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USE OF HERMITE’S METHOD TO OBTAIN GENERATING FUNCTIONS
FOR CLASSICAL ORTHOGONAL POLYNOMIALS
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By using a technique originally due to Hermite simple proofs of the generating
functions for the Laguerre and Hermite polynomials have been obtained. A
unified treatment for obtaining generating functions by Hermite’s method for
the classical orthogonal polynomials alongwith the Besssel polynomials is also
given.

1. INTRODUCTION

Motivated by the method of Hermite which he used to prove the orthogonality
of Legendre polynomials, Askey (1978) recently obtained the usual generating function
for the Jacobi polynomials. The main purpose of this note is to show that Hermite’s
method applies equally well to the remaining classical orthogonal polynomials, namely
the Laguerre polynomials and the Hermite polynomials. The Laguerre polynomials
and the Hermite polynomials are respectively defined by the following Rodrigue’s
formulae:
x-uez

n!

LY (x) = Dr{e—=xnte}, D = d/dx ()

Ha(x) = (—=1)" exp (x*) D" exp (—x). (2)

Using the method of integration by parts it is fairly easy to obtain the ortho-
gonality conditions, namely

(-}

| xxe==L¥ L,‘:’ xdx=0, m#%n, a>—1 .3
Q
[- <}
[ exp (—x2) Ha(x) Ha(x)dx = 0, m #n. —..(4)

2. GENERATING FUNCTION FOR LAGUERRE POLYNOMIALS
Consider a generating function

oo
f(x, )= T LOxm.
n=0
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Consider also
o0

L = | x*f(x, t) x*¢=dx.
0

Putx = (1 -- )y with || < 1.

The integral Ir is then
w0
I = § ¥ + DEf(x, 1) (1 + 1)*+yxe~ve—tvdy.
0

This would clearly be a polynomial of degree k in ¢ if
fOe 1) = (1 4 tyotew
= (1 4 )= exp [xt/(1 + 1)]. ..(5)

If fx, f) = ﬁ‘i ROl ...(6)

then Qn(x) is a polynomial of degree # in x and as I is going to be a polynomial of
degree k in f, we must have

o0
J X*On(x) x*eedx=0, n=k+1, k+2,..
0

This is equivalent to the orthogonality of Qn(x) over (0, oo) with respect to the weight
function x*e—*,

Thus On(x) == L (x)

for some constant /n, since there is only one set of polynomials that are orthogonal with
respect to a given weight function after they have been normalized.

From (5) and (6), we obtain

0n(0) = (—1yr L2
Also from (1)

(1 + o)n

n!

L; (0) =
and hence

On(x) = (=" L ().

Thus we get
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z L::!) (x) = — t)—a—l exp (—I:——;X.—tt—-), ! t I < 1. .7
n=0

The above arguments also contain the proof of the fact that the orthogonality
relation (3) for the Laguerre polynomials holds if they are defined by the generating
relation (7).

3. GENERATING FUNCTION FOR HERMITE POLYNOMIALS

As in section 2, let

< Ho()
Hn X "
F(x, t) = l t
n=0
and
[+ 0]
Io = | x*F(x,t) exp (—x?) dx.
— o0
Set
X =y + Lt
Then

o
Ie = | (v + OF F(x, 1) exp (—2yt — 1*) exp (—)?) dy.
— 00

Obviously, this is a polynomial of degree & in ¢ if
F(x, t) = exp 2yt + 1*) = exp (2xt — t2). ...(8)
If we take

F(x, t) = 02010 gn(x) t» (9

then ga(x) is a polynomial of degree precisely # in x which must satisfy

-]
§ x*ga(x)exp(—x%Hdx =0, n=k + 1, k + 2, ...,
— o0

in order to have I a polynomial of degree k in ¢.

The last condition is equivalent to the orthogonality of gn(x) with respect to the
weight function exp (—x2) over (—oo, o).

Hence gn(x) = haHa(x) for some constant 4., as was done in section 2.

We can select » = 1/n!; because from (8), (9) and (2), we have
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q20(0) = L%!l)—n, Hza(0) = —(;—‘1)”— 2n)!;

and

Fons1(0) = 2 (';!1)", H; .0 =2 (;n,l)l @Crn+1)!.

Finally, we get

oo

z "(") — exp (2x1 — 13). ...(10)

As was mentioned in section 2 the above arguments also contain the proof of the
orthogonality condition (4) for the Hermite polynomials if they are defined by the
generating relation (10).

4. A UNIFIED TREATMENT

Thakare (1972) following Fujiwara (1966) stated the extended Jacobi polynomials
Fa(a, ; x) defined by the following Rodrigues’ formula:

Fu(a, B; x) = [Kaw(x)]™* DP[X(x)*w(x)], ..(11)
where the normalized weight function w(x), X(x) and Ka are respectively given by

w(x) = (x — a)*(b — x)B/(b — a)**B+'B(w + 1,8+ 1), (a, B> —1)

...(12)
X(x)=c(x —a)(b — x), (c >0), ...(13)

and
Ko = (—=1)*n! ...(19)

The polynomials Fu(e, B; X) are orthogonal with respect to the weight function
(12) over the interval (a, b). The parameter ¢ involved in (13) is connected with
another parameter A as follows:

= ¢(b — a). «.(15)

The attempts of Fujiwara and Thakare explicitly bring out the fact that the
difference in specific types of classical orthogonal polynomials originates merely from
the choice of parameters {«, 8} and {a, b} appearing in the weight function (12) and
the quadratic X(x) given by (13). More explicitly, one has (see Thakare 1972,
1977, 1980):

(A) Jacobi polynomials : With —a = b = X = 1, we have

Fa(a, B; X) = P& (x). ...(16)
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(B) Laguerre polynomials: Whena = 0,8 = band A = 1, we have

m Fa(a, b; x) = (—1)* L (x). (17

b0
(C) Hermite polynomials: With § = «, —a = b = +/a, and in view of A>2/4/a
(see Fujiwara 1966 and Thakare 1972, 1980), we get

lim Fa(e, a; X) = Ha(x)/n!. ...(18)

&—>00

(D) Bessel polynomials : When —a = b = XA = 1, we have .

lim —P(—”;ill Falr— e — 1, e — 1 1 4+ Q2xefs) = Ya(x; 7, 5) ...(19)

€>0

where Yu(x; r, s) are the generalized Bessel polynomials introduced by Krall and Frink
(1949).

The above relationships are much more handy and easy to work with than the
known relationships between the Jacobi polynomials on one hand and the Laguerre
and Hermite polynomials on the other hand (see Szego 1974, p. 103, 107). Why the
method of Hermite becomes applicable in obtaining generating functions for each of
the classical orthogonal polynomial set is, in fact, a consequence of the above unifying
principle.

Consider a generating function

[« o]
G(x,t) = 2 Fa(x, B; x}t"
0

n=

and look at the integral
b
Ir = | x*G(x, 1) (x — a)*(b — x)B dx.
a

Put
R=1[l 4+ 2X'(x) + X2 =1 4 M[2y — a)f(a — b)) 4 1]  ...(20)

where X(x) is given by (13). Then the integral Ix reduces to
b
Le= [ [y+a(y—a)(y —b)l(a— b} G(x, t) [1 + Aty — b)/(a — B)J*
a

X [14-2(y—a)/(@—B)IB [1+At(1+2( y—a)/(@—bY] (y—a)* (b—y)® dy.
This integral is a polynomial of degree k in 7 if

G(x, t) = 22+B(1 + Xt + R (1 — At + Ry P R ...(2D)
where R is given by (20). Thus, if
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[+ ¢]
G(x,t) = T Qa(x)1t" ...(22)
n=0

then Qn(x) is a polynomial of degree n in x and as I is to be a polynomial of degree
k in ¢, we must have

b
JX0n(x) (x —a@)* (b — x)Bdx =0, n=k + L,k +2, ..
a

Thus, we have to select
On(x) = daFula, B; %)

for some constant dn as there is only one set of polynomials orthogonal over (a, b)
with respect to the normalized weight function (12). But with x = b, (21) and (22)
yield Qa(b) = A* (1 + B)a/n!; and from (11) to (15), we have Fu(a, 8; b) = A*(1 4 8)n/n!
so that we select dn = 1 for all n. And thus, we have

[+ o]
Z  Fa(x, 8; %) " = 22+8(1 4 At + R)™ (1 — At + Ry P R +.(23)
n=0
where R is given by (20); see Fujiwara (1966) and Thakare (1977, 1980) for additional
proofs of (23).

In view of (16) one readily obtains the usual generating function for the Jacobi
polynomials.

Puta = 0,2 = 1 and § = b in (23). Using the relationship (17), we obtain on
account of (20) and

lim (1 — t/b)’ = e ...(24)

b—>o

the generating function (7) for the Laguerre polynomials.

Put =, —a = b = v/, (&« > 0)in (23). We have then, as a consequence
of (18), (20) and (24) the generating function (10) for the Hermite polynomials.

Lastly, we consider the case of the Bessel polynomials. Put —a =056 = 2= 1,
o =r —e— 1, § = e —1 and replace simultaneously x by 1 + (2x¢/s), t by sw/2e in
(23) to obtain in the limit ¢ — oo

G(x, w) = 2-2(1 — 2xw) 32 [ 1 + /1T = 2xwp-r
X lim {1 + (sw/2eT)P+e - lim [1 — (sw/2¢T)~

where T =1+ \[1 — == 1 + %)fi) + (sw/2¢)?.

In view of (19) and after some sxmphﬁcation one obtains
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®

> (3w 5= e

n=0

= (1 — 2xw)™V2[} + } T — 20W]*" exp [zs—x (1—-41T= 2xw)].

The above generating function was first given by Burchnall (1951).
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