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¢-HYPERGEOMETRIC REPRESENTATIONS OF THE
¢-ANALOGUE OF ZETA FUNCTION

A. SORIA-LORENTE, R. CUMBRERA-GONZALEZ

ABSTRACT. In this paper, we give a summary introduction to the ordinary
hypergeometric  Fs series and g-hypergeometric ¢, series. We also provide a
brief overview of the g-calculus topics which are necessary to understand the
main results. Finally, we give some g-hypergeometric representations for the
g-analogue of the generalized Zeta function.

1. INTRODUCTION

The Hurwitz or generalized Zeta function at integer points

g(s,a)zz; 0<a<l, (1)

nzo (n + OA)S )
has a g-analogue [5l [6l, 9], defined by

q(n+o¢ s—
Z , 0<g<l1l, O0<ac<l, (2)
n>0 TL+OL

where the g-number 2], is defined through
1-4¢*

(4, = 725

Notice that, the series () and () are convergent as Re s > 1.

As it’s known, nowadays there is no general rigorous definition of a g-analogues.
An intuitive definition of a g-analogues of a mathematical object G is a family of
objects G, with 0 < ¢ < 1, such that

lim G, =G.
q—1—

z e C. (3)

Observe that, it makes sense to call to [2)) a g-analogue of (), since

ql_igl, Cq (3’ a) = 4(8705) .
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A special case of @) when z € N is

1—q" j
my="—r= Y. ¢ neN
T o<izn

which is called the g-analogue of n € N, since

lim [n] = lim g ¢ =n.
q—1- a q—1- ‘
0<j<n—1

Another manner of represent to () it’s through

af (a+ 1) (a+2)° - (a+n—1)°

((s,0) = « ;(a+1)5(OH—?)S"'(a+1+n—2)s(a+1+n_1)5
lLa,...,«a
o Wy (@) 1m R
= « ZWHZQ s+1F% 1 (4)
n>0 n a+1,...,a+1
s-times
-n,1 —n, 1
:a7522F1 1 ...2F1 1 s (5)
n>0 a+1 a+1

where (-), denotes the Pochhammer symbol, also called the shifted factorial, defined
by

(= ] G+i), k=1,

0<j<k-1
(2)p =1, (=2),=0, ifz<k,

which in terms of the gamma function is given by

I'(z+k)

(Z)k:W7 k:O,172,...7

and ,.Fs denotes the ordinary hypergeometric series [4, [7, [8] with variable z is
defined by

a1y --slr (al,...,ar)kzk
rFs z = Z Wﬁv (6)
b1, ..., bs k>0 Vbt TsJE
being
(ala AR ar)k = H (ai)k 5
1<i<r
with {a;};_; and {b;}_, complex numbers subject to the condition that b; # —n
with n € N\ {0} for j =1,2,...,s.
The equality (B is justified by the Chu-Vandermonde identity [4, [7], which occur
very often in practice, and the same comes given by

—n,b
) —b
Ly ]2t )“, n=01,2.... (7)
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Moreover, taking into account that the ordinary hypergeometric ;41 Fs series is
called k-balanced if in 441 F the sum of denominator parameters is equal to k plus
the sum of numerator parameters, i.e.,

Z (bj — aj) — Qg41 = k,

1<j<s

then, from (@) is deduce that ¢ (s, «) is the product of a~* by a ordinary hypergeo-
metric 511 Fy series (s — 1)-balanced.

The structure of the paper is as follows. In Section 2, we compress some necessary
definitions and tools. Finally, in Section 3, we give the main results.

2. BASIC DEFINITIONS AND NOTATIONS

Here we will give some usual notions and notations used in ¢-Calculus, i.e the
g-analogues of the usual calculus.

Let the g-analogues of Pochhammer symbol or ¢-shifted factorial [4, [7] be defined
by

1, n =0,
(a;q)nz H (l—aqj), n=12,..., (8)
0<j<n—1
where
(¢™q), = 0, whenevern <k, (9)
0:q), = 1,
and

im D — (2
4Lr(1—®k e

The formula () is known as the Watson notation [2 3]. The ¢-binomial coefficient
[4, [7] is defined by

[n (49
=——2n___ knpeN
_k}q (60, (6 D)
and for complex z is defined by
2] _ @50 k()
=2 2Tk )Pk G) peN. 10
{k_q (¢:9)y, =) (10)

In addition, using the above definitions, we have that the binomial theorem
n T\ kin—k
= b =0,1,2,...
@e' = ¥ (1)t -0z
0<k<n
has a g-analogue of the form [I]-[4] pp. 25]

(zy;0), = > [Z}qyk(zuq)k(y;q)n_k

0<k<n

- ¥ [Z}qx"k(x;q)k(y;q)n_k-

0<k<n
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In particular, when y = 0 we have that

> {ZLD«“""“ (#;9), = (0:9),, = 1. (11)

0<k<n

In comparison with the ordinary hypergeometric ,. F series defined by (@), is present
here in a concise manner, the basic hypergeometric or g-hypergeome-tric ¢, series.
The details can be found in [4, [7].

Let {a;};_, and {b;};_, be complex numbers subject to the condition that b; #
q~™ with n € N\ {0} for j = 1,2,...,s. Then the basic hypergeometric or ¢-
hypergeometric ¢, series with variable z is defined by

@15 - -5 0r ) _ (a1,...,ar;q); (+s—r)k (14+s—r)(5)_%
Py Gz | =) ek () q 2) ——

bl,...,bs _kzo (b17"'7bs;q)k (Q7Q)k;

where

(ala"'var;q)k = H (a’j;q)k .

1<j<r
In addition, for brevity, let us denote by
n
A1y...,0pr A1y...,0p
rPs q; 2 =,y ¢z |, n=1,2....
biy...,bs biy...,bs

Analogously to the ordinary hypergeometric 541 F series, the g-hypergeome-tric
s+1¢p, series is called k-balanced if b1bg - -- by = d*aias - Ggt1-

The ¢-hypergeometric ¢, series is a g-analogue of the ordinary hypergeometric
+Fs series defined by (@) since
ar

q“,...q an,. ... ar
lim o, | | @z@-)TTT ) =R E:

q—1- 7
qb17'~-aqbs bl,...,bs

The g-analogue of the Chu-Vandermonde convolution (7)) is given by

n a‘lb;
2¥1 q'bi = %, n=0,1,2,..., (12)
" a (b;9),,
b
q_naa a*lb;q
201 q;q = (.7)’%", n=20,1,2,.... (13)
b (bvq)n

The details can be found in [4, [7].

In the last years, into the ¢-Calculus have been found many applications of the
quantum group theory. In particular, the g-hypergeometric ,. ¢, series are applicable
nowadays to different subjects of combinatorics, quantum theory, number theory,
statistical mechanics, etc....
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3. MAIN RESULTS
In this section we will give the main results.

Lemma 1. The following relation
"z
2900 Q;qn271 :an’ n2071a2a"'a

holds.

Proof. Since

_ q
240 ¢ q" 2" =Z(

_ = (@

Then, from (@) and ([I0) we have that

—n

"z
_ — n —k
20 T E R qun (z:9)y, -

- 0<k<n

Finally, using (1) we get the desired result. O

Theorem 2. Let s be an integer number, with s > 1, |g| < 1 and 0 < a <
1. Then the g-analogue of the generalized Zeta function (@) admits the following
representations
i)
(0%

s 9,9 ,...,4
Cq(s,0) = g0 ( Loa > +190s VR (14)
1 B qa a+1 ..

1—q~
qa"q qa"q
X > 2 T P aq |, (15)
n>0 _ qa+1
iii.)
, 1—¢\° n
Gy (s,0) = "7V (1 i) > (=1 gle)eme
-4 n>0
qa"q X qa"q
X 2, T T aq
qa+1 anrl
qn,+1 qn—i-a . qn+a
X s@s 1 aGq* ! (16)
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Proof. In fact, firstly let’s prove i.). For such purpose it is enough to check

_ 1—q¢\°
a(s—1
¢y (5,0) = g )(l_qa)

.S (1-¢°)"(1—g%¢)" - (1 —g¢"¢" ") ¢"7
(1 _ qa—i-l)s . (1 _ qa+1qn—2)s (1 _ qa+1qn—1)5

n>0
_ ot ( 1—¢q > > (¢:9), (q“;g)i gt
l=¢*) & (e, (649,
afe lfq s qaqav"',qa o
= ¢ 1)(1 a) 4105 ¢t . (1)
1 ¢ttt

Clearly, according to (IT)), the function (, (s, ) is the product of

qa(sfl) l—gq °
1—q*) "’
by a g-hypergeometric s;1¢, series (s — 1)-balanced.
Now let’s prove #4.). Taking into account

asen) [(1—a\° o @9, 217
Cq(&a):q( 1)<1_qa> Zq [(anrl;q)WQ} ;

n>0

and using the lemma [1) as well as the ¢-Chu-Vandermonde formula ([I3]) we obtain
the desired result for (I5).
According to the ¢-Chu-Vandermonde formula (I2]), we have that

—n
(¢“;9), R nta

—rn - aq
(¢**ttq), 24 o

> (@™ q), (q59),, ¢*+e)
= (@59, (@)

_ Z Catn grn+e)

oy (4T a)y

Consequently

ey (1=a q%iq _ "5
Cq(s,a):qa( 1)(1 ) Z (Ot+1~) qn(s 1) Z qu(n-&-a)-

-1 .
q° n>0 (q 7q)781 0<k<n (qa+1a q)k

s—1
n

Since
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Then, as result we obtain that

<q (s,a) — qa(s—l) ( 1({1)5

1—g¢
I S S
k>0n>k (¢**t5q), _— (*t59) (¢59),,—
= qa(s—l) (11 — q()é)S
—q
XY Duer 5k omrsayt (5 enom
s 1 - .
k>0 n>0 )ik (@) (4 9),,

Using the property

(@:9) i = (a:9), (ag™;q)), = (a; ), (aq"; @),

we have

Cq (S,a) = q(x(s_l) (1_q)s

1—q~
s—1
e Stka (@0 (@0 ko
(¢**L59), (qo+1;q)5 "
k>0 ) k (q ’q)k

(d"*15q), (")) " gnts—D

X k 1 s—1 . )
= (gt (a:9),,

which coincides with (I6). Thus, the proof is completed. O

Acknowledgments The authors express their sincerest thanks to the referees for
their valuable suggestions.

REFERENCES

[1] J. Arvesi and A. Soria-Lorente, First order non-homogeneous g-difference equation

for Stieltjes function characterizing g-orthogonal polynomials, J. Differ. Equ. Appl.,
DOI:10.1080,/10236198.2012.693484, 2011.

T. Ernst, A Method for g-Calculus, J. of Nonlinear Mathematical Physics, Vol. 10, No. 4, pp.
487-525, 2003.

T. Ernst, ¢g-Calculus as operational algebra, Proceedings of the Estonian Academy of Sciences,
Vol. 58, No. 2, pp. 73-97, 2009.

G. Gasper and M. Rahman, Basic hypergeometric series, Cambridge University Press, 2004.
M. Kaneko, N. Kurokawa and M. Wakayama, A variation of Euler’s approach to values of
the Riemann zeta function, arXiv:math/0206171v2 [math.QA], 2012.

T. Kim, g-Riemann zeta function, IJMMS, PII. S0161171204307180, pp. 599-605, 2004.

R. Koekoek and R. F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polyno-
mials and its g-analogue, Report 98-17, Faculty of Technical Mathematics and Informatics,
Delft University of Technology, 1998.

[8] A. F. Nikiforov and V. B. Uvarov, Special Functions in Mathematical Physics, Birkhauser

Verlag, Basel, 1988.

| K. Postelmans and W. Van Assche, Irrationality of ¢, (1) and ¢, (2), J. Number Theory, Vol.

126, pp. 119-154, 2007.

ANIER SORIA LORENTE

DEPARTMENT OF BASIC SCIENCES, UNIVERSITY OF GRANMA, BAYAMO-GRANMA, CUBA

E-mail address: asorial@udg.co.cu



8 A. SORIA-LORENTE, R. CUMBRERA-GONZALEZ JFCA-2014/5(2)

RAMIRO CUMBRERA GONZALEZ
DEPARTMENT OF BASIC SCIENCES, UNIVERSITY OF GRANMA, BAYAMO-GRANMA, CUBA
E-mail address: rcumbrerag@udg.co.cu



	1. Introduction
	2. Basic definitions and notations
	3. Main Results
	References

