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THE HOMOGENEOUS CHAOS.

By NorBERT WIENER.
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Definition. Types of chaos.

Classical ergodic theorem. Lebesgue form.

Dominated ergodic theorem. Multidimensional ergodic theorem.
Metric transitivity. Space and phase averages in a chaos.
Pure one-dimensional chaos.

Pure multidimensional chaos.

Phase averages in a pure chaos.

Forms of chaos derivable from a pure chaos.

Chaos theory and spectra.

. The discrete chaos.

. The weak approximation theorem for the polynomial chaos.
. The physical problem. The transformations of a chaos.
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1. Introduction. Physical need for theory. Statistical mechanics
may be defined as the application of the concepts of Lebesgue integration to
mechanics. Historically, this is perhaps putting the cart before the horse.
Statistical mechanics developed through the entire latter half of the nineteenth
century before the Lebesgue integral was discovered. Nevertheless, it de-
veloped without an adequate armory of concepts and mathematical technique,
which is only now in the process of development at the hands of the modern
school of students of integral theory.

In the more primitive forms of statistical mechanics, the integration or
summation was taken over the manifold particles of a single homogeneous
dynamical system, as in the case of the perfect gas. In its more mature form,
due to Gibbs, the integration is performed over a parameter of distribution,
numerical or not, serving to label the constituent systems of a dynamical
ensemble, evolving under identical laws of force, but differing in their initial
conditions. Nevertheless, the study of the mode in which this parameter of
distribution enters into the individual systems of the ensemble does not seem
to have received much explicit study. The parameter of distribution is essen-
tially a parameter of integration only. As such, questions of dimensionality
are indifferent to it, and it may be replaced by a numerical variable « with the
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898 NORBERT WIENER.

range (0,1). Any transformation leaving invariant the probability properties
of the ensemble as a whole is then represented by a measure-preserving trans-
formation of the interval (0, 1) into itself.

Among the simplest and most important ensembles of physics are those
which have a spatially homogeneous character. Among these are the homo-
geneous gas, the homogeneous liquid, the homogeneous state of turbulence.
In these, while the individual systems may not be invariant under a change
of origin, or, in other words, under the translation of space by a vector, the
ensemble as a whole is invariant, and the individual systems are merely per-
muted without change of probability. From what we have said, the trans-
lations of space thus generate an Abelian group of equi-measure transformations
of the parameter of distribution.

One-dimensional groups of equi-measure transformations have become
well known to the mathematicians during the past decade, as they lie at the
root of Birkhoff’s famous ergodic theorem.! This theorem asserts that if we
have given a set § of finite measure, an integrable function f(FP) on §, and
a one-parameter Abelian group T™ of equi-measure transformations of § into
itself, such that

(1) T~ T# = T (—oo <A<, —0 < p< ®),

then for all points P on S except those of a set of zero measure, and provided
certain conditions of measurability are satisfied,

@) nm-}1 LAf(TkP)dA

A->00

will exist. Under certain more stringent conditions, known as metric transi-
tivity, we shall have

(3) }ix?oiﬂAf(TkP)dA=J; F(P)dVp

almost everywhere. The ergodic theorem thus translates averages over an
infinite range, taken with respect to X, into averages over the set § of finite
measure. Hven without metric transitivity, the ergodic theorem translates
the distribution theory of A averages into.the theory of S averages.

In the most familiar applications of the ergodic theorem, S is taken to be
a spatial set, and the parameter A is identified with the time. The theorem
thus becomes a way of translating time averages into space averages, in a

1 Cf. Eberhard Hopf, “ Ergodentheorie,” Ergebnisse der Mathematik und ihrer Grenz-
gebiete, vol. 5. See particularly § 14, where further references to the literature are given.
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manner which was postulated by Gibbs without rigorous justification, and which
forms the entire basis of his methods. Strictly speaking, the space averages
are generally in phase-space rather than in the ordinary geometrical space of
three dimensions. There is no reason, however, why the parameter A should
be confined to one taking on values of the time for its arguments, nor even
why it should be a one-dimensional variable. We are thus driven to formulate
and prove a multidimensional analogue of the classical Birkhoff theorem.

In the ordinary Birkhoft theorem, the transformations 7™ are taken to
be one-one point transformations. Now, the ergodic theorem belongs funda-
mentally to the abstract theory of the Lebesgue integral, and in this theory,
individual points play no réle. In the study of chaos, individual values of
the parameter of integration are equally unnatural as an object of study, and
it becomes desirable to recast the ergodic theorem into a true Lebesgue form.
This we do in paragraph 2.

Of all the forms of chaos occurring in physics, there is only one class
which has been studied with anything approaching completeness. This is the
class of types of chaos connected with the theory of the Brownian motion. In
this one-dimensional theory, there is a simple and powerful algorithm of phase
averages, which the ergodic theorem readily converts into a theory of averages
over the transformation group. This theory is easily generalized to spaces of
a higher dimensionality, without any very fundamental alterations. We shall
show that there is a certain sense in which these types of chaos are central in
the theory, and allow us to approximate to all types.

Physical theories of chaos, such as that of turbulence, or of the statistical
theory of a gas or a liquid, may or may not be theories of equilibrium. In the
general case, the statistical state of a chaotic system, subject to the laws of
dynamics, will be a function of the time. The laws of dynamics produce a
continuous transformation group, in which the chaos remains a chaos, but
changes its character. This is at least the case in those systems which can
continue to exist indefinitely in time without some catastrophe which essen-
tially changes their dynamic character. The study, for example, of the de-
velopment of a state of turbulence, depends on an existence theory which avoids
the possibility of such a catastrophe. We shall close this paper by certain very
general considerations concerning the demands of an existence theory of this
sort.

9. Definition. Types of Chaos. A continuous homogeneous chaos in
n dimensions is a scalar or vector valued measurable function p (@1, - -, Zn; @)
of @1, * *,@n; @, in which z,,- - -, 2, assume all real values, while « ranges
over (0,1); and in which the set of values of « for which
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(4) p(@+ Y, 5 %u+ Yas @) belongs to S,

if it has a measure for any set of values of y,,* - -, yn, has the same measure
for any other set of values. In this paper, we shall confine our attention to
scalar chaoses. A continuous homogeneous chaos is said to be metrically
transitive, if whenever the sets of values of « for which p(2y, - -+, @n; @)
belongs to § and to S, respectively, have measures M and M, the set of values
of & for which simultaneously

p(@, -+ -, 203 @) belongs to S
and
(@1 + y1,° T+ Yu; @) belongs to I,

has a measure which tends to M, as y> 4+ - - - 4 ya* = .
If p is integrable, it determines the additive set-function

(5) 30 = f o f o s a)da - da,

On the other hand, not every additive set-function may be so defined. This
suggests a more general definition of a homogeneous chaos, in which the chaos
is defined to be a function (3 ; «), where « ranges over (0,1) and 3 belongs
to some additively closed set E of measurable sets of points in n-space. We
suppose that if 3 and =; do not overlap,

(6) FEA+ 25 0) =F(E59) +F(30; ).

We now define the new point-set 3 (v, + -, y») by the assertion

") S(y1, * *,Yn) contains z; +g{1,' -+, Zn -+ 9y, when and only when
3 contains xy, - * -, Ta.

This leads to the definition of the additive set-function gy, ..., (S5 a) by

(8) S oo a(Z390) =F (S (g0, + 5 yn) 5 9)-

If, then, for all classes S of real numbers,

(9) Measure of set of o’s for which &y, ..., 4, (3 «) belongs to class S

is independent of g1, - -, ¥, in the sense that if it exists for one set of these
numbers, it exists for all sets, and has the same value, and if it is measurable
in g5, - -, yn we shall call § a homogeneous chaos. The notion of metrical
transitivity is generalized in the obvious way, replacing p(@1,- - -, @n; @) by
F(350), and p(@ 4 ¥, 5 Tu A Yns @) Y Ju .0 (35 9).

The theorem which we wish to prove is the following:
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TarEorEM 1. Let F(3; a) be a homogeneous chaos. Let the functional

(10) {F(Z;a)} =g(a)

be a measurable function of a, such that f [ (@) log* | g(a)| | da is finite.

Then for almost all values of a,

. 1 >
(11) lim 35 { f S an(359) Yys - - - dy

700

exists, where R is the interior of the sphere

(12) y12 —+ ?/22 4+ y7,,2 =2

and V (r) is its volume. If in addition, F(3; @) is melrically transitive,

(13) tim s o [ 00y = 05 8))a8

7=>00

for almost all values of a.

3. Classical ergodic theorem. Lebesgue form. Theorem I is mani-
festly a theorem of the ergodic type. Let it be noticed, however, that we
nowhere assume that the transformation of & given by 8= T« when

(14) s .ow(358) = (35 )

is one-one. This should not be surprising, as the ergodic theorem is funda-
mentally one concerning the Lebesgue integral, and in the theory of the
Lebesgue integral, individual points play no rdle.

Nevertheless, in the usual formulation of the ergodic theorem, the ex-
pression f(T™P) enters in an essential way. Can we give this a meaning
without introducing the individual transform of an individual point?

The clue to this lies in the definition of the Lebesgue integral itself. If
f(P) is to be integrated over a region S, we divide § into the regions 841 (f),
defined by the condition that over such a region,

(15) o< f(P)=<b.
We now write
(16) fs F(P)aVe = lim _%nem(S(n_l)e,ne(f)).

The condition that f(P) be integrable thus implies the condition that it be
measurable, or that all the sets 84,5 (f) be measurable.
Now, if T' is a measure-preserving transformation on 8, the sets 7S, (f)
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will all be measurable, and will have, respectively, the same measures as the
sets So,o(f). We shall define the function f(T'P) = ¢g(P) by the conditions

(17) T8e(f) = Sen(g).

If T conserves relations of inclusion of sets, up to sets of zero measure, this
function will clearly be defined up to a set of values of P of zero measure,
and we shall have

(18) Lf(TP)dVP=fo(P)dVP.

We may thus formulate the original or discrete case of the Birkhoff
ergodic theorem, as follows: Let S be a set of points of finite measure. Let T
be a transformation of all measurable sub-sets of S into measurable sub-sets
of 8, which conserves measure, and the relation belween two sets, that one
contains the other excepl at most for a set of zero measure. Then except for
« set of points P of zero measure,

(19) lim — S (TP

N-00 N + 1 0
will exist.

The continuous analogue of this theorem needs to be formulated in a
somewhat more restricted form, owing to the need of providing for the in-
tegrability of the functions concerned. It reads: Let S be a set of points of
finite measure. Let T be a group of transformations fulfilling the conditions
we have laid down for T in the discrete case just mentioned. Let TP be
measurable in the product space of X and of P. Then, except for a set of
points P of zero measure,

(20) lim—l—fAf(T%P)d/\
A—0 4
will exist.

In the proofs of Birkhoff’s ergodic theorem, as given by Khintchine and
Hopf, no actual use is made of the fact that the transformation 7' is one-one,
and the proofs extend to our theorem as stated here, without any change. The
restriction of measurability, or something to take its place, is really necessary
for the correct formulation of Khintchine’s statement of the ergodic theorem,
as Rademacher, von Neumann, and others have already pointed out.”

With the aid of the proper Lebesgue formulation of the ergodic theorem,
the one-dimensional case of Theorem I follows at once. Actually more follows,
as it is only necessary that g belong to L, instead of to the logarithmic class

2 Cf. J. v. Neumann, Annals of Mathematics, 2, vol. 33, p. 589, note 11.
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with which we replace it. To prove Theorem I in its full generality, we must
establish a multidimensional ergodic theorem.

4. Dominated ergodic theorem. Multidimensional ergodic theorem.
As a lemma to the multidimensional ergodic theorem, we first wish to establish
the fact that if the function f(P) in the ergodic theorem satisfies the condition

(21) S 1@ 10gt [ 1(P) aVe < oo,

then the expressions (19) and (20) not only exist, but the limits in question
will be approached under the domination of a summable function of P. We
shall prove this in the discrete case, for the sake of simplicity, but the result
goes over without difficulty to the continuous case.

Let 7' be an equimeasure transformation of the set S of finite measure
into itself, in the generalized sense of the last paragraph, and let W be a
measurable sub-set of 8, with the characteristic function W(P). Let U be
the set of all points P for which some T-/P belongs to W. Let ¢(P), when
P belongs to W, be defined as the smallest positive number n such that 7P
belongs to W, and let us call it the indexz of P. Every point of W, except for
a set of measure 0, will have a finite index, since if we write W for the set
of points without a finite index, no two sets "W and T"We can overlap,
while they all have the same measure and their sum has a finite measure.
Thus except for a set of zero measure, we may divide W into the sets Wy,
each consisting of the points of W of index p. It is easy to show that if
1=Sp< 0, 1=p <0, 0= 7<p 0=7 <y, thesets T-"W, and T-7""Wy
can not overlap over a set of positive measure unless j — 7/, p = p’. Similarly,
the sets T;PW,, and T-#W, can not overlap over sets of positive measure, unless
p = p’, and represent a dissection of W, except for a set of zero measure. Let
us put Wy for the logical product of W, and T?W,; Wy for the logical
product of Wy and T7*9W,; and so on. Then if k is fixed, the sets T~/ Wy, ... p;
cover U (except for sets of zero measure) once as j goes from 0 to p;, once as
it goes from p; to p; ++ p», and so on; making just k times between 0, inclusive,
and p; + p: + - - =+ pu, exclusive. Thus if Sk is the set of all the points
in all the Wy, .. .p, for which p, + p. + - - - + pr = K, the total measure
of all the Sg’s for 2¥+ = K = 2V can not exceed km (S) /2.

Now let P lie in T-" Wy, . .. p» Where 0 =7 < p; + po—+ - - -+ pr. Let

us consider the sequence of numbers a;, where if pi—- -+ =7
< pi+- - - pu, a; is the greatest of the numbers
1 2
j—pi— —p 1’ j—p— - —pra+ 17

J—pi— —pre+ 1’ i1
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Then a; will be the largest of the numbers

W)+ WD) | W(P) £ WLP) -+ WD)
’ ]+1
The sum 2 aj, for a fixed K, will have its maximum value when p; = p., =
= Py = 1 s oo =K -+ 1—Fk, when it will be k 4 E k/j = k(14 log K/k).

In this case the sequence of the a;’s will be

W(P),

Nl=

k k
1,1, 0,1, ) PR
FF1 R
k times

This remark will be an easy consequence of the following fact: let us
consider the sequence

T A1

Ao
] [E

and the modified sequence

(22) SR

(23) "nil’l’%"“’
A1 A1 o
n—l:l ‘in—l:l_!_n’ n:l:l_l_n_(_l’
where of course
A1 _ . A1
n+[£] B]’“FB]+J [_]+1
A+1 A1

=" [”“1] o+ [ ] [”_1]+1

Apart from the arrangement, the terms of (22) will be the same as the terms

of (23), except that in (23), replaces A/n. Now,

A1
[n;—l:’ +n

so that the sum of the terms in (23) is greater than that in (22).

S| >

>

2
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Since the transforms of a given set have the same measure as the set, and
the sets T-78x cover U exactly & times, we have

%fsg W (P) + max <W(P), W(P) gW(TP))

-+ max (W(P), w(P) ‘; w(TP) ) W(P) + W(];P) + W(sz)>
+o -+max(W(P>, W AWAD) .. .,
W(P) +- - -+ W(T*'P)
A )}dVP

s§m(SK)<1+1Og£(>
R PRI
s(1+1og_k—)§m(w)+const (S)},

the constant being absolute. If we now put

¥ = log (W)/10g2]

this last expression is dominated by

const. m (W) (1 —+ log Zéﬁ%) .

Since the constant is independent of %, we see that the Cesaro average of

w(P)+wIre) o W)+ ~-|-W(Tk-lp))
2 2 > k

max (W(P),

is dominated by the same term. Thus
... k-1
f max (W(P),- LS Rl W(T P)) av
s

= const. m (W) (1 + log m(('g’)))

and it follows by monotone convergence that there exists a function W*(P)
such that

# m(8)
(24) f W (P)dVe =< const. m (W) (1 + log (W))
and for all positive m,

(25) W(P)—|—m+—i— W(T"P) _ e,
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Now let f(P) be a function such that

(21) f @) 10g | 7(P)] aVe < .
Let W be the set of points such that
(26) N < | £(P)| < 24,

and let f)(P) be the function equal to f(P) over this set of points, and 0
elsewhere. Then there exists a function f™*(P), such that

(27) f(N)(P) + . ._|_f(N)(TmP) Sf(N)*(P) (m=0, 1, 2’. ] '),

m 4 1

and
(28) I; F(PYAVp < const. m (W) (1 + log* ;n%(ﬁ‘zg—))) o,
Hence if

S s
(29) Em(WW))(l—{—logm?ém)”))2N< o
and
(30) f*(P) = S 0% (P),
then
v HOE S TE < ) (m—0,1,2, ),
and
(32) fs ¥ (P)dVp < const. 3 m (W) (1 + log* m%,?;))) o,
However,
(33) % m(W) (1 + log* mgg’g”) oN

f | F(P)| dVp
S

i . 1i@ave

. 2m(S)
= [f(P)]| dVp [ 1+ logt————r——r
J; ( 1@ dvp)

=3[ |7l avs <1 +log M)
~00 o W(N)

+ [ 1FP)1og | £(P)] V.



THE HOMOGENEOUS CHAOS. 907

Thus L f*(P)dVp has an upper bound which is less than a function of

j:s | f(P)| dVp and L [ f(P)|log* | f(P)| dVp, tending to 0 as they both

tend to 0. This establishes our theorem of the existence of a uniform dominant.
There is a sense in which (21) s a best possible condition. That is, if

(34) y(2) = o(log* @),
the condition
(35) j;<¢0f<Pn>|fuv|dvr<:w

is not sufficient for the existence of a uniform dominant. For let § be a set
of measure 1, subdivided into mutually exclusive sets S, of measures respec-
tively 2. Let S, be divided into mutually exclusive sets Su,1, - -, Sa,v,, all
of equal measures. Let T transform Sy into Sn, vy (B < v*), and Sy,v, into
Sn,1. Let f(P) be defined by

(86) f(P)=an>0o0nS,, (n=12,"-"); f(P)=0 elsewhere.

Then the smallest possible uniform dominant of

1 N "
(37) TSP
is
(38) f*(P) = on Su,
and we have
(39) [ (pyavy —x HOCERET,
S Vn
Thus if
(40) Vn = 2"y, an = Q(nl),

the function f*(P) will belong to L if and only if

an (log an) 2™

Vn

(41)  ©>3 > const.fs £(P) log* (P)dVs.

While we have proved the dominated ergodic theorem merely as a lemma
for the multidimensional ergodic theorem, the theorem, and more particularly,
the method by which we have proved it, have very considerable independent
interest. We may use these methods to deduce von Neumann’s mean ergodic
theorem from the Birkhoff theorem ; or vice versa, we may deduce the Birkhoff
theorem, at least in the case of a function satisfying (21), from the von
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Neumann theorem. These facts however are not relevant to the frame of
the present paper, and will be published elsewhere.

We shall now proceed to the proof of the multidimensional ergodic
theorem, which we shall establish in the two-dimensional case, although the
method is independent of the number of dimensions. Let T, *Ts* be a two-
dimensional Abelian group of transformations of the set § (of measure 1)
into itself, in the sense in which we have used this term in paragraph 3. Let
TM,*P be measurable in A, u, and P. We now introduce a new variable a,
ranging over (0, 1), and form the product space = of P and #. We introduce
the one-parameter group of transformations of this space, 7', by putting

(42) Tp(P, :li) J— (Tlp cos 21rzT2p sin zer, 117)

The expressions 7°(P,z) will be measurable in p and (P, ), and the trans-
formations 7 will all preserve measure on 3. Thus by the ergodic theorem,
for almost all points (P,z) of 3, if f(P) = f(P,x) belongs to L, the limit

A A
(43)  lim - f H(TP(P, @) )dp — lim f F(T 4o cos 2o psin 2n2P)
A—o00 A 0 A->00 A 0

will exist. If condition (26) is satisfled, it will follow by dominated con-
vergence that the limit
4 1
(44) lim l dp f f(Tlp cos 27rzT2p sin zvrwp)dx
A0 4 Jo 0
will exist for almost all points (P, z), and hence for almost all points P.
For the moment, let us assume that f(P) is non-negative. Then there
is a Tauberian theorem, due to the author,® which establishes that the expres-
sion (44) is equivalent to

. 1 A 2m X
(45) Alilg ;TZZ_ J; pdp j; f(Tlp cos 6777,p sin GP) ae.

The only point of importance which we must establish in order to justify this
Tauberian theorem is that
1 1
1+iu —_—

(46) Jo iy — g~ 0
for real values of u. Since every function f(P) satisfying (21) is the dif-
ference of two non-negative functions satisfying this condition, (45) is estab-
lished in the general case.

It will be observed that we have established our multidimensional ergodic

8 N. Wiener, “ Tauberian theorems,” Annals of Mathematics, 2, vol. 33, p. 28.
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theorem on the basis of assumption (21), and not on that of the weaker
assumption that f(P) belongs to L. What the actual state of affairs may be,
we do not know. At any rate, all attempts to arrive at a direct analogue of
the Khintchine proof for one dimension have broken down. The one-dimen-
sional proof makes essential use of the fact that the difference of two intervals
is always an interval, while the difference between two spheres is not always
a sphere.

The precise statement of the multidimensional ergodic theorem is the
following: Let S be a set of points of measure 1, and let TMT e - - Tyha be
an Abelian group of equimeasure transformations of S into itself, in the sense
of paragraph 3. Let TM- - - Ty P be measurable in Ay, - - - ,Mn; P. Let B
be the set of values of Ay, -+, An for which

(47) AP A A2 =12

and let V (r) be its volume. Let f(P) satisfy the condition (21). Then for
almost all values of P,

. 1
(48) lim m fRf F(T M - - TMPYAN, - - - ddn

r->00
exists.

That part of Theorem I which does not concern metric transitivity is an
immediate corollary.

5. Metric transitivity. Space and Phase Averages in a Chaos. If the
function f(P) is positive, clearly

(49) f .. I‘f(Tl)\. . ‘Tn)‘P)d)tl’ . d)\n
N2+ +)\n2$1'2-[l1;"— oo —un?
Sf .. .f f(Tl)\l. . .T")\nTlﬂl. . ‘T"MP)dAI. . 'dAn
A2+ .. P22
Sf .. f f(T - T MPYdA, - - - dAg.

M2 o A2 . L e?
Hence

(50) lim?(%f - f f(TM- - T MType o - TpnP)dAy - - - dAa

7"=>00
— _L. e M. .. An e
— lim V(r) f R f f(T: TP)d dAn,

r=>00
and expression (48) has the same value for P and all its transforms under

the group T:M- - - Tw». The condition of positivity is clearly superfluous.
Thus in case expression (48) does not almost everywhere assume a single
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value, there will be two classes S; and S, of elements of S, each of positive
measure, and each invariant under all the transformations T'M- - - T

A condition which will manifestly exclude such a contingency is that if
S, and S, are two sub-sets of S of positive measure, and e is a positive quantity,

there always exists a transformation 7' = T;M- - - Ty, such that
mS, (T8:)
(51) mSz - < €.

From this it will immediately follow that if a chaos is metrically transitive in
the sense of paragraph 3, the group of transformations of the « space generated
by translations of the chaos will have the property we have just stated, and
under the assumptions of Theorem I,

@ lmpes o [ 2@ 0)d g

r=>00

will exist and have the same value for almost all values of .
If almost everywhere

(53) lim —— V(r) J f Y{Fu ... (35 2) }dys - - - Ay =

r=>00
and

& S S e @M dn <g(@

where ¢g(a) belongs to L, then by dominated convergence,

(55) A=}llor; T )f f dy, - - nf da®{Fy, ..., w(Z;2)}
.=f0 (F(3; @) }da.

That is, the average of ®{F(Z; «)}, taken over the finite phase space of «, is
almost everywhere the same as the average of ®{gy, ..., (35 @)} taken over
the infinite group space of points y;,- - -, yn. This completes the establish-
ment of Theorem I, and gives us a real basis for the study of the homogeneous
chaos.*

8. Pure one-dimensional chaos. The simplest type of pure chaos is
that which has already been treated by the author in connection with the
Brownian motion. However, as we wish to generalize this theory to a multi-

4 The material of this chapter, in the one-dimensional case, has been discussed by
the author with Professor Eberhard Hopf several years ago, and he wishes to thank
Professor Hopf for suggestions which have contributed to his present point of view.
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plicity of dimensions, instead of referring to existing articles on the subject,
we shall present it in a form which emphasizes its essential independence of
dimensionality.

The type of chaos which we shall consider is that in which the expression
&(3; «) has a distribution in « dependent only on the measure of the set 3;
and in which, if 3, and 3, do not overlap, the distributions of &(3,, @) and
&(3s, @) are independent, in the sense that if ¢(z,y) is a measurable func-
tion, and either side of the equation has a sense,

@) [ [ 6050, 8 0)dads = [ 9(§(3 ), 5(3 1) dn

We assume a similar independence when n non-overlapping sets S, - -, 3,
are concerned. It is by no means intuitively certain that such a type of chaos
exists. In establishing its existence, we encounter a difficulty belonging to
many branches of ‘the theory of the Lebesgue integral. The fundamental
theorem of Lebesgue assures us of the possibility of adding the measures of a
denumerable assemblage of measurable sets, to get the measure of their sum,
if they do not overlap. Accordingly, behind any effective realization of the
theory of Lebesgue integration, there is always a certain denumerable family
of sets in the background, such that all measurable sets may be approximated
by denumerable combinations of these. This family is not unique, but without
the possibility of finding it, there is no Lebesgue theory.

On the other hand, a theory of measure suitable for the description of a
chaos must yield the measure of any assemblage of functions arising from a
given measurable assemblage by a translational change of origin. This set of
assemblages is essentially non-denumerable. Any attempt to introduce the
notion of measure in a way which is invariant under translational changes of
origin, without the introduction of some more restricted set of measurable sets,
which does not possess this invariance, will fail to establish those essential
postulates of the Lebesgue integral which deal with denumerable sets of points.
There is no way of avoiding the introduction of constructional devices which
seem to restrict the invariance of the theory, although once the theory is
obtained it may be established in its full invariance.

Accordingly, we shall start our theory of randomness with a division of
space, whether of one dimension or of more, into a denumerable assemblage of
sub-sets. In one dimension, this division may be that into those intervals
whose cotrdinates are terminating binary numbers, and in more dimensions,
into those parallelepipeds with edges parallel to the axes and with terminating
binary codrdinates for the corner points. We then wish to find a self-consistent
distribution-function for the mass in such a region, dependent only on the
volume, and independent for non-overlapping regions.
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This problem does not admit of a unique solution, although the solution
becomes essentially unique if we adjoin suitable auxiliary conditions. Among
these conditions, for example, is the hypothesis that the distribution is sym-
metric, as between positive and negative values, has a finite mean square, and
that the measure of the set of o’s for which §(S;«) > 4 is a continuous
function of A.°* Without going into such considerations, we shall assume
directly that the measure of the set of instances in which the value of &(S; @)
in a region S of measure M lies between « and b > a, is

57 1 1 “2 d
") va . o (—aip) &
The formula
1 o u? (v—u) 2)
58 — -_ _—
( ) \/%Mle J:oo exp ( 2M’l 2M2 du

1 v?
VM, + M, eXP( R(M, +M2))
shows the consistency of this assumption.

The distributions of mass among the sets of our denumerable assemblage
may be mapped on the line segment 0 =<a =1, in such a way that the
measure of the set of instances in which a certain contingency holds will go
into a set of values of « of the same measure. This statement needs a certain
amount of elucidation. To begin with, the only sets of instances whose
measures we know are those determined by

@ =F(8;2) =0,
a; =F(Sz;a) =b;

ooooooooo

n = F(8n; @) = buj

(59)

where 8,8z, - -, 8y are to be found among our denumerable set of sub-
divisions of space. However, once we have established a correspondence between
the measures of these specific sets of contingencies and their corresponding
sets of values of &, we may use the measure of any measurable set of values
of a to define the measure of its corresponding set of contingencies.

The correspondence between sets of contingencies and points on the line
(0,1) is made by determining a hierarchy of sets of contingencies

a, mn) < g(sl(m,n) 5 @) = b, (mm)
(60) e e,
ay(mn) << %(Sv(m.n) sa) = by (mn)

5 Of. the recent investigations of Cramér and P. Lévy.
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Let us call such a contingency Cm,n.. If m is fixed, let all the contingencies
Cmn (n=1,2,- - -) be mutually exclusive, and let them be finite in number.
Let us be able to write

N
(61) Om,n = 2 O-mu,n,,-
k=1

If §’ is one of our denumerable sets of regions of space, let every Cum,» with a
sufficiently large index m be included in a class determined by a set of con-
ditions concerning the mass on §’ alone, and restricting it to a set of values
lying in an interval (c, d), corresponding to an integral of form (57) and of
arbitrarily small value. (Here d may be oo, or ¢ may be — .) Let us put
Ci,1 for the entire class of all possible contingencies, and let us represent it
by the entire interval (0,1). Let us assume that Cu,» has been mapped into
an interval of length corresponding to its probability, in accordance with (57),
and let this interval be divided in order of the sequence of their m’s into
intervals corresponding respectively to the component Ci,n’s, and of the
same measure. IExcept for a set of points of zero measure, every point of the
segment (0,1) of « will then be determined uniquely by the sequence of the
intervals containing it and corresponding to the contingencies Cm . for suc-
cessive values of m. This sequence will then determine uniquely (except in a
set of cases corresponding to a set of values of & of zero measure) the value
of §(Sn; @) for every one of our original denumerable set of sets Sa.

So far, everything that we have said has been independent of dimen-
sionality. We now proceed to something belonging specifically to the one-
dimensional case. If the original sets §, are the sets of intervals with binary
end-points, of such a form that they may be written in the binary scale

(62) (dldz' . 'dk‘dku‘ . ‘dl,d1‘ . 'dk‘dk+1' . .dl_!__g-l-l)

where dy, - - +, di are digits which are either 0 or 1, then any interval whatever
of length not exceeding 2-# and lying in (@, b) (where ¢ and b are integers)
may be written as the sum of not more than two of the (b — a)®2#** intervals
of form (62) lying in (a,b) and of length 27#, not more than two of the
(b —a)?#*2 intervals of length 2-#2 and so on. The probability that the
value of | §(8Sn; «)| should exceed A4, or in other words, the measure of the
set of &’s for which it exceeds A, is

2 o0 u‘Z .
(63) v_zw—m_ﬁf).ﬂ exp (—W> du = ofexp(— Am (8,)4)}.

Now let us consider the total probability that the value of | &F(Sa:a)]|
should exceed 2-(#*1)(-€ for any one of the (b— a)2+#! intervals of length
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741, or R~ -9 for any one of the (b — a)2**? intervals of length 2-#2,
or so on. This probability can not exceed

(64) ?'i (b — ) 25 0 (exp (— 2WH¢)) — 0(2¥ exp(— 2WHe)).

On the other hand, the sum of | &(Sx; «)| for all the 2 4 2 - - - intervals
must in any other case be equal to or less than

(65) 2 § 9~ (p+k) (3-€) — 0(2-,4(;_5)).
k=1

Thus there is a certain sense in which over a finite interval, and except for a
set of values of & of arbitrarily small positive measure, the total mass in a
sub-interval of length = 2-* tends uniformly to 0 with 2-#. On this basis,
we may extend the functional & (8 ; @) to all intervals 8. It is already defined
for all intervals with terminating binary end-points. If (¢, d) is any interval

whatever, let ¢;, ¢, - - be a sequence of terminating binarv numbers ap-
proaching ¢, and let d,, dz,- - - be a similar sequence approaching d. Then
except for a fixed set of values of « of arbitrarily small measure,
(66) lim | ((cn, dn)+ @) —F((om; dm) 3 0)| =0,

Myn=>

and we may put

(67) 8((c, d); @) ="11i_1)!3°§§((6m, dn) ; @).

Formula (57), and the fact that §(S,; @) and §(S:; «) vary independently
for non-overlapping intervals 8, and S, will be left untouched by this extension.

Thus if ¥ is an interval and T™ a translation through an amount A,
we can define (T2 ; @), and it will be equally continuous in A over any finite
range of A except for a set of values of « of arbitrarily small measure. From
this it follows at once that it is measurable in A and « together. Furthermore,
we shall have

Measure of set of &’s for which & (7?3 ;«) belongs to 0 =

(68) Measure of set of &’s for which & (Z;«) belongs to C.

Thus F(3; @) is a homogeneous chaos. We shall call it the pure chaos.

It ®{F(3; «)} is a functional dependent on the values of §(=; ) for a
finite number of intervals 3,, then if A is so great that none of the intervals
3, overlaps any translated interval T3, ®{F(3; @)} will have a distribution
entirely independent of ®{F(T*=;«)}. As every measurable functional may
be approached in the L sense by such a functional, we see at once that (3 ; «)
is metrically transitive.®

¢ Except that the method of treatment has been adapted to the needs of §7, the
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7. Pure multidimensional chaos. In order to avoid notational com-
plexity, we shall not treat the general multidimensional case explicitly, but
shall treat the two-dimensional case by a method which will go over directly
to the most general multidimensional case. If our initial sets S, are the
rectangles with terminating binary codrdinates for their corners and sides
parallel to the axes, and we replace (a, b) by the square with opposite vertices
(p,q) and (p 47, ¢+ r), an argument of exactly the same sort as that
which we have used in the last paragraph will show that except in a set of
cases of total probability not exceeding

[o S Ne o)
(69)  const. 3 3 241 g (exp (— RAHDE) ) = o (¥ exp (— R#1I€))

k=1 =1
the sum of | §(Sn; @)| for a denumerable set of binary rectangles with base
= 2, of the form (62), and adding up to make a vertical interval lying in
the square (p,q), (p -+ 7, q -+ r), must be equal to or less than

(65) 2? Q- (Rth) (3-€) = () (R-12-) ),
=1

If we now add this expression up for all the base intervals of type (62) neces-
sary to exhaust a horizontal interval of magnitude not exceeding 2-#, we shall
again obtain an expression of the form (65). It hence follows that if we take
the total mass on the codrdinate rectangles within a given square, this will
tend to zero uniformly with their area, except for a set of values of « of
arbitrarily small measure. From this point the two-dimensional argument,
and indeed the general multidimensional argument, follows exactly the same
lines as the one-dimensional argument. It is only necessary to note that if

n—=> @, by —b, ca —>c¢, dn—d

then the rectangles (&m, bm), (¢m, dw) and (ax, bn), (cu, dy) differ at most by
four rectangles of small area.’

From this point on, we shall write P (§; «) for a pure chaos, whether in
one or in more dimensions.

8. Phase averages in a pure chaes. If f(P) is a measurable step-
function, the definition of

(10) i@y (s5a)

results of this section have previously been demonstrated by the author. (Proceedings
of the London Mathematical Society, 2, vol. 22 (1924), pp. 454-467).
7 Here we represent a rectangle by giving two opposite corners.
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is obvious, for it reduces to the finite sum

N
(71) gfn‘i’(sn; )

where f, are the N values assumed by f(P), and S, respectively are the sets
over which these values are assumed. Let us notice that

(7?) folda l f f(P)dp‘i)(S;a)p:é ﬁ O‘dafmffﬁ(sm;a)cp(s,,;a)
N 1
—SIfl [ (P (Bii0)da
N u

2 1 * 00 . o
o —\/21rm——(;5’_,5j_oo ¢ pr< L)ﬁl(Sn))du
Ifn |2m(8n) —\%?foouze—(uz/z)du

T -

o0

I
=Mz =M= =M

| Fa Pm(80) = f | £(P)|2aVe,

the integral being taken over the whole of space. In other words, the trans-

formation from f(P) as a function of P, to f f(P)dp?P (S; @) as a function

of a, retains distance in Hilbert space.® Such a transformation, by virtue of
the Riesz-Fischer theorem, may always be extended by making limits in the
mean correspond to limits in the mean. Thus both in the one-dimensional
and in the many-dimensional case, we may define

(73) ff(P)dp?(s;a)=1.i.m.ff"(P)dp7>(s;a)

where f(P) is a function belonging to L?, and the sequence f,(P), fo(P)," - -
is a sequence of step-functions converging in the mean to f(P) over the whole
of space. The definition will be unambiguous, except for a set of values of «
of zero measure.

If § is any measurable set, we have

= (m(8))""* %f: une (/D dy

=0 if n is odd
= (m(8))*(n—1)(n—3) - - -1 if n is even.

8 Cf. Paley, Wiener, and Zygmund, Mathematische Zeitschrift, vol. 37 (1933),
pp. 647-668.
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This represents (m(S))™?, multiplied by the number of distinct ways of
representing n objects as a set of pairs. Remembering that if Sy, Sz, + +, Son
are non-overlapping, their distributions are independent, we see that if the
sets 3y, 35, - -, Zpy are either totally non-overlapping, or else such that when
two overlap, they coincide, we have ¢

(5 [P (s5a) - -wzn;a)da=znfol=i>(z]~;a)‘P(Em)doz,

where the product sign indicates that the 2n terms are divided into n sets of
pairs, j and k, and that these factors are multiplied together, while the addi-
tion is over all the partitions of 1,- - -, 2n into pairs. If 2n is replaced by
Rn + 1, the integral in (75) of course vanishes.

Since P (S;«) is a linear functional of sets of points, and since both
sides of (75) are linear with respect to each P (Si; «) separately, (75) still
holds when 3, Sz, - -, Sa, can be reduced to sums of sets which either coin-
cide or do not overlap, and hence holds for all measurable sets.

Now let f(Py,- - -, Pa) be a measurable step-function : that is, a function
taking only a finite set of finite values, each over a set of values Py,- - -, P,
which is a product-set of measurable sets in each variable Pi. Clearly we
may define

(76) f - ff(P1,~ L P)ARP (S;0) - de,P(S; )

in a way quite analogous to that in which we have defined (70), and we shall
have

(7) j;ldaf' : f F(Py -, Pa)dn® (S;a) - - 'dpﬁcp'(s;a)
=zf . -ff(Pl,Pl,Pz,Pz,- - Py, Pa)dVp,- - - dVs,

where the summation is carried out for all possible divisions of the 2n P’s
into pairs. Similarly in the odd case

@) [ax [ [ Pan)dn® (330) - e, P (S32) =0,

We may apply (77) to give a meaning to

@) flaa| [ [ Py PP (S50 D (S5

If f(Py, - -, Pn) is a measurable step-function, and

° Cf. Paley, Wiener, and Zygmund, loc. cit., formula (2.05).
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(80)  [f(Py P =|fi(Pr) - falPa)] 5
J | fe(P)[2dVp <A  (k=1,2,- )

we shall have
) [laalf o f Py PP (S0 PSP
=A4"n—1)(Rn—3) - - - 1.

If now f(P,,- - -, Pn) is an integrable function satisfying (80), but not
necessarily a step-function, let

(82) f(v; Py, Pa ==%sgnf(P1,--',Pm) [vf (P, -, Pa)sgnf (P, , Pu)].

Clearly almost everywhere

(83) f : f F(r; Py - Pa)dn® (S54) - - - dp,P(S;a)
sflﬁffk(P)dP@(s;a)

and

9 Tm| [ f fuiPy PR (Si9) - dnP(S30)
— [ FGs Py PP (85 2)anP (85 9)]

o | S (23 (85)

sfllffk(P)dP?(s;a) e+ 3 ff(P)d‘P(S )
* P 5@

where B represents the exterior of a sphere of arbitrarily large volume. Let
it be noted that both the numerator and the denominator of this fraction have
Gaussian distributions, but that the mean square value of the numerator is
arbitrarily small. Thus except for a set of values of « of arbitrarily small
measure, the right side of expression (84) is arbitrarily small, so that we may
write

) dim { [ P PR S5 dn D (S50

W’_)oo__f- ' ..ff(v;Pl,' © o Pu)de, P (S;2) - - - dp,P(S;a) %’:‘0‘

Thus by dominated convergence,

86)  dm [ [ fus Py PP (S52) - dn,P (S5 a)

M=>00 «
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exists for almost all values of @, and we may write it by definition

&) o 1Py P)aRP (S50 P (550),

This will clearly be unique, except for a set of values of a of zero measure.
There will then be no difficulty in checking (77), (78), and (81).

9. Forms of chaos derivable from a pure chaos. Let us assume that
f(P) belongs to L?, or that f(Py,- - -, Pn) is a measurable function satisfying

—~
(80). Let us write @ for the vector in n-space connecting the points P and
Q. Then the function

s8) f - 'ff(ﬁu- PP dp® (S30) - - dp,P (S5 ) = F(P;a)

is a metrically transitive differentiable chaos. This results from the fact that
P (8; ) is a metrically transitive chaos, and that a translation of P gen-
erates a similar translation of all the points Pr. The sum of a finite number
of functions of the type (88) is also a metrically transitive differentiable chaos.
To show that F(P;«) is measurable in P and « simultaneously, we merely
repeat the argument of (83)—(86) with both P and « as variables.

We shall call a chaos such as (88) a polynomial chaos homogeneously of
the n-th degree, and a sum of such chaoses a polynomial chaos of the degree
of its highest term. In this connection, we shall treat a constant as a chaos
homogeneously of degree zero.

By the multidimensional ergodic theorem, if ® is a functional such that

(89) [ 1o@E@s )| 1ot | #(F(P;2))] da < o
we shall have
(90) 1im—v(17)£qc @(F(P;a))de=j;1<I>(F(P;a))da

for almost all values of @. Since the distribution of F(P; ) is dominated by
the product of a finite number of independent Gaussian distributions, we
even have

(91) [ IR < o

for all positive integral values of n. In a wide class of cases this enables us
to establish a relation of the type of (89).

In formula (90), we have an algorithm for the computation of the right-
hand side. For example, if
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(92) F(P; ) =f F(PP.)dp (85 a),

and P 4 @ is the vector sum of P and @, we have for almost all «,

(99) 1m o5 | PP+ Q@ @)dVe— [ F(F+QT(@)dVe,

the integral being taken over the whole of space; if

04)  FPia) = [ - [ f(PP, PP dn® (85 0)dn? (83 ),

we have almost always
(99) lm g | P(P+Q:0)F(Q32)dV0
— 1| [ 1@0aVa '+ f [ F(P+Q.P+INF(QM)aVodVx
+ [ f FP 4 QP+ IT(M, Q)aVodVu;

and if
(96) P(P;a)— [ [ 1(PPLPPL PP dn (8;0)dn® (8;)dn,® (333),

we have almost everywhere

(97) lim oo V( ) f F(P+Q;a)F(Q;a)dV,

—fff{f(Q,Q,PJrM)f(MS 8)

+£(Q, @ P+ M)F(S, M, 8) + (@, Q, P+ M) (S, 8, M)
+ F(Q P+ M, Q)F(M, 8, 8) + (@, P+ M, Q)f (5, M, 8)
+ £(Q. P+ M, @)F (S, 8, M) + f(P + M, Q, Q)f (M, 8, 8)
+F(P 4 M, Q, Q)F (S, M, 8) + (P + M, Q, Q)F(8, 8, M)
+f(P+ QP+ M, P+ 8)(Q,1,5)
F P+ QP+ M.P + 8)[(Q, 8, M)
F 1P+ QP+ M, P+ 8L, Q,5)
+f(P+Q.P+MP+8)(M,S,Q)
L F(P+ QP+ M, P+ 8)F(S, Q)

We have similar results in the non-homogeneous case. Thus if
(98)  F(P;a) =4 +J f(PP)dp? (8; )
+ [ f 9@PL PP (8;2)dn (S5 a),
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we have almost everywhere

(99l s [ PP+ Q3 2)F(Q5 0V
~4 [ 90, Qave+1 [ 9(0.Q)aV0
+ (1P +OF@aVe+] | 9(0.Q)ava
+ffg(P—}—Q,P—I—M)g(Q,M)dVQdVM
+ [ 9P+ 0.2+ )7 (M, Q)aVedVx.

10. Chaos theory and spectra.’ The function
. 1 _
(100) lim —— f F(P + Q)F(Q)dVe— G(P)
r—>00 V("') R

occupies a central position in the theory of harmonic analysis. If it exists
and is continuous for every value of P, the function F(P) is said to have an
n-dimensional spectrum. To define this spectrum, we put

F(P) on R;

(101) P (P) = ; 0 elsewhere.

It is then easy to show by an argument involving considerations like those of
(49) that if
1 _

102 G (P =~—f Fo(P 4 Q)F,(Q)dVe,

(102) B) =5y J, TP+ QP @)V
the integral being taken over the whole of space, then we have

(103) G(P) =lim G.(P).

r=>00
Singe, if O is the point with zero codrdinates, by the Schwarz inequality,
(104) | G(P)| = &(0),
the limit in (103) is approached boundedly.
If now we put
(105) ¢r(U) = (2m)~" 2DV (r) 2114 m.f F.(P)etU-PdVp
800 S

where § is the interior of a sphere of radius s about the origin, the n-fold
Parseval theorem will give us

10 0f. N. Wiener, “Generalized harmonic analysis,” Acta Mathematica, vol. 55
(1930).
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(106) | g (U) |2 = (%)—nfoo G (P)eiU-PdVp.

If M(U) is a function with an absolutely integrable Fourier transform, we
shall have

(107) f:| ¢ (U) |2 M(U)dVy = (27r)‘"fmGr(P)dej;oM(U)eWPdVU,
and hence

(108) rl_i)ro%j:j¢,(U)]2M(U)dVU=(2vr)‘"f G(P)dvpfwM(U)ew-Pdvy
which will always exist. Let us put

(109)  QUM(U)} = (2)™ f _G(P)dVr fwM(U)eiU-PdVU.

If § is any set of points of finite measure, and S(P) is its characteristic
function, let us put

(110) HA(8) = Lub. X)),
M(UY=S(U)
and
(111) HB) = g.Lb. HM)).
- MU)Y=8(U)

If 9 (8) and H(S) have the same value, we shall write it (), and shall
call it the spectral mass of F on S. It will be a non-negative additive set-
function of S, and may be regarded as determining the spectrum of F.

If f(Py,- - -, Pn) satisfies (80) and F(P;«) is defined as in (88), we
know that for any given P,

. 1 RN G 7
(12) G(Psa)—limpos [ P(P+Q;0)P(Q:0)= f"F(P,HT(0,5)df

for almost all values of e. This alone is not enough to assure that F(P, «)
has a spectrum for almost all values of «, as the sum of a non-denumerable set
of sets of zero measure is not necessarily of zero measure. On the other hand,
except for a set of values of & of zero measure, G (P, ) exists for all points P
with rational co6rdinates.

We may even extend this result, and assert that if

(113) Fy(Pia) — — f F(S; a)dVs

o) J
length of PS=6
and

(114)  Go(Pia) —lim ﬁ [ Fi(P+ Qs 0)Fo(Qs )V
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then except for a set of values of & of zero measure, Gy (P; «) exists for all
points P with rational codrdinates and all rational parameters 6, and it is

easily proved that for almost all values of «, as 6 tends to 0 through rational
values,

@) lim lim s [ Fo(@39) —F(@5 )2 aVe—0.
Now, by the Schwarz inequality,
116) | 55 [, FolP+ Qs 0)Fo(Q3 2)aVa
— 75 S TP+ @ 0)Fo(@3 0)aV
={6:(0:0) (5355 f, 1 Fu(P + Qi) —Fo(Pr+ Qs v ) |
) V('I’) s > [’} 1 > Q

= { Go(0; @) (Tf(lﬁj;% Ve (V—(la—) [,£P+6:§IS§_IP+Q,SI<0:I | F(8;a|*dVs)
1 .
X (W[ JIP+6,TS|_<J_ J |P1+6:§|so__.| Vs ) $

< @(0; @) O(| PP, ).

It thus follows that if (114) exists for a given 6§ and all P’s with rational
coordinates, it exists for that 9 and all real P’s whatever. We may readily
show that

(117) Gy(0; @) = G(0;a).

By another use of the Schwarz inequality,
@18) | 3755 f., Fo(® + @5 00Pa(@5 )V
—%f F(P+Q;0)F(Q;2)dVq
<55 S | PP+ @0 —F(P+Q; )] | Fo(@; 9)] Vo
+ 557 S, | PR+ Q0] | Fo(@32) —F(Q;0)] Ve
< (6(0;4) 355 [, 1Fo(P + @50 —F(P+Q30) | Vo)
+(6(038) 5 [, | Fa(@39) — F(Q3 ) |* 4V}t

Combining (115) and (118), we see that except for a set of values of « of zero
measure, we have for all P,

(119) G(P;a) =lim G4(P; «).
-0
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We thus have an adequate basis for spectrum theory. This will extend, not
merely to functions F(P, «) defined as in (88), but to finite sums of such
functions. It will even extend to the case of any differentiable chaos F(P; ),
for which F(P + @; a)F(Q; «) is an integrable function of «, and for which
(115) holds. For a metrically transitive chaos, this latter will be true if

(120) limflfFo(P;a)—F(P;a)[zda=0.
-0 0

Under this assumption, we have proved that F(P) has a spectrum, and the
same spectrum, for all values of a.

This enables us to answer a question which has been put several times,
as to whether there is any relation between the spectrum of a chaos and the
distribution of its values. There is no unique relation of the sort. The
function

(121) [ 9+ @5@ave,

where g belongs to L2, may be so chosen as to represent any Fourier transform
of a positive function of L, and if f(P, @, M) is a bounded step-function, the
right-hand side of (97) will clearly be the Fourier transform of a positive
function of L. In particular, let f(Pi, Ps, P3) = f(P1)f(P2)f(Ps),

(122) Fu(P3a) = [ £i(PP)n® (530)
and choose f;(Q) in such a way that

(123) f f1(P+ Q)f—l(Q)dVQ = right-hand side of (97).
Then

(124) ﬁl (Fl(P;a))Z"da=<foo ]fl(P)|2de)"(2n~—1)(2n——3) 1
and it F(P, a) is defined as in (96),

(125) ﬂ (F(P;a))%da=(f |f(P)ldep>3”(6n—1)(6n—3)--~1)
so that for all but at most one value of n,

(126) ﬁl (Fl(P;a)Z"daséj;l (F(P; 4))*da

and we obtain in F and F, two chaoses with identical spectra but different
distribution functions. On the other hand, if

(127) Jn@rare= [ f@)Pav,
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the chaoses

(128) | BRALRICHS
and
(129) J 1(PPy® (5:9)

will have the same distribution functions, but may have very different spectra.

11. The discrete chaos.'* Let us now divide the whole of Euclidean
n-space dichotomously into sets Sy,», such that every two sets Su,n, and S, n,
have the same measure, and that each Sm,» is made up of exactly two non-
overlapping sets Sp.ix. Let us divide all these sets into two categories,
“occupied,” and “empty.” Let us require that the probability that a set be
empty depend only on its measure, and that the probability that two non-
overlapping sets be empty be the product of the probabilities that each be
empty. Let us assume that both empty and occupied sets exist. Let every
set contained in an empty set be empty, while if a set be occupied, let at least
one-half always be occupied. We thus get an infinite class of schedules of
emptiness and occupiedness, and methods analogous to those of paragraph 6
may be used to map the class of these schedules in an almost everywhere one-
one way on the line (0,1) of the variable «, in such a way that the set of
schedules for which a given finite number of regions are empty or occupied
will have a probability equal to the measure of the corresponding set of
values of a.

By the independence assumption, the probability that a given set Sy, . be
empty must be of the form e-4”8mw Tt S, , is divided into the 2” intervals
Sinsv,ms * "5 Smev,ney at the v-th stage of sub-division, the probability that just
one is occupied and the rest are empty is

(130)  27(1 — exp(— Am (Smn)/2) exp (— % Am(sm,n))‘

This contingency at the v + 1-st stage is a sub-case of this contingency at the
v-th stage. If we interpret probability to mean the same thing as the measure
of the corresponding set of &’s, then by monotone convergence, the probability
that at every stage, all but one of the subdivisions of S, » are empty, while the
remaining one is occupied, will be the limit of (130), or

(131) Am (Swn)exp(— Am (Sma)).

11 The ideas of this paragraph are related to discussions the author has had with
Professor von Neumann, and the main theorem is equivalent to one enunciated by the
latter.

10
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Such a series of stages of subdivision will have as its occupied regions exactly
those which contain a given point.

The probability that the occupied regions are exactly those which contain
two points is the probability that each half of Sy . contain exactly one point,
plus the probability that one-half is empty, and that in the occupied half, each
quarter will contain exactly one point, plus and so on. This will be

(132) g A—m%MeXp <_1‘1ﬂ§w> }2

2
1 2exp (__ Am(zﬁ’m,n)> % Am(sm,n) exp (_ Am (fm’n))z
+ - c=exp(—Am(Sun)m(Smn))(F+ 4+ )

If the probability that the occupied regions are exactly those containing k — 1
points is
(Am (Sm) )

G—1)1 P (—Am(Sna))

then a similar argument will show that the probability that the occupied
regions are exactly those containing & points will be

k-1
(133) Jzyl, (k——_l—m (A (S Yexp(— Am (S) ) (1 T S )

T <2k—2)< = >(Am<s,,,,n)>keXp (— Am(Sn)

Uz
=—% (A (Surm) ) exp (— Am(Sun)).

Thus by mathematical induction, the probability that the occupied regions
are exactly those containing & points will be

L (A (Si) ¥ exp (— Am (i)
and the sum of this for all values of & will be
®1
(134) Z—k—' (Am (Smn))* exp (— Am(Smn)) = 1.
0 i

In other words, except for a set of contingencies of probability zero, the
occupied regions will be exactly those containing a given finite number of
points.
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We may proceed at once from the fact that the probability that a set S,
contains exactly & points is

731-1 (Am(Sl) )k e—Am(Sl)

while the probability that the non-overlapping set S, contains exactly &
points is

.]?1? (Am (Sz) )]c o—Am(8z)

to the fact that the probability that the set S; 4 S, contains exactly %
points is
(185) é _1_ —1 (Am(8:1))7 (Am(8y))rTeAm(Ss+S:)

0 ]! (k—])Y

— o (A (8, - 82 oS,

From this, by monotone convergence, it follows at once that the probability
that any set S which is the sum of a denumerable set of our fundamental
regions Sm,» should contain exactly & points is

1
=5 (Am(8) Yredms),

It is then easy to prove this for all measurable sets S.

We are now in a position to prove that the additive functional D (S; «),
consisting in the number of points in the region S on the basis of the schedule
corresponding to «, is a homogeneous metrically transitive chaos. The rdle
which continuity filled in paragraphs 6 and 7, of allowing us to show that
S ..., 4, (85 @) was measurable in y,,- - -, y, and «, is now filled by the fact
that the probability that any of the points in a region lie within a very small
distance of the boundary, is for any Jordan region the probability that a small
region be occupied, and is small. The metric transitivity of the chaos results
as before from the independence of the distribution in non-overlapping regions.

The discrete or Poisson chaos which we have thus defined is the chaos of
an infinite random shot pattern, or the chaos of the gas molecules in a perfect
gas in statistical equilibrium according to the old Maxwell statistical me-
chanics. It also has important applications to the study of polycrystalline
aggregates, and to similar physical problems.

Two important formulae are

(136) ﬂlw(s;a)da=e-Am<S> §1£i' (Am(8))* — Am(8),
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and
@) (D (S50 da = e T (m(9))r = (Am()* 4 Am(S).
Let it be noted that if we define
(138) f 12139 (359)
for a measurable step-function f(P) as in (70), by
(139) lzjfnfD(Sn;a),
(72) is replaced by
(140) f’da lf F(PY2D (S30) — 4 [ (Q)aVo |
= E 2 da fufnD (Sm; @)D (Sus )

m=1 n=1
~2R{A”2 a2 (Susa) [ 1(@aVe+ 14 f 1(@)dVal?)
=Ell fon [* Am (Si)
— AJ | £(P) ]2 dV».
00
Thus the transformation from f(P) as a function of P, to

(141) [ 123D (830) —4 [ F(@)aVe

as a function of «, retains distance in Hilbert space, apart from a constant
factor, and if f(P) belongs to L and L? simultaneously, and {f.(P)} is a
sequence of step-functions converging in the mean both in the L sense and in
the L2 sense to f(P), we may define

(142) [ £(P)a:D (839) =4 [ 7(@)aVs
+Lim (f fu(P)aD (S590) — 4 [ 1.(Q)aV0).

As in the case of (73), this definition is substantially unique. We may prove
the analogue of (93) in exactly the same way as (93) itself, and shall obtain

) tim s 4 f G0+ QU0 ($30)— 4 f 00T |
x| [ @ 9)0® (332) —4 f FOnavy {ave

=Aszf(P+ OF(@)dVe.
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As we may see by appealing to the theory of spectra, one interpretation of this
in the one-dimensional case is the following: If a linear resonator be set into
motion by a haphazard series of impulses forming a Poisson chaos, the effect,
apart from that of a constant uniform stream of tmpulses, will have the same

power spectrum as the energy spectrum of the response of the resonator to a
single impulse.

12. The weak approximation theorem for the polynomial chaos. We
wish to show that the chaoses of paragraph 9 are in some sense everywhere
dense in the class of all metrically transitive homogeneous chaoses. We shall
show that if §(S;«) is any homogeneous chaos in n dimensions, there is a
sequence (S ;@) of polynomial chaoses as defined in paragraph 9, such that
if 8y, - -, Sy is any finite assemblage of bounded measurable sets in n-space
selected from among a denumerable set, and

1
(144) Jo | F(S; @) |+ da < (A=1,2,"* *,v)
is finite, then

(145) fI%(Sl;a)~ : ~%(SV;oc)doz==1imf1%n(81;a)' e Fu(Sv; @) da

We first make use of the fact that if the probability that a quantity u be
greater in absolute value than A, be less than

2 e,
(146) S J e"“'/ZB)du,
V2rBJ4

then if y(w) is any even measurable function bounded over (— o0, ), we
may find a polynomial ¢¢(u), such that the mean value of

(147) Ly (u) — de(u) [,
which will be
c e [ — v e,

is less than e. Since it is well known that if ¢ () is a continuous function
vanishing outside a finite interval, and

00
(149) > AnHyu(u)e (/2
1
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is the series for ¢ (u) in Hermite functions, then we have uniformly
. o0
(150) ¢(u) = lim 3 A, tnH, (u)e (w2,
t—>1-0 1

to establish the existence of ye(u), we need only prove it in the case in which
(151) V(u) = ukeCw*

for an arbitrarily small value of C': as for example for ¢ = 1/4n,B. We shall
then have

I N
(152)  yw) —wS—

k!

— | u Ik€“2/4"13,

so that by dominated convergence, and if we take N large enough, we may
make

(153) v;—wz? [ v —w@ e < e (n=m).
Now let
0 (Jul<K);
(154) ¢K(“)={1 (|u|=K);

and let us put
(155) & (Psa) —— P (S;a) (S — interior of | QP | =< 1).

V(r)
The chaos
(156) L(Psa) =yx(H(P;))

may then be approximated by polynomial chaoses in such a way as to approxi-
mate simultaneously to all polynomials in £(P;a) by corresponding poly-
nomials in the approximating chaoses. Since the distribution of the values
of & (P;a) will be Gaussian, with a root mean square value proportional to a
power of 7, and & (P;«) will be independent in spheres of radius » about two
points P, and P, more remote from each other than 2r - 24, it follows that
it we take K to be large enough, we may make the probability that £(P;«)
differs from 0 between two spheres of radii respectively » - » and H about a
given point where it differs from 0, as small as we wish.
We now form the new chaos

|1PQI< =

which we may also approximate, with all its polyncmial functionals, by a
sequence of polynomial chaoses. The use of polynomial approximations
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tending boundedly to a step function over a finite range will show us that
this is also true of the chaos determined by

(158) i [ (0 9) 0V = T(P32).

By a proper choice of the parameters, this can be made to have arbitrarily
nearly all its mass uniformly distributed over regions arbitrarily near to
arbitrarily small spheres, all arbitrarily remote from one another, except in
an arbitrarily small fraction of the cases. We then form

(199) gt (@3 +8) exp (— L) ave— i)

where § is taken to be very small. This chaos again, as far as all its poly-
nomial functionals are concerned, will be approximable by polynomial chaoses.
Since it is bounded away from 0 and oo, and since over such a range the

function 1/2 may be approximated uniformly by polynomials, it follows that
in our sense,

(160) 1/N(P;a)

is approximable by polynomial chaoses.
If @ (P) is any measurable function for which arbitrarily high moments
are always finite, it is easy to show that

(160 oty @ (M(@s0) +) exp (— L) avg —vrs )

is approximable by polynomial chaoses. Multiplying expressions (160) and
(161), it follows that

(162) W(Ps5a)/N(Psa) — UP; 2)
is approximable by polynomial chaoses.

Tf A is a large enough constant, depending on the choice of the constant e,
we have

1 | P
(163) (Rmk)n/* fmﬁp( Rk >dVP
,_,f ahe —(12/°L)d/v/f xhe (z*"/Zl)dx

(4—¢°
(27rk)"/2 P ( 2 >
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Thus by the proper choice of the parameters of I (P; ), if we take k small
enough and then 8 small enough, the chaos (16%) will consist as nearly as we
wish, from the distribution standpoint, of an infinite assemblage of convex
cells of great minimum dimension, in each of which the function @ (P) is
repeated, with the origin moved to some point remote from the boundary.

Now let §(S;a) be a metrically transitive homogeneous chaos. Let
us form

(164) F(r;8;a) =W%L e ..., en(8;a)day - - - day.

Clearly by the fundamental theorem of the calculus, over any finite region in
(@1,+ * +,an), we shall have for almost all points and almost all values of «,

(165) §(8;0) =lm(r; 85 a);

and if (144) holds, it is easy to show that

1
(166) f | &(r; S; a)l"da < const.
o

From this it follows that
1

(167) limf | §(r;8;a) —&F(S; @) |*da=10
r—0 0

and by the ergodic theorem, except for a set of values of « of zero measure,
as 7 tends to 0 through a denumerable set of values,

. 1 Q.
(168) lrliI;mL Ig% ..... wn(’ ;S:a)
— 2 (83 @) |rde, - - - dey = 0.

With this result as an aid, enabling us to show that the distribution of & (S; «)
is only slightly affected by averaging within a small sphere with a given radius,
or even within any small region near enough to a small sphere with a given
radius, we may proceed as in (161) and (162) and form the chaos

(169) 3083 9) = qrgrr) (aays J o B oo n(556)

(— 2 z®)
X (M(z, -, 2n; @) +8) exp_glk__ dz, - - - da.
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For almost all 8, in each of the large cells of this chaos, (169) will have as
nearly as we wish the same distribution as some &, ..., 2.(S; @), where
(@1, - -, 2n) lies in the interior of the cell, remote from the boundary. These
cells may so be determined that except for those filling an arbitrarily small
proportion of space, all are convex regions with a minimum dimension greater
than some given quantity.

To establish (143), it only remains to show that the average of a quantity
depending on a chaos over a large cell tends to the same limit as its average
over a large sphere. To show this, we only need to duplicate the argument
of paragraph 4, where we prove the multidimensional ergodic theorem, for
large pyramids with the origin as a corner, instead of for large spheres about
the origin. We may take the shapes and orientations of these pyramids to
form a denumerable assemblage, from which we may pick a finite assemblage
which will allow us to approach as closely as we want to any cell for which
the ratio of the maximum to the minimum distance from the origin within
it does not exceed a given amount. It is possible to show that by discarding
cells whose measure is an arbitrarily small fraction of the measure of all space,
the remaining cells will have this property.

13. The physical problem. The transformation of a chaos. The
statistical theory of a homogeneous medium, such as a gas or liquid, or a field
of turbulence, deals with the problem, given the statistical configuration and
velocity distribution of the medium at a given initial time, and the dynamical
laws to which it is subject, to determine the configuration at any future time,
with respect to its statistical parameters. This of course is not a problem in
the first instance of the history of the individual system, but of the entire
ensemble, although in proper cases it is possible to show that almost all sys-
tems of the ensemble do actually share the same history, as far as certain
specified statistical parameters are concerned.

The dynamical transformations of a homogeneous system have the very
important properties, that they are independent of any choice of origin in
time or in space. Leaving the time variable out of it, for the moment, the
simplest space transformations of a homogeneous chaos &(S; «) which have
this property are the polynomial transformations which turn it into

K, ‘I“fK1(931'—3/1,$2—3/2;"';xn“‘yn)%m ,,,,, yn(SQa)df/l"'d?/n
(170) RPN
+ .“fKV(xl_yl(l)’...,wn__yn(l)’...,wl_yl(v),...,

Tn—Yn ) Fnucny, ..., gnry (S5 2) -
B, ..., vy (85 @)dy, @ - dyn ™.
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These are a sub-class of the general class of polynomial transformations

K0+ Kl(%,'">93n3?/1;"':?/n)%y1 ..... yn(S;a)dy1~«dyn
(171) 4

+j‘ "'va(xl,'",Cvn;yl(”,"',?/nm;'" S0 g @)
X B, ..., va (839) Ty, ..., var (85 @) dy, ™ - dy, .

If a transformation of type (171) is invariant with respect to position in space,
it must belong to class (170). On the other hand, in space of a finite number
of dimensions and in any of the ordinary spaces of an infinite number of
dimensions, polynomials are a closed set of functions, and hence every trans-
formation may be approximated by a transformation of type (171).

A polynomial transformation such as (170) of a polynomial chaos yields
a polynomial chaos. If then we can approximate to the state of a dynamical
system at time 0 by a polynomial chaos, and approximate to the transformation
which yields its status at time ¢ by a polynomial transformation, we shall
obtain for its state at time ¢, the approximation of another polynomial chaos.
The theory of approximation developed in the last section will enable us to
show this.

On the other hand, the transformation of a dynamical system induced
by its own development is infinitely subdivisible in the time, and except in
the case of linear transformations, this is not a property of polynomial trans-
formations. Furthermore, when these transformations are non-linear, they
are quite commonly not infinitely continuable in time. For example, let us
consider the differential equation

ou ou
(172) FTERET P 0.
This corresponds to the history of a space-distribution of velocity transferred
by particles moving with that velocity. Its solutions are determined by the
equation
(173) u(e,t) = u(r—tu(z,1),0),
or if ¢ is the inverse function of u(, 0),

(174) z—tu(z, t) =y (u(z, t)).

Manifestly, if two particles with different velocities are allowed to move long
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enough to allow their space-time paths to cross, u (i, t) will cease to exist as a
single-valued function. This will always be the case for some value of ¢ if
u(x, 0) is not constant, and for almost all values of ¢ and « if it is a poly-
nomial chaos.

By Lagrange’s formula, (174) may be inverted into

(173) a(e, t) =3 T (i, 0.
’ 5 nl oz ’

In a somewhat generalized sense, the partial sums of this formally represent
polynomial transformations of the initial conditions. However, it is only for
a very special sort of bounded initial function, and for a finite value of the
time, that they converge. It is only in this restricted sense that the poly-
nomial transformation represents a true approximation to that given by the
differential equation.

It will be seen that the useful application of the theory of chaos to the
study of particular dynamical chaoses involves a very careful study of the
existence theories of the particular problems. In many cases, such as that of
turbulence, the demands of chaos theory go considerably beyond the best
knowledge of the present day. The difficulty is often both mathematical and
physical. The mathematical theory may lead inevitably to a catastrophe
beyond which there is no continuation, either because it is not the adequate
presentation of the physical facts; or because after the catastrophe the physical
system continues to develop in a manner not adequately provided for in a
mathematical formulation which is adequate up to the occurrence of the
catastrophe ; or lastly, because the catastrophe does really occur physically, and
the system rveally has no subsequent history. The hydrodynamical investi-
gations required in the case of turbulence are directly in the spirit of the work
of Oseen and Leray, but must be carried much further.

The study of the history of a mechanical chaos will then proceed as
follows: we first determine the transformation of the initial conditions gen-
erated by the dynamics of the ensemble. We then determine under what
assumptions the initial conditions admit of this transformation for either a
finite or an infinite interval of time. Then we approximate to the transforma-
tion for a given range of values of the time by a polynomial transformation.
Then, having regard to a definition of distance between two functions de-
termined by the transformation, we approximate to the initial chaos by a
polynomial chaos. Next we apply the polynomial transformation to the poly-
nomial chaos, and obtain an approximating polynomial chaos at time ¢.
Finally, we apply our algorithm of the pure chaos to determine the averages
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of the statistical parameters of this chaos, and express these as functions
of the time.

The results of such an investigation belong to a little-studied branch of
statistical mechanics: the statistical mechanics of systems not in equilibrium.
To study the classical, equilibrium theory of statistical mechanics by the
methods of chaos theory is not easy. As yet we lack a method of representing
all forms of homogeneous chaos, which will tell us by inspection when two
differ merely by an equimeasure transformation of the parameter of distribu-
tion. In certain cases, in which the equilibrium is stable, the study of the
history of a system with an arbitrary initial chaos will yield us for large values
of ¢ an approximation to equilibrium, but this will often fail to be so, particu-
larly in the case of differentiable chaoses, or the only equilibrium may be that
in which the chaos reduces to a constant.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY.
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