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SOME IDENTITIES INVOLVING HARMONIC NUMBERS

JUORGEN SPIES

ABSTRACT. Let H, denote the nth harmonic number. Explicit formulas for
sums of the form Y a H, or } a H H,_, are dgﬁveq, where the q, are
simple functions of k. These identities are generalized in a natural way by
means of generating functions.

1. INTRODUCTION AND OVERVIEW

In the analysis of algorithms, harmonic numbers frequently occur. Quite
often, sums of the form 3 k” H, or more complicated expressions have to be
manipulated. Knuth [4] dedicates one section to the study of these numbers
and gives some basic identities. Riordan [6] gives some identities but does not
collect these results for easy reference. Lafon [5] and Karr [2] mention the
existence of such summation formulas without giving any of them explicitly.

Typical situations where the ability to sum harmonic numbers and their gen-
eralizations is needed can be found in Kemp [3], Sedgewick [8] or SpieB [9].

The author felt that a more systematic investigation of identities involving
harmonic numbers would be helpful. The summation formulas presented here
are stated in very general terms. But to see that they are useful for summing
harmonic numbers, many examples are given. We present only the simplest
relations. Because identities with binomial coefficients can be transformed in
many different ways—e.g., by the use of inverse relations—it is impossible to
be exhaustive. Asymptotic representations of some of the quantities we deal
with are given by Knuth [4] and Roes [7].

Section 2 contains the basic definitions and introduces notation. Section
3 contains the main general summation formulas derived from a generating
function. Section 4 contains recursion formulas which may be used to derive
new identities and which may simplify calculations using a symbol manipula-
tion system. Section 5 contains structure theorems. They are useful to give a
quick orientation of the outcome of the summation. In the appendix special
summation formulas are assembled for ease of use.
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840 JURGEN SPIEB

2. DEFINITIONS AND KNOWN RESULTS

Let Z denote the integers and N denote the natural numbers, with 0 € N.
The generalized harmonic numbers are defined by

n
H,(l'):Zk_', n>1, relZ.

It is convenient to set H,(,') =0 for n < 0. As usual, we write H, instead
of HV: H =141/241/3+ .-+ 1/n. For r <0, H" denotes a sum of
powers: H,(IO) =n, H,(l_l) =n(n+1)/2,

Zave [10] gives the following series expansion: for all m,reN

1 m " gy (K k=m
(1) T (logl ) ZP 1), H-H") mlZ

where the polynomial P (x,, ..., x,) is defined by B, =1 and

P(x;,...,x)=(=1)Y(-0x,, =1lx,, ..., —=(r = I)Ix,),

r

where Y, is the familiar Bell polynomial [6].
Some of the polynomials are

Py(x,

Py

Py(xy, Xy, X5) = 1—3xx2+2x3,
(xl,)cz,x3,x4)—x1 6)c)c2+8)cx3+3x2 6x,.

This expansion obviously contains as a special case (r =1, m = 0) the gener-
ating function of the harmonic numbers,

—log(1 —z)
(l—z ZHZ .
k>0

This, and the next more general form, is given by Knuth [4]:

—log(l—2) _ Z(Hk—Hm)C;)zk_m, meN.

The special case r = 0 of Zave’s result is the binomial theorem:

1 k k—m
m+1=z<m)z , meN.

(1-12) kom
Let X be an indeterminate; then, following Riordan [6], we write
X),=X(X-1)X-2)---(X-p+1), peN,

for the descending factorial function, with (X), =1.
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SOME IDENTITIES INVOLVING HARMONIC NUMBERS 841

It is convenient to extend this notation to negative-index values:

1
(2) (X)“Pz(X+l)(X+2)~~-(X+p)'

Then it is easy to see that

(3a) forallp,qeZ: (X+p), (X), =X +p),,>
(3b) forallpe Z: (X)p+p-(X)p_l=(X+l)p.
If X stands for an element of Z, then these equations are interpreted as

(i) if both sides are defined, then they are equal, and
(i1) if the left-hand side is defined, so is the right-hand side.

Equation (3b) is a useful generalization of the basic identity of the binomial

coefficients: for p > 0, (3b) is equivalent to (¥) + (,X,) = (¥}'). With this

notation, the Stirling numbers of the first kind, s(p, k), are defined by
14
k
(4a) (X),=>_sp,k)X", peN.
k=0

The Stirling numbers of the second kind, S(p, k), are defined by
p
(4b) X" =3 "S(p, k)(X),, PpEN.
k=0
These numbers may also be defined recursively by
sp+1,k)=s(p,k—1)-p-s(p, k),
Sp+1,k)=S(p,k-1)+k-S(p, k),
with boundary values
foralneN: s(n,0)=5s(0,n)=8(n,0 =S80,n)= 0,0

where Jp g is the Kronecker delta, ép s = 1, ép .= 0 for p # q. Tables of the
Stirling numbers can be found in Abramowitz and Stegun [1].

A very useful means to obtain new identities, starting from some known
ones, is the application of inverse relations. Riordan [6] gives many inverse
pairs which may be helpful. Here are the two simplest pairs:

n n

(5a) ifa, = Z <Z>bk, then b, = Z (Z)(_l)kmak;

k=0 k=0

(5b) ifa = i (ﬁ)bk, then b, = i (ﬁ)(—l)kﬂak.

k=n k=n

3. GENERAL SUMMATION FORMULAS

Zave’s result (1) can be exploited by standard combinatorial techniques. To
simplify notation, we introduce the symbol

(1) (1) {r} (n
(6) P(r,k,my=P(H" -H,. .. H’-H),
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842 JURGEN SPIEB

so that Zave’s result can be restated as
(=log(l - z))" (k) k—m
7 = Y - P(r,k,m:z .

This expansion shows that for all k with r <k < m+r wehave P(r, k, m) =
0.

Theorem 1. Forall n,p,q,u,veN

S () (" F)pw kP, n k.0

(®) =

n+1
= P R 1, 1).
<p+q+1)(u+v n+l,p+qg+1)

Proof. Obviously,
(= log(1 - z))* o (Zlog(l — z))’ _ (=log(l — z))**"
(1 _ z)p+l (1 _ Z)q+l - (1 _ z)p+q+1+1

Use (1) on both sides. Equating coefficients gives the result. 0O

In order to show the power of this theorem, we consider some special cases.
Example 1. u = v =0 gives the well-known identity
"ii’(k)(n—k) _ <pn+1 )
P qg /] \wp+q+1)’
k=p

This formula can be rewritten in a more symmetric form by introducing a new
integer parameter s. Replace k by k+s. Then n—k = n+s—(s+k). Hence,

n—q
s+k\/n—k n+s+1

®) 2 ( p )( q )_<ﬂ+4+1)’ SeZ.

k=p—s
Example 2. u=1, v =20 gives
Corollary 2. Forall n,p,gqeN and scZ

n—q

s+k\/n—k n+s+1

(10) Z ( D )( q )H5+k = (p +q + 1)(H"+S+l - Hp+q+l +Hp)'

k=p—s

Proof. The parameter s has been introduced as above. The formula then is an
immediate consequence of (8) and (9). O
Example 3. u=1, v=1 gives
Corollary 3. Forall n,p,qeN and seZ

n—gq _

Z (S ' k) (” k>Hs+an—k

p q

(11) k=p—s

n+s+1 (2) e
- (/]HH 1) [(D+Hp)(D+Hq)—(H"+S+l -HM)|,

where t=p+q+1 and D=H, H

+s+1 7~ e
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Proof. Theorem 1 gives

() Yo

k=p p

(0o d ) [y = H - 2~ ]

Isolation of the term H, H, , on the left side of this equation, using (10), (9),
and introduction of s gives the result. O

(]

The next theorem is also a simple consequence of (1).
Theorem 4. Forall m,n,p,reN with m>p

(12) (-1 (i) (”;k)P(r, n—k,m)= (;:’;,)P(r, n—p,m-p).

k>0
Proof. Using (1), we can write

(=log(1 - 2))’ < k ) - k—(m—p)
T = P(r,k,m—-p)z ;
(12" kg,:_p m-p
but this is the same as
1 » (—log(l—2z)) P P . k+j-m
(1-2z)- "T]‘jm—ﬂ ZZ m (ryJj,m)z .
k=0 j>m

Rearranging this sum and equating coeflicients gives the result. O

Remark. For k > min(n—m, p) the terms in the sum vanish. So this theorem
is only interesting for n > m .
We give two applications of Theorem 4:

Example 1. For r = 0 we obtain the well-known identity

D)) (7). mnren. e

k>0

Example 2. For r =1 we obtain: forall m,n,peN, m>p,

2! () (3 ()

k>0

This can be brought into a form which is easier to apply:

Corollary 5. Forall m,n,pe N with m>p

(13) i(—l)"(n‘_’k> (Z)Hk = (—1)"(2‘_‘2)(11"_1, ~H, ,+H,).

k=0
We now investigate recurrence relations for the functions P(r, k, m).
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Lemma 6. Forall r,k, meN with k>m and r> 1
(14) P(r,k,m)=m;+1P(r—1,k,m+1)+P(r,k,m+l).
Proof. Zave derives his result from the fact

zZ V4 1 r
<1+m+l)---(1+m+k>_r;r—!P(r,erk,m)z,

which means

1

—Plr,m+k,m= —_—
p P, mtk,m Kk, k
m+1<k, <k,<---<k <m+k r

But such a sum can be evaluated by splitting it into two parts: k&, = m+ 1 and
k, > m+ 1. Thus,

1 1

1
—P(r,m'i'k,m)—m'm

. Pr—-1,m+k,m+1)
+%P(r,m+k,m+1),

and substitution of m + k by k gives the result. O
An immediate consequence is

Theorem 7. Forall m,n,reN with r> 1
n

(15) S pPr=1,m, k)= P(r,m,0) = P(r,m,n).
k=1

Proof. Using (14), we have

n-l n—1
,
§k+1P(r—l,m,k+1)—kzz()[P(r,m,k)_P(r,m’k+1)]

=P(r,m,0)—P(r,m,n).
Changing the summation index in the left sum yields the result. O
We consider two special cases:
Example 1. m=0, r=1 gives 3, _ t =H, .
Example 2. m=0, r=2 gives }_;_, +H, = %(Hf + H,(lz)).
This formula is also given by Knuth [4].
Lemma 8. Forall k,r,meN with r>1 and k > m

(16) k-(P(r,k,m)—P(r,k—1,m)=r-Plr-1,k-1,m).

Proof. Apply the same technique as in the proof of Lemma 6, but this time
splitting into the two parts kK, =m +k and k, <m+k. O

The next theorem follows from Lemma 8.
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Theorem 9. For all r € N with r > 1
r r k
(17) (—log(1 - 2)) :ZE.P(r—l,k—l,O)z .

k>r
Proof. We have

(~log(1 = 2)) = (1 - z)- TELE)

=(1- z).ZP(r, k,0)z° (by (1))

k>0
=S (P(r,k,0)=P(r,k—1,0)z° (and using (15))

r—lk—lO) a

I
IVM
?\“l ~

The special cases » = 2 and r = 3 may be of interest:

k+1
(~log(1 - 2))" = 3~ == H, ",
k>0
3 2 k
(~log(l - 2))° = 3 o (B — B2
k>0

Theorem 9 can be used to get new identities:
Theorem 10. Forall m,n, reN with r>1 and n>1

(18) Z(—l)k(r:j]:><m;k>P(r,m+k,m)=(—1)";P(r—1 n-1,0).

k>0
Proof. This is a direct consequence of the obvious identity

ety ymet | (—log(1 = 2))
(~log(1 = 2)) = (1~ ™" - =2

Use of (17) and (1) gives the result. O
By index transformation we get a simpler form equivalent to (18):
(19) kzzjo(-n" (’"; 1) (n;lk>P(r, n—k, m) = n%P(r—l  n—1-m, 0).
We consider two examples:
Example 1. r =1 gives

Pt (10) (75 -

k>0
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Then, using the identity Zkzo(—l)k(;"_*,:)(’”k) = 0 for all m,n € N with

m
n > 0, which is derived from (1 — z)™"" . 1/(1 = 2)™*' =1, to simplify this
sum, we get:

Corollary 11. For all m,ne N with n> 1
k(m+1\[(m+k (-1)"
(20) > (-1 (n_k>< " )Hm+k:T.
k>0
This may be recast into a simpler form:
kfm+1\[/n-k 1
(20a) Y (-1 ( . )( ” >Hn_k =-—— forn>m.
k>0
Example 2. r = 2 gives similarly
Corollary 12. Forall m,ne N with n> 1
k(fm+1\(m+k\, 2 2 n2
@y S0 () (") - B = 1 2 H L+ ).
k>0

But we can use Theorem 9 in other ways to obtain useful identities:

Theorem 13. Forall n,r,seN with r>1, s>1, n>r+s—1

niﬂ r s

————P(r-1,k-1,00P(s-1,n-k,0)
_ r+s
T n+1
Proof. Apply Theorem 9 to both sides of

(—log(1 - 2))" - (~log(1 — 2))’ = (- log(1 ~ 2))

and compare the coefficients of the power series. O

r+s

Example 1. r=1, s=1 gives

(23) il- L __ 2 gy
k=lk n—-k+1 n+4+11n

Example 2. r =2, s=1 gives

2 1 3 2 )
A T T L e R

(24)

Example 3. r =2, s =2 gives

=2 2 4 3 2 (3)
(25) ZE-——n_k+1Hk_lHn_k=———n+1(Hn—3Han +2H).
k=
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With the same proof technique we can combine (1) and (17) to obtain:
Theorem 14. Forall n, m,r,seN with s>1 and n>m+r+s
= [(k\ s n
(26) > < );l_—kP(r, k,m)-P(s—1,n—k—1,0)= (m)P(r+s, n, m.

m
k=m+r
Proof. Use the identity

(—log(l—z))'_ o =
——(l—z)’"“ (—log(1 - z))

and (1) and (17). O

(~log(1 - z))™
(1 _ Z)m+1

We give some examples:

Example 1. r =0, s=1 gives

@) S (5) e = ()1

k=m

Using the inverse relation (5b) we get

- . = g(—l)’”’" (Z) (Z)(H,, ~H,)= Zn:(—l)k“" (:;) (Z)(Hn ~H,),

k=m

but since Y7_ (—1)*"(X)(2) = 0 for n > m, we get

m
n Wk n B (_1)m+1
(3) S () (@)= G e
Using (5,) (i) = () (iZ) - we get
n —1 m+1
kfn—m _(n (-1
(29) ;:;n(_l) (k—m)Hk B (m) n-m
Finally, if we replace n — m by n and k — m by k, we obtain
. k(n -1
2V ) Hiem = s

It is not hard to see that (30) holds also for n = m. The case m = 0 can be
found in Riordan [6].
Example 2. r=1, s =1, after a simplification using (27), gives

n—1

k 1 n 2 2

k=m
Example 3. r=0, s =2 gives

-1

n

O S ) P
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Example 4. r=1, s =2 gives

n

(33

-1
k 2
<m> n— k(Hk - Hm)Hn—k—l
k=m

= (:1>[(H,, - H,,,)3 - 3(H, - Hm)(H'(IZ) _HY) 4 2HY - H’(nz))]'

Using (32), one could derive a formula for Y,_, (¥)(2/(n - k)H.H,_,_,
which is slightly simpler than (33).

By repeated integration of a power series }_a, ZF one gets a series of the
form Zk(k)_qakzk. And from (1 —z)~! Zk(k)_qakzk =3, (k) _,a)2"
one can obtain interesting summation identities. The next theorem is one of
this type:

Theorem 15. Forall g, r,neN, g > 1

k+q)---(k+1)  (g-1)l(g- 1™

Z":( P(r,k,0) r!

k=0

1 ’ (r)r—j .
_(n_+_q),_,(n_+_2)jz:%(q_1)r+1_jP(j,n+l,0).

Proof. We show this by induction on 7.
1. n=0: Forall r€N we have P(r,0,0)=4,,. For r =0 the left-hand
side is (g")”", and the right-hand side is

1 1 1 1

@-Dig-1) ¢ 'g—1 g\

For r > 0 the left-hand side is zero as is the right-hand side.
2. Assume the result is true for some #. To simplify notation, we introduce

r! (r),-_j

- ., b.=0, b=
T - -y -

and
P,=P(j.n+1,0), je[0,r].

Then j-bj=(q—1)-b

J and with the notation introduced in (2) we may
restate the assertion as

n

Sy = () _Plr,k, 0 =a~(n+1),_, S bP.

k=0 j=0
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Then

Sy =S, +(n+1)_P=a-(n+1), S bP +(n+1)_P,

q-r
j=0
=a-(n+1),_, Y bP+(n+1)_Y (¢-1)b,P,
j=0 j=0
r—1
—(n+1)_,) (¢ 1)bP,
j=0
=a-(n+2),_, > bP,—(n+1)_,Y (¢—-1)b,_|P,_, (using (3b))
j=0 j=1

=a—(n+2),_, > bP—(n+1)_, Y jbP_;
Jj=0

j=0

but jP,_ =(n+ 2)P(j,n+2,0) - Pj) by Lemma 6, so that

Sppp=a—(n+2),_,Y bP—(n+1)_(n+2)>_ bi(P(j,n+2,0)-P).
j=0 j=0

By (3a) we have (n+1)_ (n+2)=(n+2)_,. So we finally get
r
Sy =a—(n+2),_,> bP(j,n+2,0). O
j=0
To illustrate this result, we consider some examples:

Example 1. r =0 gives

i 1 1 ( L 1 >
k+q)(k+1) g-1\(g-1)! (n+q)(n+2))"

Example 2. r =1 gives

n H, 1 ( 1 1+(q—1)Hn+1>

Y (BT PR Ay R CE ER CES)

Example 3. r =2 gives

" 2 _ g2
Hk — Hk

kzzo(k+q)~-~(k+ 1)
(35) = —1 2 2+2(g-DH,, +@-1)'H, - HY)
g1 \le- 1) (n+q) - (n+2) :
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The case ¢ = 1 had to be excluded from Theorem 15. But from Theorem 9
we obtain:

Theorem 16. Forall n,re N
iP(r,k,O) P(r+1,n+1,0)

(36) k+1 r+1

k=0
Proof. Using (7) and Theorem 9, we have
1 (—log(l—z))™
r+1 (1-2)

1 n+1
mZP(r+l,n+l,0)z =

n>0
1 P(r,k,0) ks (" P(r,k,0)> n+l
- ek Oy (S HEO )
l—zk20 k+1 o \is k+1
Example. If r =1, then
n
H _ 1.2 @)
k+1 = E(Hru—l - Hn+1)'
k=0

One would like to generalize these results to sums of the form

i P(r,k,0)

— (k+p),
with p # ¢g. But even for the simplest case ZZ:O P(r, k,0)/k, a closed form
cannot be found. This is a consequence of the fact that (—log(1—2z))"/z cannot
be integrated in closed form.

Theorem 7 looks promising but is of help only for r =0 and r = 1. For

all k € N we have P(0,k,0) = P(0,0, k) and P(1,k,0)=-P(1,0, k).
Repeated application of (3b) in the form p . (k — 1)_p_1 = (k - 1)_p - (k)_p

gives
1 ii_Z": 1 1
(k+p)pyy Pk =Py, (K+));7
so that
" H, -HJ) " H
(37) Z Hk — _ntl n+1_Z 1 k' )
= (k+p),,, 2p! Py g k),

The sums on the right-hand side can be evaluated by Theorem 15.

For an extension of this result, see Theorem 32.

The key for more general summation formulas is contained in the next two
lemmas.

Lemma 17. For n,pe N let

. H i H
— k _ k.
Up_Zk+p and I/p_Zk_p’
k=1 k=p+1
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then
H H -H H
. _ _ n+p n n
forp>0: UPH—UI, p+ - +n+p+1’
H H -H H
. vV =V p+l  ""n n—p—1 n_
forn>p ptt 1’+p+1 p+1 n-p
Proof. We prove only the relation for U,:
v,-u in—Hk_l_ H, zi 1 ___H,
A P k+p n+p+1 k=1(k+p)-k n+p+1
—.1.(1___1__}_.1__#_*_...4_1_ 1>_ H”
“p\l p+1 2 p+2 n p+n n+p+1
1 H,
"';(Hn_(Hnﬁ-p_Hp))_m
_ﬂ_Hn-rp_Hn_ Hn
p p n+p+1°

The solution of these recurrence relations gives immediately:
Lemma 18. For n,peN

H 1, 2

—k __— _(H

; k+p+1 2( "

k=1 k=
and for p<n
" H 1 2 1, 2 2
> =5 +H())+§(HP+H,§))
k=p+1
_ZP:HP_Hk-l_i 1 H
pt n+1-k k=1n+l—k n’

Another line of attack to get new identities and to rediscover old ones is the
next lemma which can be found in [4].

Lemma 19. Let 0)
'U) Z) ZZ r n, r n;

r>0n>0
then F(w, z)=1/(1-2z)"*"",
Proof. By (7) we have

P(r,n,0) .\ 1 —log(1 —z))"
E(Z . )Z)w=(1_z)z( ofll -2,

r>0 \ n>0

1 exp(-w- -1
- (I—Z) —(I_Z)UH—I'
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Now we can derive many identities:

Example 1. F(w, z)- F(w, —z) = 1/(1 - 22)**' = F(w, z%), which can be
written as an identity for the power series

r -j,2n—-k,0) P(j, k,0)

(38) ZZ (r—j)! . J! =P 0)
Jj=0 k=0

and
Z’:zi‘ Pr—j,2n+1-k,0) P, k,0) _,
j=0 k=0 (r=J) 4 |

The last equation is trivial because the terms in the sum cancel pairwise.
From the first equation we obtain, for r =1,
2n

k 1
(39) Y (-1)'H, = 31,
k=0
Example 2. F(w, z)- F(-w, z) = 1/(1 — z)2 = F(0, z)/(1 — z), which is
equivalent to

r N P(r—j,n—k,0) P(,k,O0) n+1 forr=0,
40 _1 J ) : ’ . ,. > ={
(40) Z( )2_: (r= i 7! 0 forr > 0.
j=0 k=0

For r = 2, this means

n n

2 2
S(H -H) =Y H.H, .
k=0 k=0

Example 3. F(1,z)=1/(1-2)" =¥, 50(n+1)z", which means

(41) Zp(r%gz:n+l foralln e N.
r>0
Only a finite number of terms in this sum do not vanish.

4. RECURSION FORMULAS

In this section we give recursion formulas for some sums. These are especially
useful when working with a formula manipulating system like REDUCE, which
allows recursive procedures.

In practical computations one often needs the values of T(r, k), which are

defined by
T(r, k) = rl!P,(H,ﬁ”, HY, ... H) = rl!P(r, k,0).
Then, forall kK, reN,
T(r,k+1)= T(r,k)+ﬂr—kf+ll’—k)

with boundary conditions 7(0, k) =1 and T(r,0)=0 (r>0).
This is a simple consequence of Lemma 6.
The next lemma is helpful to obtain recursion formulas.
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Lemma 20. For all n,p € N, let X(p) = Y,_,k"a, and b, = a, — a,_,,
1<k<n; then
= SN
(p+DHX(p)=(n+17 ( > =Y Kb,
j=0 k=1

Proof. We have

p—1
X+ 1+ o+ 0xe+ 3 ()0

1l
=
Q
K
3
M3
N
S
- +
t
SN—”’
x~
S~

k=1 j=0
- p+1 p+1 = p+l1
=Y (k+ 1" g =(n+1"a,+> (k+ 1) q,
k=1 k=1
n
=(n+1)”+lanwLka"Llak_l—a0

k=1
n

=+ 1 a, + X+ 1) =Y Kb, —a,.
k=1

Comparing the first and last lines gives the result. O

An immediate consequence of this lemma 1is:

Theorem 21. Forall n,peN, reZ,let Qp,r)=3;_ lk” . then
P2l ip 41

(42) (p+1>Q(p,r)=(n+1)”“Hf,”—H£""‘”—Z(”j )Q(j,r)-
=0

Proof. Set a, = H"; then a, = 0 and b, = H” — H”, = k™. With
X(p) = Q(p, r), Lemma 20 gives the result. O

Remarks. 1. The case r = 0 gives a well-known identity for sums of powers:

p—1
p+200,0=m+1"n-3 (P a0

j=0
2. The case p = 0 reduces to

(43) ZH" (n+ HH —H"Y,

One can also sum the gth powers of H, .
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Theorem 22. Forall n,q €N, peZ,let R(p,q)=3;_ k"H]; then for all
p>-1

p—1
o+ DRE. @ =0+ 1P H -5 (PR )
j=0

+Z () p+1-j,qa-j)=9,,

where ¢, o IS the Kronecker delta.
Proof. Set a; = H{ ; then a, =4, and
b, =HI - Hf - H? H 1 q_ : 1] q H‘I—]k-j
e = e T T T AT —_;(_) j) K .
With X(p) = R(p, r), Lemma 20 gives the result. O
Remarks. 1. The case ¢ = 0 gives a well-known recursion for the sum of
powers.
2. For ¢ > 0 theterms R(p+1—j, g —j) in the second sum may produce
a negative first argument. But we know only R(-r, () = H,(l') for r > 0 and
R(-1,1)= %(H3+Hf,2)) . So the theorem seems to be useful only for ¢ < p+3.
Example. We have
n
S H;=R(0,3)=(n+1)H, -3R(0, 2) + 3R(~1, 1) - R(-2, 0);
k=1

but since R(0,2) = (n + )H — 2R(0,1) + R(-1,0) and R(0,1) =
(n+ 1)H, — R(0, 0), we get

n 1
S Hl=(n+1H, - %(2;1 +1)H, +3Q2n+ 1)H, — 6n+ 5Hff).
k=1

Similarly, one could sum the gth powers of H, i)

Theorem 23. Forall n,peN, reZ,let V(p,r)=3,_ lk” o k; then
P+ N =, urp(P+1 J gyr=p=1+))

@+ D)V, n=((n+1" -1H" -3 "(-1) j )+ 1VH,

=0

= p+1

Z . 7).
Proof. Set a, = Hn' . ; then we have a, = H,(,’) and b, = H,(,'_)k ~ H,(,'_)k+l =
—(n—k+1)"", so that

n

S kb = (-1 Z m+l—k-m+ )" m+1-k)~"

k=1 k=1
p+1
1 l+)
= (—1)"*! ("f) W (n+ 1Y gUPIH
(-1 ; j (-1’ ) H,

With X(p) = R(p, r), Lemma 20 gives the result. O
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The polynomials P(r, k, m) which have been introduced in §3 may be
summed along the same line:

Theorem 24. For all n,p,re N, r>1,let Z(p,r) = Yy ,;_ k"P(r, k,0);
then

p—1
P+ DZp,r)=(n+)"""Pr,n,0-3 (”ijl>z(j, r)

j=0
+ Z p+1—j,r—j).
j>1
Proof. Set a, = P(r, k, 0); then, as r > 1, we have a, = 0, and, by Lemma

8,

TP(r—1,k-1,0).

by=a,—a_, =P(r,k,0)=P(r,k—1,0)=7

Let T(p,r)=3;_, kb, ; then

Tp,r)=r-Y k'Pr—1,k-1,0)
k=1

=r-Y k°P(r-1,k,0)
k=1

—r Y K(P(r—=1,k,0)=P(r—1,k—-1,0)
k=1
=r'Z(par'—1)_r'T(p_lar_1);

hence
T(p,r)=r-Z(p r—l)—r-(r—l)Z( -1, r-2)+—----
=S =0T Ze =g r - ).

j>1
Lemma 20 then gives the result. O

This theorem is useful to compute y;_, k” (H,f - H,((z)) recursively (r =2).

5. STRUCTURE THEOREMS

Quite often it is easy to solve a problem if one knows that a solution exists.
If one knows in advance what the solution of the problem will look like, one
can decide whether the solution will be simple enough for it to be worthwhile
working out the exact solution or just truncating it to obtain the dominant terms.

The results given here are a kind of existence theorems for closed form repre-
sentations of sums involving generalized harmonic numbers. The closed form of
a given sum can then be obtained either by interpolations—which means solv-
ing a system of linear equations—or better by application of the summation
formulas given in this section. The proofs given are all constructive.
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Example. Try to find a closed form representation of the sum

n

S(n) =" (2k + 3)H;

k=1
We have two obvious strategies to find a closed form representation of this sum:
(1) By Theorem 30 below, the sum is of the form

S(n) = (azn +a n+a0) (bn +b,n+by)H, +(c2n +cn+cy).

Evaluate S(0), S(1), ..., S(8) and then solve this linear system for the
unknown coefficients a;, b,, ¢, (i =0, 1, 2). This approach should

i v
be used only if exact arithmetic (with rational numbers) can be used.
Otherwise, numerical difficulties will arise.

(2) Using Lemma 29 below, we write

= () <)

k=1
and after some rearrangement we obtain
S(n) = (n+ 1)(n+3)H, — (0" + 50+ 2)H, + n(n+9)/2.
The next theorem and its proof technique is fundamental for structure theo-

rems. This method of proof is also used by Knuth [4].
Theorem 25. Forall reZ, n,peN

n p+1
“@ oz (o) = (L )m - G st =1 o™

k=1

Proof. By definition of the H, ") we have

() - ()£ )

k=1 k=1 j=1 J=t k=j

E() = ()
j=l k=1 j=1 k=1 p
_ n+1 ”J Jj
p+1 — +1
n+1 n p+l
_<p+1> 1J+1'ZZSP+1

j=1i=1
Interchanging the last sums gives the result. O

Example 1. p =0 gives

ZH') (n+ DH" —H'Y,
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Example 2. r =2 gives

n
K\ @ (n+ 1\, 1 o
;<P>H" - <p+ 1>H” “prnisw L DH, +sp+ 1, DH,
+o+sp+ 1, p+ DH
but s(p+1, 1) = (=1)”-p! and the terms H.”, ..., H,(ll_”) are all polynomials

of degree at most p of the parameter n. So we have
Corollary 26. Forall n,pe N
n
K\, (n+1\,o (1P
> <p>H" - (p+ 1>H" Tprrh AW,

k=1

where Ay(n) isa polynomial in n of degree p .
An immediate consequence of Theorem 25 is:

Theorem 27. Forall ne N, reZ, if A(k) is a polynomial in k of degree q,

then
n g+1 X
S Ak)H = (n+ DBmH + 3 ¢ H T,
k=1 k=1
where B(n) is a polynomial in n of degree q. The constants c,, ..., ¢

» “g+1
depend on the coefficients of A(k).

Proof. A(k) has a representation A(k) = Z=0 a, (’;) . Application of (44) to
all terms of this sum gives

q p+1
n+ 1) (r s(p+1,k) 0k
=Y a < H -y -2 H
par Pi\p+1) " pay p+1)
With . .
_ n\ 1 _ s(p+1, k)
B(n) = ;} (p)p —9 and ¢ = ;a”m

we obtain the stated result. 0O
For r =1 this theorem specializes to:

Corollary 28. If A(k) is a polynomial of degree q, then
Y A(k)H, = (n+ 1)B(n)H, + C(n),
k=1

where B(n), C(n) are polynomials of degree q .

Even powers of harmonic numbers can be summed. We give just one result,
but omit the proof.
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Lemma 29. Forall n,p€eN

S ()= ()= (1) ]

p+l

2 1 _
+(p+1)2<pj-1>‘<p+1>!zs(”“’k)”"('2 v

k=2

(45)

One can obtain a similar, but more complicated, identity for Y, _, (’;)H,? .
We therefore have:

Theorem 30. Forall n,peN, reZ, me{0,1,2,3},if Ay(k), ..., 4,(k)
are polynomials in k of degree at most q, then

n m m (2)
Y > A (k)H] =) B,(mH, + C(m)H,”,
k=1 p=0 p=0
where the By(n), ..., B, (n), C(n) are polynomials in n of degree at most

g+1.

We conjecture that this theorem holds for all m € N.
From Theorem | we can derive, for u, v, n,peN,

" (k n+1

Yoo )P, k,p)Pw,n—k,0) = Pu+v,n+1,p+1).
ko \P p+1

This may be restated as

Theorem 31. Forall u,v,n,p €N, if Ay(k), ..., A, (k) are polynomials in
k of degree at most q, then

m
ZZA P(u,k,p)P(v,n—k,0 =Y B (mPu+v,n+1,p+1),
k=1 p=0 p=0
where the By(n), ..., B, (n) are polynomials in n of degree at most q + 1.

We shall now try to find the structure of sums of the form Y_;_, H, /(k + p), -
By partial fraction expansion we have

1 o a; s
= - with a, =0.
(k+p)q ;k+p+1—1 ,-:ZIJ

Therefore,

=X
e
M-n
&
T
k-
3
+ =
<

(k +p),

k=1 j=1

These sums can be evaluated by Lemma 18.
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Because of ijl a; = 0, many terms cancel, and we get:

Theorem 32. Forall n,p,q€eN

> e i )
T =0+
k=1 (k +p)‘1 k=p—q+2 + k=1
n p - 2)
k —
(k +p) =+t Z Z + CZH
k=q—p q k=p—q+2 k=p— q+2
forq>p+1>1,
n H p+q-2 d p+g—2 b
k k k
P R Dl 2 Al Dleey £
B (k- p), P k —n k

where c, , d, , b, are constants depending on p and q.

6. OPEN QUESTIONS

1. It seems natural to consider the coefficients of
—log(1 — z) -!
(FH2) -5+ LS

where a, = -H,, a, = H22 - Hy, a,= —Hz"’ +2H,H; - H,, ... . Obviously,
many nice summation formulas can be derived for these quantities. Do these
numbers occur in a natural way in applications?

2. Is the conjecture following Theorem 30 true?

3. Is it possible to introduce a few new functions so that any sum 3 k” H]
can be expressed by these functions for p, g€ Z?

7. CONCLUSION
We have shown in this paper that

(1) many complicated-looking summation problems with harmonic num-
bers can be solved;

(2) there are two natural generalizations of the harmonic numbers, namely
H,(I’) and the function P(r, n, m), which share many properties with
the harmonic numbers; and

(3) sums of powers behave similarly to sums of harmonic numbers.

APPENDIX

In this appendix we give some special sums which might be helpful if one
carries out symbolic computations ‘by hand’, in contrast to using a formula
manipulation system.
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All equations can be derived from the results of §3 with the aid of

Lemma 33. Given summation formulas Y, _, (’;)ak =F(n,p), n,peN, one
has

n 14
(46) Y kPa,=>"S(p,k)-k!-F(n, k).
k=0 k=0

Proof. Using (4b), we have

n n D D n
>oKa=> a4y Sw. )0, =380, 0- 1Y (5)a
k=0 k=0  j=0 : J

j=0 k=0
14
=Y S(p,j)-j'-F(n,j). O
j=0
From Corollary 2 we can derive as special cases:
n
k n+1 1
2 <p>H" - (p+ 1) [H"“ P+ 1]
k=0
and
n
k> (n + 1>
Z H, -k = I:I-In+1 - Hp+1]'
= <p " p+1
From Corollary 3 we obtain
2 k) n+1 2 1
Z HH, , = ( ) l:Hn+l - <Hp+1 + —> Hn+l
o (p p+1 p+1

(2) 1 2
i +p+ 1Hp+l +Hp+l

From Corollary 26 we have

(kN ;o (n+ N\, (=1
Z(p>H"’(p+l>H" Pt

k=0

and Lemma 29 states

5 ()= ()t

k=0

To complete this list, we note

> (5)-(r)
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k=0

n
Y K°H, = A(p, n)H,,,

Zk”

k=0
ka A(p, n)H, |
H _,=Ap,n)H,
ka A(p, n)H

2

_

Using these equations and Lemma 33, we get:

—'B(psn),

-C(p, n),

n+l)

-B,H —E(p,n),

Zk”H,f = A(p, m)H, —~F(p, mH,+G(p, n),
k=0

Table 1 lists some values for small p of these polynomials.

861

—(B(p,n)+C(p,n))H,,, +D(p, n),

, G(p, n) are polynomials in n and the Bp are the
Bernoulli numbers. The A(p, n) are well known (see, e.g., Riordan [6]).

TABLE 1
? Alp, n) B(p, n) Clp, n)
0 n+1 n+1 n+1
| nin+1) nin+1) 1 n(n+l).§
2 2 2 2 2
) nn+ 1)(2n+ 1) nin+1) 4n+5 nin+1) 22n+5
6 3 12 3 12
3 <n(n+1))2 n(n+1) (n+2)(3n+1) n(n+l)_25n2+13n—2
2 12 4 12
D{p, n) E(p, n) F(p, n) Gip, n)
0 2(n+1) 0 2n+ 1 2n
2
n n“—n-—1 n{n — 3)
1 n(n+1) 5 T 7
. . 1n+37 (n—2) 4’ —3n' —n+3 n.8n2—15n+25
nn+ 1) —5g 6 i3 108
2 L 35n+37 a2n=1 2\ 3n=2 97 = sn+ 10
3 n“(n+1) 7 nin—1) 23 n(n 1) 7 n(n l)—————288
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It remains to prove that Y, _, ka,Ez) = A(p, n)H,(lz) ~B,H, —E(p,n). But

this results from Z,’:zo (’;)H,Ez) == (—l)pHn/(p + 1)+ .- and the following
lemma, which connects the Stirling numbers with the Bernoulli numbers.

Lemma 34. Forall pe N

(47) ‘Z:(_l)kS(p,k)-k!

k=0
Proof. The following identities are well known (see e.g. Riordan [6]):

k+1 ZBP'

z z° z
@ -1 =k-3 80, k5 and =3B, .

p20 p20

Then,

Comparing coefficients gives the result. O

The first few Bernoulli numbers are:
B,=1, B, =-1/2, B,=1/6, By=0, B,=-1/30.

The next formulas are immediate consequences of Lemma 18.

5 P S R
k=1(k+2)(k+1)' n+2°" n+1°

n
H
Sk -gv__L g

k=l(k+l)k n n+1 "
n
H, 1 1
=2--H ——,
k=2k(k—1) n n
i H, _Lo 2 _1)
(k—1)(k=-2) 2\2 n-1"" n-1 n)’

1 1 1 1
B _Mpe_ (L __ L
(k+2)(k+1)k_2[H" 1 (n+l n+2>H"+ +1]’

: H

X n
I s (11 1

M I _gW L2 _(1_ _Z

"+ Dk(k=1) 2[ B+ 3 <n n+l>H" n}’

==

=2
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2 H 1 1 1 1 1
k _tly_ ! _ 1
() 4[2 2<n—l n)H" n—1+n]"
- H, 1 @ 23 1 2 1
k=2(k+2)(k+1)k(k—1)“E[_an +?_(ﬁ-n+1+n+2>Hn
o1
n n+1]’
n
H, 1 ) 2 4 2
kzzs(k+1)k(k—l)(k—2)_ﬁ[2H" 2‘<n_1‘;+—n+1>Hn
_1 .3
n-1 n|’
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