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ABSTRACT

Here we give a simple proof of a new representation for orthogonal polynomials over
triangular domains which overcomes the need to make symmetry destroying choices to
obtain an orthogonal basis for polynomials of fixed degree by employing redundancy. A
formula valid for simplices with Jacobi weights is given, and we exhibit its symmetries by
using the Bernstein-Bézier form. From it we obtain the matrix representing the orthogonal
projection onto the space of orthogonal polynomials of fixed degree with respect to the
Bernstein basis. The entries of this projection matrix are given explicitly by a multivariate
analogue of the 3 F5 hypergeometric function. Along the way we show that a polynomial is
a Jacobi polynomial if and only if its Bernstein basis coefficients are a Hahn polynomial.
We then discuss the application of these results to surface smoothing problems under linear
constraints.
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1. Introduction

This paper considers orthogonal polynomials over a triangular (or simplicial) domain,
with a mind to extending least—squares approximation methods to the multivariate setting
(see the discussion in [FGS03]). In the univariate case these are given by the inner product

(f.g)ei= s [ f(@ate) @ =0 0 dn, v >0

with those for v;=1 (Legendre polynomials) and v; = § (Chebyshev polynomials),

ie.,
11y = /f =
22 1—%2

the most relevant to least-squares methods. The linear polynomials {y(x) := 1 — = and

&1(x) := x above are the barycentric coordinates of the interval (1-simplex) 7" = [0, 1].
For polynomials of d variables the interval [0, 1] is replaced by a d—simplex T' (a triangle

for d = 2) with barycentric coordinates £ = (&g, &1, - .., &4), to obtain the inner product

o) = / f@)g(@)dz,  (f,g),

()
I'(v)

Let II,(IR?) be the space of polynomials of degree < s on IRY. Then PY the Jacobi
polynomials of degree s is defined to be the space of polynomials f of degree s with

(f,9)v

1 v—1 d+1
; . 1.1
d!vold(T)/ngé , velR"™, v; >0 (1.1)

(f.9)y =0,  VgeTIl,_1(R?).

In the univariate case (d = 1) this space is one dimensional, spanned by the orthogonal
projection of any polynomial of exact degree s onto it. The issues here are the choice of an
appropriate normalisation to give a neat form of the three term recurrence, and expressing
the orthogonal polynomial in terms of a (3F)) hypergeometric function.

In the bivariate (and multivariate) case dim(P?) = (s:ﬁf) >1,d>1,s>0, and so
some orthogonal-type expansion must be developed for it (see, e.g., [DX01]). Let’s consider
the issues involved here in the concrete case of the bivariate (d = 2) quadratic (s = 2)
Legendre (v; = 1) polynomials on the standard triangle T := {(x,y) : z,y > 0,z +y < 1},
which has barycentric coordinates x,y,1 — x — y. A natural candidate for an orthogonal
basis would be the orthogonal projection of the Bernstein basis

2%,y (1—2x— y)Q, 2zy,2x(1 —z — y),2y(1 —z — y)

onto Q the space of quadratic Legendre polynomials, since these Legendre polynomials are
invariant under the symmetries of the weight (the affine changes of variables which map the
triangle T to itself). But there are siz of these functions and Q has dimension three! What
can one do? Appell [AK26] suggests taking a subset: those corresponding to z2,y?, 2xy
(those not involving one of the barycentric coordinates). These are not orthogonal to each
other: but they are invariant under a subgroup of the symmetries of the weight — enough
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to develop general formula for them and the dual basis. Proriol [P57] suggests giving up
on having any symmetries and obtains an orthogonal basis explicitly. The cost is that the
(recursive) formulae are very complicated, and so of limited utility for computations. Here
Prorial’s polynomials are the orthogonal projections of 22 + 4% + 2zy, 2% — y2, 22 —y? — 4xy
onto Q.

In this paper we advocate a new approach: to write f € Q as a sum of its orthogonal
projections onto all six functions. The resulting formula is what is called a tight frame
expansion (see [C03]). It has a simple form since, e.g., the orthogonal projections of
22,92, (1 — 2 — y)? are obtained from each other by applying a symmetry of the weight
(interchanging barycentric coordinates). We advocate that having a simple formula which
reflects the symmetries of the weight and so allows stable calculations (see [F00]) outweighs
the cost of dealing with more functions than needed for a basis.

The paper is set out as follows. In the remainder of this section we give some basic
definitions and facts. In Section 2, we investigate the Bernstein—Bézier coefficients of Jacobi
polynomials. It turns out that these are Hahn polynomials and can be characterised by
certain dependencies of the coefficients which can be expressed in terms of the adjoint of
the degree elevation operator. In Section 3, we give a tight frame representation for the
space of Jacobi polynomials which reflects the symmetries of the weight and discuss its use.
The proof given is based on the fact that the Jacobi polynomials are eigenfunctions of the
Bernstein-Durrmeyer operator. We conclude by presenting some additional consequences
of the results including their application to surface smoothing problems.

Throughout & = (&,&1,...,&q) will be the barycentric coordinates of a d-simplex
T c IR? (the convex hull of d + 1 affinely independent points in IR?) with volume voly(T).
We use standard multiindex notation, e.g., in (1.1) we have =1 = go—ter—1. .. 5”1_1,
lv| =3, v; and I'(v) = [[, T'(vj). The normalisation is chosen so that

<£a7‘£ﬁ>V = m? CE,B S Z—d|—+17 (]‘2)
(IVDial+181
where (v)q :=[[;(¥j)a,, With (), :=2(z +1)--- (¥ + n — 1) the Pochhammer symbol.
Each polynomial f € II,,(IR?) can be expressed in terms of the Bernstein basis
f = Z Ca(f)Ba = Z CaBa,
|al=n la]=n

where the Bernstein polynomials of degree n are defined by

al al

| |
B, = <|z|)§o‘ = ﬁﬁo‘ = &fo‘, la| =n, acZI.

This basis for II,(IR?) is ideally suited to representing polynomials on the simplex T
(see [B8T7]), and c(f) = c"(f) = (ca)|a|=n are referred to as the Bernstein(—Bézier)
coefficients. By the multinomial theorem

d

=3 caBa= Y caBa<Z§i)j = Y (R¢)Ba,

|la|=n |a]=n =0 |a|=n+j



where the powers of the degree raising operator R are given by

(Ric)a= > (J) (o), Cacny  j=0,1,2,.... (1.3)

a2 \/ (=lal);

2. Jacobi polynomials and their Bernstein coefficients

Here we think of functions ¢ : a — ¢, defined on the simplex points
S, = {a € Z4 : |a| = n},

such as the Bernstein coefficients of f € Hn(IRd), as polynomials of degree n in d—variables.
This is done by identifying ¢ with the unique polynomial of degree n on the d-dimensional
affine subspace {z € R i zg+mi+ - +ag = n} which takes the value ¢, at a € S,,.
For example, by the multinomial theorem f =1 = Z‘a‘:n B, and so 1 corresponds to
the constant polynomial ¢ : « — 1. More generally we have:

Proposition 2.1. Let f = Z|a|:n co B, € Hn(IRd) and 0 < s < n. Then f has degree s
if and only if ¢ : @ — ¢, is a polynomial of degree s.

Proof: The polynomials B, |3| = s, are a basis for IT,(IR?), and can be expressed

_ _J1L a=p
Bs = Z boBa, boc = {0, otherwise.

|a|=s

Let j :=n —s. Then by (1.3) the Bernstein coefficients of Bg =}, |_,, caBa are

o — (RIb). — 7\ (=), _ 3 (e _ M=) (=a)s
@ = (Fho Z<v)<—ra\>j"“‘” @B (n); — (o) (A)s

[v|=3

since (—a)a—p(—B)s = (—a)s(—a + B)a—p and (a = ) = (=1)(—a + B)a—p-
But S, = R: o+ (—a)g, || = s are a basis for the space of polynomials of degree
s, and so we obtain the stated correspondence. O

We define an inner product on the space of polynomials S,, — IR of degree n by
— 3 Wa 2.2
o= 3 D pa)g(a), (22)
la|=n '

The corresponding orthogonal polynomials of degree s are called Hahn polynomials, and
we denote the space of them by P2, 0 < s < n. We now show that a polynomial is a
Jacobi polynomial if and only if its Bernstein coefficients are a Hahn polynomial.
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Theorem 2.3. Let f =3, _, caBa € I1,(IR%) and 0 < s < n. Then f € PV if and only
if c € PY", ie., c: a+ cq is a polynomial of degree s, and

(Pvm = Y @;’ (a) =0,

|a|=n

for all polynomials p : S,, — IR of degree < s.
Proof: f € PV if and only if it is orthogonal to the spanning set g = £%, |3| < s

S

for T,_; (IRY), i.e., by (1.2)

<f»g>l/: Z Can_! (V)a+5 = n! Z <V)'aca(l/+a)g =0.

ol ([WDiaj+isr (PDsrip) 52, o

|a|=n

The result follows since p : @ — (v + «)g, | 5] < s span the space of polynomials of degree
< s. O

This interpretation of the Hahn polynomials as the Bernstein coefficients of the Jacobi
polynomials was found by [Ci87] in the univariate case. By choosing specific p the condition
on the Bernstein coefficients can be related to R}, the adjoint of the degree raising operator
with respect to (2.2), which is defined by

(Re,b)ypn = (¢, RUb)y n—1, c:S-1—R, b:5,—R.
Choose 0 < j <n. Then for c: S,—; — IR and b: S, — IR we calculate

(e = 30 O wan = 3 U S () 5

la|=n la|=n ! [v[=3

- > S ( ) sy

|B|=n— JWI =j

. V'f‘ﬁ (_B_'Y)’y
- % Zﬁ‘ﬁJrv ()

|Bl=n—j

a’yb

and so the powers of the adjoint of R are given by

o v+8)y (i (=8-7)y, ) 7\ (=1)
(oY) g%ﬁ' (8+7)! (7) my T %j( 0 <7> (),
(B+v)y (J 24
= 2 (5751, ( )b‘””

[v|=J

Corollary 2.5. Let f = Z‘a‘:n caBa € 1L, (IRY), 0 < s < n. Then f € P¥ if and only if
(RX)" Tl =0.
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Proof: Take p : @ — (—a)s, |B] = s — 1 which are a basis for the space of
polynomials of degree < s. With k:=n — |3| =n — s + 1, we calculate

(e, P)vin = Z (V)aca(_a)ﬁ = Z (Va)laca(—a)ﬁ = Z )5 o+~ (—=B —7)p

e o @ e B!
=)s MZ:]C(V + mwwﬂ% = (v)p |7|Z=k (v+ ﬁ)wclﬂ—v%
= ), o ) e BNl S A
which is zero for all |3] = s — 1 if and only if (R})*c = 0. O

For Legendre polynomials (v; = 1) and s = n this result appears as Lemma 7 in [FGS03].
The association of the (possibly degree raised) Bernstein coefficients of f € PY with
a Hahn polynomial preserves the respective inner products.

Theorem 2.6. Let [ = Z|a|:n ca(f)Ba, g = Z|a|:n ca(9)Ba and 0 < s <mn. If f or g
belongs to P, then we have

(n!)* (¥)a

(=) (V) la|=n ol

(n!)*

(n = s)(|v)n+s

(f,9) =

Ca(f>ca(g) =

(c(f);c(9))vn

Proof: We will use the multivariate Chu—Vandermonde identity (see [DX01:§1.2])
in the form

Doto _ WF B _ 2Fi(—a, —Bivi1) = ol (=h)y,
Val)s e W)
Suppose without loss of generality that f € PY, and write

f: Z aozBom g = Z b,@Bﬁa

lof=s |Bl=n

ie, c(f) = R" %a, c¢(g) = b. Then by (1.2) and Chu-Vandermonde

o= 3 S G

la|=s[B]=
sln! aq b —a)(—=0)~
~ (v |n+sz|[; 'ﬁf ﬂz( (Z)iyl)
sln! V)
Rz ;l_: K “mz_: ﬁ'ﬂb Z )



Since p : o — (—a), is a polynomial of degree |y| < s (7 < «), Theorem 2.3 (with n = s)
implies that all terms except those with v = « vanish, and so we obtain

(f, g = sln! (V)aaa Z (v )Bb (— @)a(_?)a

giv =
(1)) n+s o= o! Bl=n p! (V)ac!
sln! v)g
= bs Qo
([V)n+s |B|Z_ o QZS —a)

a<lp

Let j :=n —s. Since (—f)g—a(—®)a = (=B)a(—F + a)s—q, the last sum above becomes

—a - a (_B)’Y
Z aa —a) Z o = Z A= 5)

oz<ﬁ a<}a |v|=J v
(-1 (y) ~1y’ nl
= —0B)ag_y = ——(—n);(Ra)g = cg(f),
41 MZ:J y ( )v B—v ;! ( )J( )b‘ sl(n — s)! 3(f)
and we obtain the result. O

For Legendre polynomials (v; = 1) this is Lemma 6 of [FGSO03].

Corollary 2.7. Let [ = Z|a\:j ¢ (f)Ba, g = Zm‘:k c*(g)Bq. If f or g belongs to PY,
where s < max{j, k} <mn, then

gy = — " preiei (), R (g)

(=) ))n+s

3. Tight frames with symmetries for the Jacobi polynomials

A tight frame for a finite dimensional Hilbert space H, such as PY, is a sequence of
vectors (¢;) in H for which

f=> (0505, VfeH (3.1)
J

Clearly an orthonormal basis is a tight frame. There do exist tight frames with more
vectors than needed for a basis, e.g., three equally spaced vectors in IR? (see, e.g., [D92]).

Proriol’s orthonormal basis for P¥ involved complicated formulae since the symmetries
of PY were not utilised. Here we give a tight frame for P? which does have the natural
symmetries, and hence has a simple form. Since (3.1) is technically similar to an orthogonal

expansion — it simply has more terms — we feel this is a worthwhile advance.
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The simple construction (which eluded the author for years) given here is based on
the Bernstein—Durrmeyer operator M} (see [Du67], [De85]). This is defined on the
continuous functions on the simplex 7" with the Jacobi inner product (1.1) by

v fuéa v a 1% nn! o
Mif = Y s 3 (e ) e

|a]=n |a|=n

It is easily shown this is self adjoint and (see [De85]) that it has eigenvalues

n! 1
)\s MU - 5 < < )
M) = =iy, 0Sesn

with corresponding eigenspace the space of Jacobi polynomials PY, ie., for 0 <s<n

Fm =D 3 o€ VI EPY, (32)

la|=n

Let Qs be the orthogonal projection onto PY. Then for f € P,

(£, €%y =(Qsf, %) = (f, Qs(£%)v,

and so from (3.2) we obtain

- IS a o (V)a Q8(5a> QS(ga)
f= (n_s)!(‘VD?H-TZ_a ()a (f; Qs(§%))y = (n_s)!(|V|>n+T¥ al (V)a (f, )a )
(3.3)
Thus by computing Q(£%) explicitly, we obtain the desired tight frame for P.
Lemma 3.4. Suppose that |a| = n. Then for any index v,
_ _0 ! _
Z ( Q)ZE )’Y :(_1>s ' n ' _a)’y( S)|’Y|.
e ! sl(n — s)! (—n)m
Proof: The terms in the sum are nonzero only if v < 6 < a. Hence the result
holds for v £ «, and it suffices to prove it for the case v < a.
Suppose that v < a. For v < 6 < o,
(=0)y = (=100 -7, (—a)s = (—a)y(—a + 7)o,
and so, by the multinomial theorem, we have
(—a)o(=0)y _ (—a)o(=0), _ (=1)P(=a), (s = ]!
02_: o zl_: 0 (- Zl_: R
| |_s "/Se_ﬁa a,ge_ga

()P,
- (S—|’Y|)' ( +|7|)s—|’y|



Furthermore, since |y| < |0 = s < |a| = n,

(—n+ |’7|)s—|'y| _ (_n>s (_8)|7|
(_S + |7|)s—hf| (_S)S (_n)|7|

(s — [y = (1) (=5 + [Y)sr s

and so we can rearrange this to obtain

G e o
|0]=s o vy

This completes the proof. O

Theorem 3.5 (Tight frame for PY). Let n > s. A tight frame for PY is given by

(V)a

f=0=) (Whnis 3 00000 VFEPY, (3.6)
|a|=n
where
O Gl () (s + V] = D) (=)s(=5)5 &” (3.7)
“ = Ds (v 4 28)n-s (¥)s(=n)g) p!
EIEE
is the orthogonal projection of £*/(v), onto PY. We also have
n—s)! s y
= s Y (6 Ba, P (39
|la|=n
Proof: It suffices to prove ¢%* is the orthogonal projection of £*/(v), onto PY,
since then (3.3) gives (3.6) and (3.8).
First we prove this for |a] = n = s. In this case
(1) (s+ -1 (-a)s e’ ¢ d
e S e +IL, 1 (RY).  (3.9)
G- T, 2 s 5 W

For |[y| = s —1, (|v])ig1+1y| = ([VD)s—1(J¥| + 5 = 1)), (¥)p4y = (V)4 (v +7)p, and so

O G O s+ = Dip (=5 (¥)s+y
(P E7)0 = (s+|v| —1)s 5;1 (v)ppf! OVDWH‘\’Y\

(v+7)p-

VS M

G5+ W=D, (W)t 22 (a8

By Chu—Vandermonde the last sum above equals (—7)s/(¥)a = 0, so ¢¥ is orthogonal to
the basis {€7 : |y| = s—1} for II,_; (IR%), and hence is the orthogonal projection supposed.
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Now we prove the result for |a| =n > s. By (3.8) for n = s (the case just proved), it
follows that (s the orthogonal projection onto PY is given by

(V)2 ([v[)2s

st = T Z <Q8f7 ¢[yg>yBﬁ = 48! Z <f, ¢g>VBﬂ7 Vf
1Fl=s 1Bl=s
In particular,
B @ S @ v s 1 o v
Q(y()i) _ GV!!)Z 3 <(i)a,¢g>uBﬁz (|V!1)2 = S (€, 650 By, (3.10)
18l=s 18=s

Let f =£*= 9B, la|=n,g= 9% = 2_j9/=s o Bo, |B] = s in Corollary 2.7, to obtain

T nl

(n!)? a! _ (n!)? al
€a7¢y v = _5047Rn e v,n — - Ry " 850470 v,s-
&0 = = (e = G (et )0
(3.11)
We therefore need to calculate ((R})" *dn)e and cg, |0] = s. By (2.4), we have
. (B4+v)a— j! . o 1 —1IBl(—=
((R2)'a)5 = { gy w ASe e i GV el
0 otherwise (V) (18] + 1), a
o et (V)a (n = )'s! (—1)*(—0)
V)g (n—8)ls! (—1)%(—«
(RE)"™64)p = 18 =s. (3.12)

(V)g n! al

To obtain the Bernstein form ¢%° = Z| 8l=m cZ"fBBg, m > s, use the multinomial theorem
to expand (3.7)

vs_ (=1)° (%) (s + [v] = Dy (=a)y(=5)1y &7 (m —v)! s
(0% _(s + |l/| — 1)5 (|V| + 28)n_8 ; (V)’y(_n)|'y| "}/!|6|_;_|7| S £°.
[v[<s

The terms in €%, |B] = m (B8 = v + §) sum to

(-1)° (%)

(s+|v|—=1)s (Jv] + 28)n—s

(S + |V| — 1)|7|(—a)7(—3)|v| E_fy (m _ ”7’)! o
Szﬁ W)y (=m)py T E-A) "

[vI<s

Since
m!

(=m)py’

(_ﬁ)’y
g

e e

this becomes

(—1)° () 5~ (= D) (B =)y
Gt T =D (W[4 28000 2= ) mpnt B

[vI<s

v <0, (m — |y = (=1)1

&,



ie.,

e _ (217 (2) (s + 7] = Dy (=) (=5) (=81
R P 7 N (17 T 2 0 ) TG ) T R
G
As a particular case, we have
_ us (—1)° (s + [v] = 1)}5(=B)y(=0)4 _
% =0 = G o). Zﬁ o) o! .10 =s. (3.14)
[vI<s
Combining (3.11), (3.12) and (3.14), we obtain
o gy _ 8 (¥)a (=)o (s + ] = Dy (=5)+ (=)
€950 = olwes G I =1 %_:S 0! ; () (=8) 117!
[vI<s
(3.15)
_ s (¥)a (s + V[ = Dy (=6)y
BRI RTINS e %:8
[v[<s
By Lemma 3.4,
—a)g(—0), —a)g(—0), [ (—5)|y
> (~o)l=t), _ > (o=, _ <S)(_a>7(_n)|w||_ 510

Y<O0<a

So by (3.10), (3.15) and (3.16), the Bg—Bernstein coefficient (|3| = s) of the orthogonal
projection of £%/(v), onto PY is

(I])2s 1 (€, 8%), = (=D (¥ <ﬂ> 3 (s + vl = Diyi (=) (=6)y

sl (V)a (s vl = 1D)s (IWDnys na V) (=) 57!

[vI<s

This equals the corresponding Bernstein coefficient cgsﬁ given by (3.13), and so ¢2° is the
orthogonal projection of £%/(v), onto PY as claimed. O

The tight frame (3.6) and the representation (3.8) have the desired symmetries. For
applications one would use the tight frame with the smallest number of vectors, i.e., that
for n = s , which simplifies to

£= e S Do amaen = W S p o, wrenr,

loe|=s || =s

v v, o —1)® (8+‘V|_1) (—Oé) SB
o= 9 = e, 2 Cramm L et e

181<s
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For example, in the univariate case, with (x) = (1 — x, z) the barycentric coordinates for
the interval [0, 1] and a = (j, s — 7), 0 < j < s, (3.17) becomes

(=1)° (s + 10 +v1 = Vgyip (=), (7 — 5)g, (1 —x) PP
(s+ro+m—1)s & (10) 8, (V1) 3, Bol!

B1<s—j

Dl (@) =

This was (with hindsight) easily proved, and can also be proved using [X05:Cor. 5.8].

The sum in (3.17) is a multivariate generalisation of the o F} hypergeometric function
called the Lauricella function of type A (see [DX01:§1.2]). In the univariate case (3.17)
reduces to the usual formula for Jacobi polynomials. The history of Theorem 3.5 is as
follows. The case n = s was proved in [WXO01] (unpublished) and is closely connected with
results in [R99] (see [RWO04]). The simple proof is new, as are the formulas involving the
Bernstein form.

From (3.13) in the proof we have the following.

Corollary 3.18 (Bernstein form of ¢%*). The projection of £*/(v), |a| = n onto PY
can be written

Pus = Z cz’fﬁBﬁ, s<m<n,

|B|l=m
where
s (1) (%) 3 (s + V] = 1)y (=a)y (=B8)7(=5) ]
8T G =D (M 290 2=, Dhmpempt

[vI<s

Since II,,(IR?) is the orthogonal direct sum @®"_,P*, we obtain the following tight
frame.

Corollary 3.19 (Tight frame for II,)). A tight frame for I1,,(IR?) with (-,-), is given

= Z s 3 Do (g 6ot c @PY. VFem @), (3:20)
s=0

where (¢7, 95)v = 0, |af # |B].

Theorem 3.21 (Projection matrix). The matrix A = (anp) that maps the Bernstein
coefficients of f = szn cgBg to those of Qs f = Z|a\:m(AC)aBa its projection onto PY
is given by

(v)g s
B! B0
Proof: Since Q5(Bg) = (n!/ﬁ!)(u)g@";s, Corollary 3.18 gives

=nl) ﬁlﬂ 895 = Z ZC Z<Zn' !ﬂcgz 1) Bo-

|Bl=n |Bl=n lo|= laf=m |B]=n

anp = n!-—= la] =m > s, |8 = n.

O
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For m = s, the entries of the matrix A are given by a multivariate analogue of the
3F5 hypergeometric function.

Since (¢{°)|a|=n spans P, the orthogonal projection of f = Z\m:n cgBg onto PV
can be expressed

Q= Vo

la|=n

where, by (3.6) and a result from the theory of frames, the unique coefficients b = (b,)
with the minimal /o—norm are given by

ba = (0= )W) nsslf, 0%0 = (0 = ) ([V)nts Y (Bp, 0u®)ucp.
|1B|=n

There is a simpler choice for the coefficients b, which gives the projection.

Corollary 3.22. The orthogonal projection of f = Z|a|:n caBa € II,(IRY) onto P,
0 < s <n, is given by

(V)Oé v,s
Qsf=n! ) T Cadl”. (3.23)
|a|=n
Proof: Apply Qs to f = Z‘a‘:n CaBa- O

Since (Bg, ¢2°), # 0, |a| = |5 = n, (3.23) is not the tight frame representation of (3.6).

4. Applications and further results

Here we apply our results to a surface “smoothing” problem considered in [FGS03]
(where the Bernstein form of the Prorial basis was used). We adapt the notation used there.
Consider a triangular surface patch of total degree n, expressed both in the Bernstein basis
and the tight frame (3.20),

n n

F= paBa=> (IV)a2s Y. %U, P => > aidh
' s=0|6]=s

jal=n s=0 18] =s

Using Corollary 3.18, the coefficients (p,) can be computed from (g3). But since (¢3) is
not a basis there is not a unique choice for a given f. To get a uniqueness we require that
q; be the coefficients given by (3.20), i.e., (|v|)2s(v)s(f, ¢4)v/B! = ¢, which simplifies to

(W22 S (0ot = a9 =5 0<s<n (41)

lo]=s
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Notice that these equations have dependencies (which allows a system with the natural
symmetries). Assume M linear interpolation conditions have been prescribed

n
N =D Ny =a;, 1<j< M, (4.2)
5=0|B|=s
e.g., specifying the boundary curves. Then the remaining degrees of freedom are used to
minimise a “surface smoothness” integral

ﬂ%wmszSjs@:i/wumwa

T
where W(f) is quadratic in f and its derivatives. The orthogonality (¢4, #%)., |a| # [0
ensures that the system of equations obtained from the method of Lagrange multipliers
takes a simple form (cf [FGS03]). The resulting “smoothest” surface obtained is the same
as that in [FGS03], with our calculation treating all vertices equally.
It follows from Corollary 2.7 that repeated applications of R and R}, to the Bernstein
coefficients of a Jacobi polynomial take a simple form.

Theorem 4.3. Letf:ZM:,n caBa € PY,n>s. For j, k>0 withn+k—j >0,

(B Rie= =g rqye (Mt nd s+ k= )R e, <k,
J
i n—s+1 KNG .
(Ry) Rbe = ( (n+1)2)_k<|V\+n+s>k(Ry)J Fe, k<.
k

Note by Corollary 2.5, (R}) RFc=0ifj—k>n—s,ie,n+k—7j>s.

Proof: Let g = Z|ﬂ|:n+k_j bgBg. First suppose j < k. Then by two applications
of Corollary 2.7, we have

(f,g>u= ((n—i_k_J)')Q

(n+k—J— s)VD)ntr—j+s
B ((n+ k)!)?
(n+k = )V nthts
B ((n+ k)!)?
(n+k =)V Dntrts
Since b is arbitrary, the first arguments in the inner products (-, b),4,—; are equal, giving

((n+ k)!)? (n+k—4)hH?

<Rk_j c,b) v,n+k—j

(RFc, R7b), ik

(R RYe,b)vmnti-j-

R RFc = . RF ¢
s () UL 2l Ty B 7 v
as supposed. Similarly, for k < j, use
_ (”!)2 i—k _ (”!)2 #\j—k ,
<f7 g>U - (n_ S)!(|V|)n+s <C7R b>u,n - (n_ S)!(|V|)n+s <(RV) C? b>7/,’ﬂ+k—]
((n+ k)12 ((n+ k)12

<chu ij>u,n+k = <(R;)3cha b) v,nt+k—j-

Tt k= )V )nrhrs CETED I

O
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[AK26]
[B87]
[C03]
[Ci87]
[D92]
[Des5]

[DX01]

[Du67]

[F00]

[FGS03]

[P57]
[R99]
[RW04]
[WX01]

[X05]

For Legendre polynomials (v = 1) and j < k this appears as Lemma 8 in [FGS03].
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