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ON THE UNIFICATION OF GENERALIZED
HERMITE AND LAGUERRE POLYNOMIALS*

by

J. P. SINGHAL and C. M. JOSHI

1. InTrRopucTion.—From time to time various attempts have been
made to generalize the Hermite polynomial (cf., e. g., [11])

H, (#) = (— 1)" exp (+?) D" [exp (— #7)}, (1.1)

whereD=—d~.
dx

The first classical stcp in this direction was that of E. T. Bell [1] who
replaced the exponent 2 in (1.1) by an arbitrary parameter » and later by
an arbitrary function, But for a long time, until the investigations of
Rajgopal [10] and Riordan [12], Bell's paper went unnoticed. Following
the work of earlier researchers, Gould and Hopper [6] defined what they
called the generalized Hermite polymonial,

H, (#,0,p) = (—1)" 2% exp (p27) D" 2" exp (—p #").  (1.2)

They however mainly confined themselves to the study of operational
formulas associated with this polynomial.

On the other hand in 1956, Chak [2] gave a generalization of the
Laguerre polynomials [11]

exp (x) ¢

L, () = D" jx=tn exp (— 2, (1.3)

n!

* Supported by a DPost-doctoral Research Fellowship at the West Virginia
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in the fom

2% exp (x")

P, (x) = L D" fxeta exp (— 7). (1.4)

2!

Later in 1959, Palas [9] considered the polynomial T,, (#) which satisfies
the Rodrigues’ formula

exp (2%

Tan (2) = D~ {2" exp (— #*)]. (1.5)

n!

The aim of Chak and Palas was to generalize the results of Humbert
[7] and Duffahel [5] who separately studied the polynomials

exp (#°)

Py (#) = —————D" [x" exp (— #*)} =
n!
%m+%%w+u
= exp (+7) ,F, — |. (1.6)
L
2

Recently, Chatterjea [3] and Singh and Srivastava [13] independently
studied a class of polynomials which termedthet hey generalized Laguerre
polynomials. In the notation of Singh and Srivastava the generalized La-
guerre polymonial is given by the relation

x %exp (px7)
n!

Lal® (x, 7, p) = D" {zrtmexp (—p ). (1.7)

It appears that the generalized Hermite polynomial referred to in (1.2)
and the generalized Laguerre polynomial of Singh and Srivastava (also
due to Chatterjea) are essentially the same. But on a closer examination
one finds that it is not so. That is that they have remarkedly different
properties. It was mainly this idea that led the authors to study a class
of polynomials which could unify both the Hermite and the Laguerre
polynomials. It is interesting to observe that the polynomial which we
study here not only gives the generalization referred to above but also

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

84 J. P. SINGHAL AND C. M. JOSHI

includes the generalized Bessel polynomial of Krall and Frink [8]

Y,® (x) = 2F0[— nyin+ o+ 1; —; ——;—z]=
x7% exp (E)
— x Y ] (__2)/
— D" jx*+ 7 exp P g (1.8)

as a special case.

2. Derinmtion.—\We make the definition
J.® (2,7, p,9) = C(g,n) x7%exp (p #7) D" {s*Temexp (—p 2){ (2.1)
where for the sake of brevity

(— 1)% n(g—1) (g—2)

Clgm=-" ,
99 ™ (g—1) (1 )ng a-a)

g is a non-negative integer and
@p,=a(at+1)...(a4+n—-1), =n=1, (a)y=1.

It is easy to see that when ¢ = 0, (2.1) reduces to (1.2) and when
g = 1 it yields the relation (1.7). While if we let g = 2, we are led to the
generalized Bessel polynomial menfioned above.

We begin by considering the equation (2.1) and obtain

L@ (2,7, 0,9)=Cl(g,m)exp(px)(a+g—1n+1), -

) S i G ok A ) (2.2)
m=0 m‘(a-}'q—ln_{'_l)mr '

Since [11]
L2 — 1
(@e =2 [ (%) , 2.3)

J=1
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(2.2) can also be putin a more elegant form

L (x, 7, pq)=Clg,n)(a+g — 1n-+ 1), x07exp (p27) -

.r[:r[i<r1a+qn+1>; __pxr:l’ (
Mrya g — 1n+ 1

[\
'S
S

where A (7, o) stands for the set of » parameters

o a-+1 o4r—1
r ,o r '

It is obvious that when ¢ = 1, (2.3) reduces to the formula (1.7) o
Chatterjea [4].
Further from (2.2) we have

'\A&

1(‘1) (.’L’,?”, Pa ‘])=

:—_o . ’ C q, )
x* , (_ P)m e :cﬁ (a + 1 _1,_ . r)q"
= eX x =l (2.5
p(z )mZ__.o m | ,,2=’0u!(a—}—1—f—mr)ﬁ,, (x ) (2-9)

which in view of (2.3) simplifies to the generating function

! "
o W ) =
2, c (x.7, 5, 9)

" (— pyr A (gya+mr-41; xelg?
== x7 - - F 1 )
eXp(P )Z 7" 7 [ (g—],a—-}—mr+l), (q_l)q_l tJ
(2.6)

In the special case ¢ = 1, our formula (2.6) yields the generating
function for the generalized Laguerre polynomials [13],

(1—g 1 oexplps” —pa" (1— 87| = D "L,®(x,7,p), (2.7)
7=0

whereas on putting ¢ = 0 in (2.5), we obtain

© ”

r~*(x —2)° exp%px’—p(x—tﬂ:z

n=0 7.

H. (%, 0,2), (2.8)

due to Gould and Hopper [6].
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3. THE pIFFERLNTIAL EQUATION.—In this section we employ the diffe-

d
rential operator ¥ = x» P which possesses the following interesting
x

properties
F@)2"=F (n) z* 3.1)

and

F (3) [exp {g (0)i f(x)] =exp ig 0)| F (3 + #£") f (»). (3.2)
In view of these two relations, from (2.2) we have

B—pre—g—1n)Q—prat+atl—79),27p4q =
=rat+qg—1n2+41),C(gq.n)exp(p ) -
. i‘ (—P)m (a + qﬂ + 1)""' x;:l_n-i—mr____ p—
m=1 (m—l)’(a_*—q_ln_{_l)mr—r
=—pra(a+g¢g—1n1-4),C(g,n)exp(pz) -
R LT PR IL S b L3 A S
) ml@dqF1n+ 1)
= —pra(d—pra+n+a+1),1"(x7,p49).

We therefore, finally have the differential equation

B—prar—g—1n)d—predtatl—r),+
+prr@—pra4ntait-1)]Y=0, (3.3)

satisfied by J,® (#, 7, g, ¢).
It will be remarked that if in (3.3) we let ¢ = 0, we are led to the
differential equation

[0 —prar+m@—pratatl—n +
G+ pre(d—pra+n+1+4a,]JH, (2, =0, 3.4)

for the generalized Hermite polynomials, which does not seem to have
been noticed earlier. On the other hand ¢ == 1 reduces (3.3) to

[@—pran@—pra+t+at+1—r),+
FpraG—pra+nt1+a]LE (570 =0. (3.5
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4. SoME ADDITIONAL RESULTS.— We notice that (2.1) can be put in the
form

Iy (%7, 0,9)=Clg,n+ 1) xexp (p ) -

- D"{{a 4 n g + g) x*tertet exp (—p &) —
— pratteteirlexp (—p 2,

which simplifies to

a Clg,n+1)
JSH)-I (2’, 7y Py 9) =
C(g,n)

° g(a + ngq + g) xet J”(u—}—q*l) (2‘, 7,2 9) -

— y xotr—1 J”(ﬂ+q+f—1) (x, r’p’ q);’ (4: 1)

where
1
I (q’ ” + 1) . (__ ])—2" (g—1)(4—2)
Clg,n) L=

(@) 27" [1+ng@2— o

Secondly, differentiating both the sides of (2.1) with respect to » ve
deduce

7 C(g %) a—p)
, D—- 7 J,‘(“) 7 P =—x-—————~~—-—.],‘ hf 5 Py . 4-2
(# prx o) (a,7,,9) Clant1) (B pq). (4.2)

Yet another recurrence relation in the form
J"(H'U(x, 7, D, 9) — J,(® (xa o, 7) ==
7 C (g, n)

=——————fo2&") %, 7 by 4) 4.3
Clain—1) £ ( y 25 ) ( )

follows from (2.1) by making use of the difference operator

Aflg)=f(a+ 1) —f(a).

In case when ¢ = 0, (4.2) corresponds to (3.4) of Gould and Hopper
{6], whereas (4.1) yields

xHrn—}—l (xa “,P)=Pferrn (I,C( + ¥y — 1’p) —-aH’,,(x,a—l,p). (44)
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Next since

Jn(a_H;) (x, fafh +p2’ 4) = C (91 n) x—a—ﬁ *
- exp {(py + po) #7 D" [xeter TR exp | — (p; -+ £3) 2] =
= C(g,n) v~ Pexp (g, + 22) #} -

. Zn:( : )Dn—kzﬂ:a exp (— p; #7)} D {z8+em exp (— p, 27)],
k=0

a little simplification will yield the doubly additive addition formula

T (2, 7, p1 + Doy g) =

> (" C (g, n)
=1 J (B—qk) 7 , )
k=o(/e) Clg,/)Cg,n—24%) W7 (2,7, £y, 9)
S IEER (2,7, P4, 9), (4.5)

which generalizes the formula (3.10) of Gould and Hopper [6] to which
it reduces when ¢ = 0. And in the special case when ¢ = 1 we get the
neat formula

Ln(a+ﬁ) (,1«’, 7’, P1 +P2) = Z"' Slaj_kk) (I, 7’, 1’1) L?_k) (2’, rv I)z)v (4 . 6)

& =0

for the generalized Laguerre polynomials.
Lastly from (2.3) we readily obtain the multiplication formula

(1—gin 1

Ja@® (2,7, m p, 9) =m r Ja® (mT x, 7,9, 9)' (4'7)

Qur sincere thanks are due to Prof. H. W. Gould and Dr. H. M. Sri-
vastava for constant encouragement.
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