)™ (1 — kx)s {1 — kx" (1 + txm™-1.

. (1 _ er)s)r}s —

-] t"
Z (oc nm, 3 —ksn, k) (x, r, s, m) s, (y) . _' ,
n=0 n.

where
(53) o-n(y)= z (Z)auyu'
u=0

To prove this, substitute series expansion (5.3) of o,(y) on RHS of (5.2)
and we get

w _ tn
Z a y i z P’(‘o-t*_u(n+u), m, B—(n+u) sk, k) (x’ r, s, m) z
u=0 u! n=0 n!
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On summing the inner series with the help of (4.14) and then interpreting
the expression with the help of (5.1), we get the theorem immediately.
Theorem 2. — If

hod " («—mntn, B—ksn,n) ( 1 n
54) Glx,tf]=> a,— P» (x, r,s,m)- h)
64 Gva-3 ot (oo

where a, are arbitrary constants, then

preaf Lok (=0T T yt
U O e G[l_t’xm—l(l—t)m-za—kx'(l—t>-'>‘]

t

21 (oc—mn+n, B—ksn, n) ( )"
= — P, ’ (x,r, 5, ma, e K
2 ( ) 6, (%) (1= k)

,,=on!

where o,(y) are given by (5.3)
Proof of this theorem is similar to that of theorem 1.
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