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1. Introduction

Recently a number of authors, including Sury [5], Zhao and Wang [8], Sury
Wang and Zhao [6] Yang and Zhao [7], Sofo [2], and [3], have considered the
summation of the reciprocals of binomial coefficients. In particular Sury Wang
and Zhao [6] have shown, among other results, that
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Identities (1.1) to (1.2) are reciprocal binomial identities of the form

W (a, j) =
1

j!

∞X
n=0

tnµ
an+ j
an

¶
for j = 1, 2, 3 . . . , a ∈ R+\ {0} in which case the particular series (1.1) is a
special case when a = 1, and (1.2) for a = 2.
Binomial coefficients play an important role in many areas of mathematics,

including number theory, statistics and probability. The binomial coefficient
is defined as

µ
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1
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(x− r), if k > 0

1, if k = 0
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for k ∈ Z.

In this paper we shall extend the range of identities by considering the sum
of W (a, j) both over n and j of the form

S (a, t) =
∞X
j=2

W (a, j) =
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j!

∞X
n=0

tnµ
an+ j

j

¶
and develop integral identities for the sums such that it may be helpful to
represent them in closed form. The main aim of this paper is indeed, to
express the sum S (a, t) and its generalisation, in integral form. As we shall see
below the sum S (a, t) can be written as a series of generalised hypergeometric
functions and in some special cases of the parameters may be expressed in
closed form. It is also important to note that some of these double sums,
as they stand without their integral representation, do not yield an output
by the standard computer algebra system of Maple or Mathematica. When
S (a, t) cannot be written in closed form the integral representation is extremely
useful in allowing one to obtain bounds and convexity properties for S (a, t),
however these results will be reported in another paper, some related results
may be seen, for example, in the papers [1] and [4]. Finally, we shall give a
generalisation to the sum S (a, t) .

2. Identity Representations

Consider the following theorem
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Theorem 1. Let a ∈ R+\ {0} , j = 2, 3, 4, . . . . and |t| ≤ 1, then
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Proof. Consider (2.1)
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by an allowable change of order of summation and integration, hence,

S (a, t) =
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In the case when a is a positive integer, by known properties of the hyper-
geometric function we may state that
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A number of illustrative examples are given,
1.
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where ψ (z) is the Digamma function.

We can make the following remark.

Remark 1. The series (2.1), S (a,−1) can be expressed in terms of the Lerch
transcendent.
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In particular, from (2.2)
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where ψ (z) is the Psi, or digamma function.
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From (2.5)
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In the next theorem we consider a generalisation of Theorem 1
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Now
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The hypergeometric function in (2.9) can be arrived at by considering the

ratio of successive terms of (2.6). ¤
The following examples are highlighted.
1.

S

µ
2, 2,

1

4

¶
=

∞X
j=3

1

j!

∞X
n=0

(n+ 1) (1
4
)nµ

2n+ j
j

¶ = Z 1

x=0

e1−x − 2 + x³
1−

¡
x
2

¢2´2 dx
=

∞X
j=3

1

j!
3F2

"
2, 1, 1

2

1+j
2
, 2+j
2

¯̄̄̄
¯ 14
#

=
e3

2
[Ei(−2)−Ei(−3)]−

3

2e
[Ei(1)−Ei(2)]−

1

2
log (9)

2.

S

µ
1, 4,

1

2

¶
=

∞X
j=5

1

j!

∞X
n=0

µ
n+ 3
n

¶
(1
2
)nµ

n+ j
j

¶ =
∞X
j=5

1

j!
2F1

"
1, 4

j + 1

¯̄̄̄
¯ 12
#

=
8

3

Z 1

x=0

6e1−x − 16 + 15x− 6x2 + x3

(2− x)4
dx

=
55

9
− 8e
3
− 8

3e
[Ei(1)− Ei(2)]−

8

3
log (2) .

3.

S

µ
1, 8,−1

4

¶
=
∞X
j=9

1

j!

∞X
n=0

µ
n+ 7
n

¶
(−14)nµ

n+ j
j

¶ =
∞X
j=9

1

j!
2F1

"
8, 1

1 + j

¯̄̄̄
¯− 14

#



Double sums of binomial coefficients 1509
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The following corollary can now be stated.

Corollary 1. Let a ∈ R+\ {0} , m ≥ 1, j ≥ m+ 2 and |t| ≤ 1, then
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Proof. Utilising the same ideas as Theorem 2 we can apply the operator
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2.
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dt is the integral of the Gaussian distribution.

The above technique may be generalised further by taking the consecutive
derivative operator x d

dx
{•}

The series (2.1) for S (a, j) can be generalised in the following manner.

Theorem 3. Let a ≥ b ∈ R+\ {0} , m ≥ 1, j ≥ m+ 1 and |t| ≤ 1, then
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Proof. Consider
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1

j!

1Z
x=0

(1− x)jmtxb(1− x)(a−b)

x (1− txb(1− x)(a−b))
m+1 dx

= bmt

1Z
x=0

xb(1− x)(a−b)

x (1− txb(1− x)(a−b))
m+1

∞X
j=m+1

(1− x)j

j!
dx

= mbt

Z 1

x=0

½
e1−x −

mP
k=0

(1−x)k
k!

¾
xb (1− x)a−b

x
³
1− txb (1− x)a−b

´m+1 dx

which is (2.12). ¤

Some examples now follow, with the minimum of detail.
1.
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S (2, 1, 2,−1) =
∞X
j=3

1

j!

∞X
n=0

(−1)n (n+ 1)µ
2n+ j

n

¶ =
∞X
j=3

1

j!
3F2

"
2, 1, j + 1
j+1
2
, j+2
2

¯̄̄̄
¯− 14

#

=

Z 1

x=0

{2e1−x − 5 + 4x− x2} (1− x)

(x2 − x− 1)3
dx

=
5− 7

√
5

250
eφ [Ei(−φ)− Ei(α)] +

5 + 7
√
5

250
eα [Ei(−α)−Ei(φ)]

+
2
√
5

125
[ln(φ)− ln(−α)] + 1

125
[190− 65e]

where φ = 1+
√
5

2
, is the Golden ratio and α = 1−

√
5

2
.

2.

S

µ
2, 1, 5,−1

2

¶
=
∞X
j=6

1

j!

∞X
n=0

¡
−12
¢nµ n+ 4

n

¶
µ
2n+ j

n

¶ =
∞X
j=6

1

j!
3F2

"
5, 1, j + 1

j+1
2 , j+22

¯̄̄̄
¯− 18

#

= −4
3

Z 1

x=0

¡
120e1−x − 326 + 325x− 160x2 + 50x3 − 10x4 + x5

¢
(1− x)

(2 + x− x2)6
dx

=
76e2

6581
[Ei(−1)−Ei(−2)] +

1528

6561e
[Ei(1)−Ei(2)] +

58385

34992

− 1216e
2187

+
376

2187
ln(2).
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