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Abstract: In this research, Racah moments color image descriptors are investigated. Channels separation
for color images were involved in RGB color space, and Racah moments from each channel were
computed individually. In experiments, we have performed the color image reconstructions from
different color channels and various orders of Racah moments. Our experimental results have
demonstrated that, by applying Racah moments, color images can be completely reconstructed
without any information loss. We have also discovered that the individual set of Racah moments
will uniquely describe the color image features, while the lower and higher orders of Racah mo-
ments will preserve more of features from the bottom right and top left regions of a color image,
respectively.
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1. Introduction

In our daily life, we could easily be benefited from color images as a widely used infor-
mation medium, which are capable of directly recording complex details.

The moment method applied in the image representation was first introduced by Hu [4]
in 1962. Since then, the moment descriptors have been investigated and applied in various
scientific fields, such as image analysis and invariant pattern recognition [5, 6, 3].

The discrete orthogonal moments based on Tchebichef and Krawtchouk polynomials were
first introduced by Mukundan et al. [9] and Yap et al. [7] in 2001 and 2003, respectively.
The appearance of the discrete orthogonal moments, which are justified if the function of
interest is represented in the form of tabulated values, has considerably enriched the moment
methods. Image analysis by discrete orthogonal Racah moments was proposed by Zhu et al.
[16]. With some satisfied performances in the tasks of image analysis and recognitions, the
Racah moment-based features have been utilized in a Chinese character recognition system
in 2014 [12].

The moment-based color image features have also been investigated and applied in the
field of image analysis. The traditional approach to achieve the color image analysis is to
separate a color image into three channels first, and then extract moment features individually
from the three color component channels [14, 2, 1, 11, 15].

In this research, we have investigated the capabilities of discrete orthogonal Racah mo-
ment feature representations from the aspect of color images. We have performed the color
image reconstructions from Racah moments by decomposing a color image into three chan-
nels and extract moment features separately. We have also conducted a study on the ability to
describe the color image features by individual set of Racah moments.
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The rest of the paper is organized as follows. Section 2 will briefly introduce Racah
moments and its computation. Section 3 presents the experimental results and analysis on
color image reconstructions. Finally, the concluding remarks are given in Section 4.

2. Racah moments and computing
The n + mth order of Racah moments describe a testing image f(x, y) size of N × N

pixels as [16]

Unm =
b−1∑
s=a

b−1∑
t=a

U (α,β)
n (s, a, b)U (α,β)

m (t, a, b)f(x, y),

n,m = 0, 1, ..., N − 1, x = s− a+ 1, y = t− a+ 1,

(1)

where (x, y) denotes the pixel positions in an image function. U (α,β)
n (s, a, b) is the weighted

Racah polynomials [16]

U (α,β)
n (s, a, b) = u(α,β)n (s, a, b)

√
ρ(s)

d2n
[M x(s− 1

2
)], (2)

where

ρ(s) =
(a+ s)!(−a+ β + s)!(α + b− s− 1)!(α + b+ s)!)

(s− a)!(b− s− 1)!(b+ s)!(a− β + s)!
, (3)

x (s) = s (s+ 1) , (4)

d2n=
Γ(α + n+ 1) Γ (β+n+1) Γ (b− a+ α +β+n+1)

(α+β+2n+1)n! (b−a−n−1)!Γ(α+β+n+1)

×Γ(a+b+ α+n+1)

Γ(a+b−β−n)
.

(5)

u
(α,β)
n (s, a, b) is the nth order classical Racah polynomial given by [16]

u(α,β)n (s, a, b) =
1

n!
(a− b+ 1)n(β + 1)n(a+ b+ α + 1)n ×4 F3(S), (6)

in which,

(u)k = u(u+ 1) · · · (u+ k − 1) =
Γ(u+ k)

Γ(u)
, (7)

4F3(a1, a2, a3, a4; b1, b2, b3; z) =
∞∑
k=0

(a1)k(a2)k(a3)k(a4)k
(b1)k(b2)k(b3)k

zk

k!
, (8)

and S represents (
−n, α + β + n+ 1, a− s, a+ s+ 1
β + 1, a+ 1− b, a+ b+ α + 1

; 1

)
. (9)

Image can be reconstructed by the inverse Racah moments transform

f(x, y) =
N−1∑
n=0

N−1∑
m=0

UnmU
(α,β)
n (s, a, b)U (α,β)

m (t, a, b),

s, t = a, a+ 1, ..., b− 1, x = s− a+ 1, y = t− a+ 1.

(10)
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One can refer to [13] for more details.
In terms of RGB color images f(s, t), it can be divided into red, green and blue compo-

nents. Therefore, N×N color image f(s, t) can be represented as

f(s, t) = [fR(s, t), fG(s, t), fB(s, t)], s, t = 1, 2, ..., N (11)

where fR(s, t), fG(s, t), and fB(s, t), are the red, green and blue components of the image
pixels, respectively.

Then, Racah moments of N ×N multi-channel images with order n+m is defined as

Unm =

[
b−1∑
s=a

b−1∑
t=a

U (α,β)
n (s, a, b)U (α,β)

m (t, a, b)fR(s− a+ 1, t− a+ 1),

b−1∑
s=a

b−1∑
t=a

U (α,β)
n (s, a, b)U (α,β)

m (t, a, b)fG(s− a+ 1, t− a+ 1),

b−1∑
s=a

b−1∑
t=a

U (α,β)
n (s, a, b)U (α,β)

m (t, a, b)fB(s− a+ 1, t− a+ 1)].

(12)

Color image reconstructions can be performed by inverse transformation

f(s− a+ 1, t− a+ 1) =

[
M∑
n=0

M∑
m=0

UR,nmU
(α,β)
n (s, a, b)U (α,β)

m (t, a, b),

M∑
n=0

M∑
m=0

UG,nmU
(α,β)
n (s, a, b)U (α,β)

m (t, a, b),

M∑
n=0

M∑
m=0

UB,nmU
(α,β)
n (s, a, b)U (α,β)

m (t, a, b)].

(13)

where UR,nm, UG,nm, and UB,nm, are the red, green and blue Racah moments of each channel.
The weighted Racah polynomials has recurrence relation with respect to n [16]

AnU
(α,β)
n (s, a, b)=Bn

dn−1
dn

U
(α,β)
n−1 (s, a, b)+Cn

dn−2
dn

U
(α,β)
n−2 (s, a, b), (14)

where

An =
n(α + β + n)

(α + β + 2n− 1)(α + β + 2n)
, (15)

Bn = x− a2 +(a−β)2+b2+(α+ b)2−2

4

+
(α+β+2n−2)(α+β+2n)

8
−

(β2−α2)
((

α
2

+b
)2−(a− β

2

)2)
2(α+β+ 2n−2)(α+β+2n)

,

(16)
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Cn = − (α + n− 1)(β + n− 1)

(α + β + 2n− 2)(α + β + 2n− 1)
×

[

(
α− β

2
+ a+ b

)2

−
(
α + β

2
+ n− 1

)2

]×

[

(
α + β

2
− a+ b

)2

−
(
α + β

2
+ n− 1

)2

],

(17)

and

U
(α,β)
0 (s, a, b) =

√
(2s+ 1)ρ(s)

d20
, (18)

U
(α,β)
1 (s, a, b) = − 1

ρ(s)

ρ1(s)−ρ1(s−1)

x(s+ 1/2)−x(s−1/2)

√
(2s+1)ρ(s)

d21
. (19)

The recurrence relation with respect to s of weighted Racah polynomials is [16]

U (α,β)
n (s, a, b)=W

√
ρ(s)(2s+ 1)

ρ(s− 1)(2s− 1)
U (α,β)
n (s− 1, a, b)

−Z

√
ρ(s)(2s+ 1)

ρ(s− 2)(2s− 3)
U (α,β)
n (s− 2, a, b),

(20)

with

W =
(2s− 1) [σ(s− 1) + (s− 1)τ(s− 1)− 2λs(s− 1)]

(s− 1) [σ(s− 1) + (2s− 1)τ(s− 1)]
, (21)

Z =
sσ(s− 1)

(s− 1) [σ(s− 1) + (2s− 1)τ(s− 1)]
, (22)

and

U (α,β)
n (0, a, b) = − 1

n2
(a+n)(β−a+n)(b+α+n)(b−n)dn−1

dn
U

(α,β)
n−1 (0, a, b), (23)

U (α,β)
n (1, a, b) =

2

(n+2)(n+1)

ρ(0)

ρ(1)

[
ρn(1)

ρn(0)
−n(n+1)

2

]√
3ρ(1)

ρ(0)
U (α,β)
n (0, a, b), (24)

in which,

ρn(s) = ρ(n+ s)
n∏
k=1

σ(k + s), (25)

σ(s) = (s− a)(b+ s)(a− β + s)(α + b− s), (26)

τ(s) = (α + 1)a(a− β)− (α + 1)(β + 1) + b(β + 1)

(α + b)− s(s+ 1)(α + β + 2),
(27)

λn = n(α + β + n+ 1). (28)
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3. Color image reconstructions from Racah moments
In this section, we will present the experimental results of color images reconstructions

from Racah moments. To process a color image, we can separate the original color image into
three primary colors, red (R), green (G), and blue (B), and use the values of the three colors
to measure the color intensity of a pixel.

In our experiments, we will firstly separate an original color image into three image chan-
nels in RGB color space, and then compute the Racah moments and perform the image re-
constructions in three image channels separately. Finally, we combine the three reconstructed
channel images into one color image and evaluate the quality of the reconstructed color image
from Racah moments.

To assess the image reconstruction performances, we use the Mean Square Error (MSE)
and Peak Signal to Noise Ratio (PSNR) to measure the qualities of the reconstructed images.
The Mean Square Error between a reconstructed image and its original image is defined as

MSE =
1

N2

N∑
i=1

N∑
j=1

[f(xi, yj)− f̂(xi, yj)]
2, (29)

where f(xi, yj) denotes the original image and f̂(xi, yj) is its reconstructed version.
The Peak Signal to Noise Ratio represents the ratio of the maximum power of the signal

to the affecting noise

PSNR = 10log10

(
G2
Max

MSE

)
, (30)

where GMax is the maximum image intensity value of the original image. The MSE value of
a color image is the average MSE values of the three color components.

We have utilized the three color images shown in the first column of Fig. 1 as our testing
images, which have 256 image intensity values, are sized at 128 × 128, and are named as
Image1, Image2, and Image3, respectively. Images displayed in the columns two, three, and
four of Fig. 1 are the red(R), green(G), and blue(B) components of the original color image
shown in the first column of the same row.

We have performed the image reconstructions on the three original color images shown
in Fig. 1 from Racah moments with different maximum orders up to n = m = 127. Fig. 2
shows some of the reconstructed color images of all three original testing images from ap-
plying different orders of Racah moments. It can be observed that the results of color image
reconstruction will be improved when the orders of Racah moments go higher.

Table 1 displays the MSE and PSNR values of the reconstructed original color image
Image1, shown in the first row of Fig. 1, from applying different orders of Racah moments.
The MSE and PSNR values presented in the bottom line of Table 1 indicates that when the
order of Racah moments reaches n = m = 127, the color image is reconstructed completed
without any error. This also suggests that the Racah moments computational approach adopted
in this research is very accurate.

Fig. 3 plots the MSE values of the reconstructed three color components of the testing
image, Image1, shown in Fig. 1. It can be noticed that, for the same order of Racah moments,
the blue channel always has the best reconstruction performance with the lowest MSE value,
while the green component produces the highest MSE.

Table 2 presents the MSE and PSNR values of the reconstructed original color image,
shown in the first column of the second row in Fig. 1, from using different orders of Racah
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Figure 1. Columns 1 to 4 show the original images and their red, green, and blue components, respec-
tively

Table 1. MSE and PSNR values of the reconstructed three channels images from original Image1

MSE PSNR
Order n = m Red Green Blue Red Green Blue

9 1129.83 1175.99 547.63 17.60 17.42 20.74
30 417.24 432.31 201.00 21.92 21.77 25.09
50 197.44 228.50 98.77 25.17 24.54 28.18
70 97.24 124.13 46.55 28.25 27.19 31.45

100 24.09 33.52 11.84 34.31 32.87 37.39
120 5.05 6.11 2.16 41.09 40.27 44.76
127 0 0 0 ∞ ∞ ∞

moments. The same as the results shown in Table 1, the original image is perfectly recon-
structed when the order of Racah moments is n = m = 127.

Fig. 4 shows the plotting of the MSE values of the reconstructed three color components
of the original testing image, Image2. In this experiment, the green channel is the best re-
constructed and the red component has the highest MSE, though the differences are not as
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Figure 2. Reconstructed RGB images from Racah moments with different maximum orders

Table 2. MSE and PSNR values of the reconstructed three channels images from original Image2

MSE PSNR
Order Red Green Blue Red Green Blue

10 1004.75 962.21 920.12 18.11 18.29 18.49
30 239.31 203.84 193.55 24.34 25.03 25.26
50 95.33 76.74 82.35 28.33 29.28 28.97
70 41.2 29.28 36 31.98 33.46 32.56
90 15.15 10.9 13.16 36.32 37.75 36.93
110 4.02 2.66 3.19 42.08 43.87 43.09
125 0.55 0.03 0.4 50.66 62.47 52
126 0.25 0 0.13 52.03 ∞ 56.78
127 0 0 0 ∞ ∞ ∞

significant as those of Fig. 3. The smaller figure placed inside Fig. 4 highlights the differences
among three reconstructed color components for higher Racah moments orders.

Table 3 displays the MSE and PSNR values of the reconstructed original color image,
Image3, shown in the first column of the thrid row in Fig. 1, from applying different orders
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Figure 3. MSE values comparison of the reconstructed three color components from the original
Image1

Figure 4. MSE values comparison of the reconstructed three color components from the original
Image2
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Table 3. MSE and PSNR values of the reconstructed three channels images from original Image3

MSE PSNR
Order Red Green Blue Red Green Blue

10 922.22 1097.97 1029.16 18.48 17.72 18.00
30 220.97 297.73 268.16 24.68 23.39 23.84
50 92.46 126.94 116.31 28.47 27.09 27.47
70 43.84 57.69 54.80 31.71 30.51 30.74
90 19.20 25.01 23.28 35.29 34.14 34.46

125 0 14.46 1.04 ∞ 46.46 47.93
126 0 0.40 0.46 ∞ 52.04 51.42
127 0 0 0 ∞ ∞ ∞

of Racah moments. As expected, the image reconstruction is completely achieved when the
order of Racah moments reaches n = m = 127.

Fig. 5 demonstrates the plotting of the MSE values of the three color components recon-
structed from the original testing image, Image3. In this experiment, the red channel is the
best reconstructed color and the green component has the highest MSE. It should be noted that
the result shown in Fig. 5 contrast to that of Fig. 4. The figure displayed inside Fig. 5 focuses
the differences of three reconstructed color components when the orders of Racah moments
are higher than 70.

To observe the three original testing color images, Image1, Image2, Image3, and the MSE
values of the reconstructed three color components of all three testing images shown in Fig 3,

Figure 5. MSE values comparison of the reconstructed three color components from the original
Image3
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Fig 4, and Fig 5, we can find that when the orders of Racah moments are lower, the colors
located around the bottom right region of an image will be more noticeably reconstructed.
When the orders of Racah moments go higher, the reconstruction performances around the
bottom right region will always be improved ahead those of top left region.

These observations lead to the conclusion that the lower orders of Racah moments contain
more color image information of the bottom right region of an image, while the higher orders
of Racah moments represent more image features in the top left region.

4. Concluding remarks
In this research, we have investigated the image feature representative capabilities of

Racah moment from the aspect of color image reconstruction. Our experimental results have
demonstrated that Racah moments have a satisfying performance on color image reconstruc-
tions, which can perfectly reconstruct a color image when the maximum order of Racah mo-
ments is one less than the size of the image.

We have also discovered that each individual set of Racah moments will uniquely and
independently describe the color image features. The lower orders of Racah moments will
preserve more of image information from the bottom right region of a color image, while the
higher orders of Racah moments will represent the features in the top left region more.
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