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Summation formula involving harmonic numbers
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Abstract. Some identities of sums associated with harmonic numbers and bino-
mial coefficients are developed. Integral representations and closed form identities of these
sums are also given.

1. Preliminaries

Some usual notational terms are defined for the reader and will be
utilized throughout this paper. The generalized hypergeometric function
notation

ai, ..., a N (ar)p - (ap)r
F bl bl P t — t'f‘
P q|:b17 oy by ] ;T!(bl)r...(bq)r ’

p,g€{0,1,2,3...}; p<q+1; p<qand |t] < oc;
p=gq+land|t|<1l; p=qg+1, |t|=1and

Re { S0 o1 bm = Xhsram} >0, b,y ¢ {0,-1,-2,-3,..}
and (a), is Pochhammer’s symbol defined by
(a)y =ala+1)(a+2)---(a+r—1), r>0, (a) =1
The Beta function

1
B(s,t) :/ 27 1—2) " de =
0

for Re(s) > 0 and Re(t) > 0,
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and the Gamma function
I'(z) :/ t*~te~tdt, for Re(z)> 0.
0

The Riemann zeta function

> 1
= R > 1
(=3 .0 Reld)
and the generalized Harmonic numbers in power « are defined by
"1
H® = .
. szl -

The nth Harmonic number, for o = 1 is defined by

n

11—t” 1
HY = H, = / L A= =y tun ),
B r=1

where v denotes the Euler—-Mascheroni constant, defined by

n

1
y=lim (3 - log(n)) = —t(1) ~ 0.5772156649 ... .
r=1

The Polygamma functions ¢*)(z), k € N, are defined by

k+1 kT (2
PP (2) = (;iz’:rl logI'(z) = ;zk (FF((;;))) -

1 tzfl
/ Ogl—t dt, keNyp:=NU{0}, N={1,2,3,...}
and 1[)(0)(,2) 1 (2), denotes the Psi, or Digamma function, defined by
d I"(2)
U(z) = i, log [(z) = ()

We also recall the well known series representation

> 1 1
¢(z):7§<r+1_r+z>_%

In this paper it is intended to establish integral and closed form identities
for sums of the reciprocal of binomial coefficients and harmonic numbers, so
called “Euler sums”.

There are many striking formulas discovered by Euler in relation to
Euler sums, including

(1) ) IISVETC I DRSO

n:l n=1
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and the recurrence formula
n—1

(2n +1)¢(2n) = 2 Z ¢(2r)¢(2n — 2r),

which shows that in particular, for n = 2 we have 5¢(4) = 2(¢(2))?, and more
generally, that ((2n) is a rational multiple of (¢(2n))2. Another striking

recursion known to EULER [6] is the following:
o) (1)
(1.2) 22 =(q+2)C¢(g+1) - ZCT+1 —r).

In a response to a letter from Goldbach, EULER [6] (see also [5]), considered
sums of the form

=,
Ey,s = Z nk
n=1

for k and s positive integers and extrapolated that Ej s (k+ s < 13) can
be evaluated in terms of the Riemann ¢ functions. NIELSEN [10] gave an
unambiguous version of Euler’s proof for (1.2) and for k+s =2¢+1, ¢ > 1,
BORWEIN et al. [5] gave a complete proof for

Al(k
(1.3) Eys=", [( :8> _A}((k—l—s) +C(R)C(s) —
2r — 2
_AZKS—l) (]:_1>]<(27"—1)C(k‘+s—2r+1)7
where A = 1 for s odd and A = —1 for s even. Further work in the

summation of harmonic numbers and binomial coefficients has also been
done by Basu [4] and FLAJOLET and SALVY [7]. In this paper we intend
to add, in a small way, some results related to (1.1) and (1.2). Specifically,
we investigate integral representations and closed form representations for
sums of the form W

Z n

=1 ()
for specific parameter values. The works of [1], [2], [3], [9], [11], [12], [13],
[14] and [16] also investigate various representations of binomial sums and
zeta functions in simpler form by the use of the Beta function and other
techniques.
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2. Harmonic numbers

The following result has been obtained in [11].

Lemma 1. Let a be a positive real number with j >0, n > 0, and let

-1
. an +j
Q(a,j) = ( , >
J
be an analytic function in j. Then

_Q(aaj)P(a7j)7 an
dQ where P(a,j) = Y Tij for j >0,
r=1

Q(l)(a,j): » =
T —Qa )G + 1+ an) — (i + 1)] — HyY,
for j=0and a =1,
and
W o PR S (A1 ) oo
Q (a7]) = dir = _Z Q" (a,j)P (a, ), for A >2,
] p—=0 P
where
) an 1 ‘ .
P<0><a,y>=ZT+j, for n=1,2,3,..., and Q©(a,j) = Q(a,]).
r=1
Fori=1,2,3,...
, aprp d & 1
2.1 PWO(q ) ="~ = -
(2.1) @) ="y = g (2, 1))
e 1 i . ) . )
= (_1)11! Z (T+ ‘)i+1 = (_1) il [C(Z+ Lj+ 1) - C(Z+ Lj+1 +an):|7
r=1 J
s 1
b) =

s the generalized Zeta function, where any term with k+b = 0 is excluded.

Remark 1. Some particular and special cases of Lemma 1 are the
following:

-1
. an + j L |
Q(l)(a>])2_< . j) ZT‘i‘j,

J r=1

9 ) an N Toan 1 2 oan 1
Q()(a’]):( +]> [(Zr—l—j) +Z(r+j)2}:

j r=1 r=1
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:<an]'+j) [ZZ i s+j)}’

r=1s=1
and

@<3><a,j>=—(“"j”) [(iriﬂ%

an

an 1
Jr2,;(7’+j)34r Z (r+J) QZrﬂ]'

r=1
In the special case when a =1 and j = 0 we may write

QW(1,0) =AY, Q(1,0) = (HV)* + HP,

and
Q®(1,0) = (HV)? +3HVHP +2H®).

Our first result is the following

Theorem 1. Let a > 0, b > 0, ¢ > 0 be real positive numbers
Jyk, 1 >0, and |t| < 1. Then we have

(2.2) f: DI i 1(j + 1+ an) — (j + 1)]

b GO TG Y (it e S (i (A Gl
(2.3)
Pl (1—2)7(1 —y)* 11 — 2)7Lz2Tyb2log(1 — o)
:—aklt/// drxdydz,
(1 _ txabeC)Q
00
where [txoyb2¢| < 1.

Proof. To prove (2.3), consider the following expansion:
ST T
B i t"ankl T'(an)'(j + 1) T(bn + 1) T(k)T(en + 1) (1)
Flan+j+1)T(n+k+1)T(ecn+1+1)

n=1

=akl Y t"nB(an,j+ 1) B(bn+1,k) B(cn + 1,1) =

n=1

= akl Z t"n B(bn+ 1,k) B(en + 1,1)/ 21 — x) da.
0

n=1
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Now we can differentiate both sides with respect to the parameter j, and
by using Lemma 1, we have

n & 1
t )
i . ’I”;l I =
bl G | G TGy

) 1 A
— —akl'S t"nB(bn+1,k)B(cn + 1,1)/ 21— 2) (1 — 2) do =
0

n=1

:—akth" /m‘m Y1 —2) In(1 — z)dx x

X/ybn kldy/ 21 e,
0

By the dominated convergence theorem, we have a justified change of order
of sum and integral, thus we may write

an

tn 1 )
= O e

_ —akl/Ol /01 /1 (1— x)j(l _ y)k—lil _ Z)l—l In(1 — z) y

a, b_c\n

X n(tx®y’z)" dx dy dz =

Mg

Il
—

n

_ — )7 (L —y)" 11— 2)' a1y 2 log(1 — )
——aklt/ // (1= oy dz dy dz,

which is the result (2.3). O
Some consequences of Theorem 1 are the following.

Corollary 1. Fora=b=1,t=1 and j =1=0, we have

oo (1) k 1
ylog(l — )
2.4 = k/ / dr dy =
= for k> 1.

(k—l)

This is a result that is also claimed by Cloitre and reported in [15], and
later proved by Soro [14].
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Remark 2. Fora=b=1,¢t= ) and j = =0, SOFo [14] obtained
the following new result:

oo (1)
DS
Z M) 1)k+1kr<ln2(2) +

k—1
k—1 (—1) -1 1)”(1—2”))
2 2 .
() e g ()7
The following new results are also consequences of Theorem 1.

Corollary 2. Let a=b=c=1,j=0,1=1,k>2, and t = 1.
Then we have

o (1) y)k—1
B (1- yzIn(l — x) B
(2:5) 2:: n—+1)( "+k B / / / 1—a:yz)2 du dy dz =

(2.6) = k¢(3) — kH,.

Proof. To prove (2.6), consider (2.5) and expand as follows:

i - kK HY & REY z’“:
— (n—l—l)(”:k) 12+ 2k (n+1)2 = ( n—i—r
where
_ n+r (-1)" 2(-1)" <k> (r)
A, = lim { } = = .
n—(—r) | k — ) (r—2)! !
(=) 1T (n + ) (k—m)l(r—2) k r)\2
r=2

Now, by rearrangement we get

> o mae ()61

r:2

ko1 [k > KHY
:Z k! ((7‘)<)2:: n+1)2(n+r)’

r=2
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and by partial fraction decomposition we get

k B} k r 00 7(11)
(2.7) = 7;22(—1) <T> <1> > 1

n=1

X

[ 1 1 1 }:
(n+12 (r-Lr+1) (r-1h+r)

e (B (M) s> oo ! 1
_;2(_) rJ\1 z::l " [(n+1)2_(n+r)(n+1)]

Since we have

~ g = (1) HO )2 4 5@
S g and =
= (n+1) n+1)(n+r) (r—1)

X

(2.7) can be written as follows:

k ’ (1) 2 (2)
(5 (0w s 2

r=2 r

k , k - (1) (2)
Bl Hr)()

=k((3)—kH®,, for k>2,
which is the result (2.6). O

Another result is embodied in the following

Corollary 3. Let a=b=c=1,j=0,1=2,k>2,and t = 1.
Then we have
o0 (1)
11— 2)yzIn(1 — x)
= drdydz =
;("‘;2 ) / / / (1 —zyz)? rayas

= 2k2¢(3) + 2k(k — 1)¢(2) — 2k°HY — 2k(k — )VH® — 2(k — 1).

Proof. Expand as follows:

n=1 (n—2i_2) (n']f;k) a n=1 (7’L + 2)(1’L + 1) (n+k) a
> 2k H Y 2k H Y k

(n+2)2(n+1)2(n + 3)k+1 =2 (n+2)%2(n+1)2 22 n—l—r)’

n=1 n:l r=3
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where
(-1

BT = lim nr = =
nﬂ(r){ ﬁ(n+r)} (k‘—r)‘(r—?))'

r=3

(=D)L (kN (r
) e

Now, by rearrangement we get

> 21" EO3L(=1)m (R (r\]
nZ::l (n+2)2(n+1)2 LZ;) (n+r) (7’) (3)] N
i | r41 k r - T(ll)
=22 31 <r) (3);(n+2)2(n+1)2(n+r);

by partial fraction decomposition we get

i (1) E\ [r\ & 1
r 1 (1)
% ey 25 ()6 S5 o gt

n=1 2 Lk n=1
1 2r —1
(r—22m+22  (r—12m+1) "
2r—5 n 1 ] _
(r—=22mn+2) (r—12%r-2>2mn+r)

+

[ee]

_2i3'(_1)r+1 k r ZH(1)|: 1 _
= rJ\8) =7 Lir—1)2(n+1)2

B n(2r — 3) N N 1 B
(r=1D(r—-2)n+1)(n+2)(n+7r) (r—2)2(n+2)>
B 2r2 —3r —1 ] _
(r—=1(r—-2)(n+1)(n+2)(n+r)

FO3l(=1)"t (K [r
2223((70_1)1) <r> <3><(3)+

r=3

1)t (kN (r
+2Z 7,_2 <7«)<3)<<<3”<<2)‘2)‘

r+1 r— r
—Zg'(i—)l)2(£2— 2)23 ) (k) <3>< A= 1) +r(HD)? +rHZ) -
R

r
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Collecting harmonic terms and isolating the terms ((3) and ¢(2), we have

k k\(r k k\(r
= > 21" (2r - 3) () (1) CB) + 321 r 1) () (1)<<2> -
r=3 r=3
u - r— r
—y ey (:)3(2) D (k) <1> .

r=3

k et (Y (7 (HD)? + HP,
2N (7‘) <1>< o )
= 2]@2C(3) —2k(k —1)¢(2) —
s r (1) \2 (2)
3 (1) ey R

= 2k2¢(3) + 2k(k — 1)¢(2) — 2k*HY — 2k(k — VH® —2(k — 1) =

S
= . O
el Geto I (e

Remark 3. An observation from Corollary 3 is the fact that the
following sum

k (1) \2 (2)
k r (H,’))*+ H,”
—1)r+t 2(r —1)(4r — 9 T ) =
g ) <r><7«_2>< (=1 =9+ )
= 22H® + 2k(k — VHP +2(k — 1)
involves rational numbers. Hence we deduce
k
k r W2, (2
2. —-1)" H H =
( 8) T;( ) (T) (T o 1)(T . 2) (( r—l) + r—l)
= 22H® + 2k(k — VHP + 2k(k — VHY, — 2(2k — 1)2,
since it can be shown that
k
E\2r(r—1)(4r—9)
—1)r+! =2k|4k—3—(k—1 I)E
> () - 2) 4k =3 = (k= D)(y + (k) :
and by the identity
¢(k) = ngl_)l -7,

we have
e ()10 0 <o - e )
r=3
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Now, we consider another extension of Theorem 1.

Theorem 2. Let a=b=c=1, j=0,l=k, k>2, and t = 1.
Then we have

00 (1) 1 _ 1 - k—1 In(1 =
S i [ g
2,2,2
:_(k:+1)2/0 log(1 — ) 3F2[2+/<; ) k| ] =
k
= > (ACB3) + 1C(2) + 1),
r=2
where

2 2
k k
= () (2t - ). () O,

r r
2
k
= (1) (-, -

(H2)? + H?),
r—1
Proof. Consider the following expansion:

> oY & (kN2 H
(2.9) ;::1 (n+k)2 = ;::1 (n+ 1)2((n + 2)p41)2

and

3 1 2 ! !
_ Hﬁ_)l _ + ((Hf,_)l)Q + Hﬁ_)1>(H,i,)r - va—)2)>

00 k' 2H(1) k Ar BT
Z (n+1)2 (n+r)+(n+r)2]

n=1

B, = hm{ (n+r)? }: 1 _
n=r) H(n—i—r)Q

r=2

(RG] v

Since

and
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it follows from (2.9) that

= HY & N\l 20", — HY,)
o £ GO )
o2k 2 o 1)
= 2<k' (7‘)< >> T;(n—i-l)?(n—i-r)?

k 2 k r 2 (1) (1) [o@) (1)
+27Z:2<k!<r)<2>) (Hp—p — HyZ, Z (n+1)2(n+r)’

n:l
First, we note that

(1) 0 'r(zl) o r(ll)

Z:: n+12n+r) = (r-1)nm+1)?2 = (1) n+1)(n+r)

and using (1.1) gives

1 1

- ¢B) - 2(r — 1)2

W () + (H,)?).

Similarly, we have
(1)

Z (n+1)2(n+r)? -

n= 1

> 1 1 2
=2 HY [(7’ —102m 412 T (=122 (= 1)2(n+ 1)(n +7’)} -

n=1

203) | c@HD  HDHE 1D (D)2 B

T r—12 7 (r—1)2 (r —1)2 T (r=13
and after some lengthy algebraic manipulations (and with the aid of Math-
ematica [17]), by (2.10) we can write

> (("") @) 2 + e, -

HY)? + B
_H® @ e 12_1 1]+

T Eil <® @)2 (B, - B, ) [26r — 1)¢(8) - B, - (HO,)?] =
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-y <<’:) (I))Q {2 20— 1)(HD, - H,El_)T)}C(?)) -

B e SOENT o

(1) 2 2

e (Hiy)+ HT W O\ @ g2

Hrfl r—1 + (Her Hk—r)( Hrfl (Hrfl) ) :
On the other hand, we can compute the integral as follows:

k2/ / / (1 =y)(1 = 2))"lyzln(1l — x) dedy dz =

(1 —zyz)?
_ 2, 2
=—k+1/ /(1—y)k Yyln(l — z) 2F1[2+k(:cy]d:cdy=
2,2, 2
= k—l—l /log 3F2[2+/<;,2+k: x}daz. O

Another result for the nonunitary coefficients of n, while following the
method used in the proof of Corollary 3, is the following

Corollary 4. Let a=b=1,¢c=2,j=0,1=2,k>2, and t = 1.
Then we have

s
(2n2+ 2) CoN
—2)yz?In(1 — 2)
- —2l<:/ / / 1 i da dy dz =

:kB<2’k)<(2)_kC(3)—2k3<;,k>ln2(2)+
b (R (Y P )
2 () ()l ha)

Remark 4. Results can be easily obtained from Theorem 1 which are

similar to those obtained by JANOUS [8]. Fora =2, b=c=2,7=0,1=
1, k=1, and t = 1, we have

> Hél) ry?2%log(1l — ) 7
" drdydz = .
2 (2n + 1)2 /// (1= g2g2,22 WA dz=1,C0)

n:l
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PopMmysia CyMMUMPOBAHUSA C TAPMOHUYECKAMU YHCIJIAMUA

AHTOHMN CO®0

HOJIyIICHLI HEKOTOPLIE TOXRACCTBA AJIs CYMM, CBA3aHHLIX C TADMOHUYECCKUMU YUC-

JaMy U OMHOMUAJLHLIMU KOS(i)(i)I/ILU/IeHTaMI/I. HOJ’Iy‘{eHbI TaKKe HUHTErpaJibHbIe IIPpen-
CTaBJICHUA U TOXRICCTBA B BaMKHYTOﬁ (bopMe I TaKUX CYMM.



